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Stirling's formula,
Asymptotics
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Closed form for nl
Factorial defines a product:

nl = 1x2x3x..-x(n-1)xn :Hi
i=1
Turn product into a sum taking logs:
In(n!) = In(1-2:3 - (n - 1)n)
= Inn1+ln2+--'+ln(n-1)+ln(n)

=Z|n(i)
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timd  Integral Method
InTegraI method to bound Zlm

::2; LG n®o \ =TT

In 4
In3

In 2

Inn

n2 nl n
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Integral Method on In(n!)

}In(x) dx < IZn)l In(i) < }In (x+1)dx

lec OW.4

Integral Method on In(nl)

Reminder:

Ilnxdxlen[gj
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Integral Method on In(nl!)

f In(x) dx < z In(i) < f In (x+1)dx
n ln(n/e) +1 <X ln(u) < (n+1) In((n+1)/e) +1

0 guess: gln(i)z(méjln(g)
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il y Integral Method

S0~

exponentiating:

nl~+n/e (2)

Stirling's Formula

A tighter approximation:

- (]

U Asymptotic Equivalence

pef. f(n) ~ g(n)
iff f(n) _
o g(n)
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“wi Little Oh: o)

Asymptotically smaller

Def. f(n) = olg(n))

i lim f(n )-O

= g(n)

Asymptotic Equivalence ~
Example: (n? + n) ~ n?
because

. 2
hmn—)oo n_—i; = hm[ + %]

= lim[1 + £]
= 1—|—lim%
=14+0=1

" m. Little Oh: of-)

n? = o(n?)
because

2

c n
hmn—>oo n3
1




m: Big Oh: O(-)
Asymptotic Order of Growth:

f(n) = O(g(n))

lir:"\fftR (%) < ©

a technicality -- ignore now

The Oh's

Lemma:

If f =o(g)or f ~ g,then f = O(g)
lim=0 orlim=1— lim<wx
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Big Oh: O(-)

Equivalent definition:

f(n) = O(g(n))

Ac,ng> 0 Vn > ng. |f(n)| < c-g(n)

Big Oh: O(-)

3n? = O(n?)
because

. 2
hmn—>oo 3n~

= 3<

Il rights reserved.

The Oh's

If f =o(g), then g= O(f)

|imf:o S lim2 -
g f
Big Oh: O()
f(x) = O(g(x))
2 blue stays cg(x )
below red
log from here on "oy
scale :
3
i

nnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn




Team Problems

Problems
142

lec 9W.23

Lemma:
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Little Oh: o(-)

Lemma:|X® = o(xP) fora<b

2 - and b-a>0
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Lemma: In x = o(x%) for § > 0.
2

: Z
Proof: 102 <Z oo let Z = +/XE
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Lemma: In x = o(x®) for 6> 0.

Proof: l <y
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TRl Little Oh: of)

Other proofs:
L'Hopital's Rule,
McLaurin Series
(see a Calculus text)
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Theta: ©O()
Same Order of Growth:

f(n) = ©(g(n))
f(n)=0(g(n)) and g(n)=0O(f(n))
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Big Oh Mistakes

- n
False Lemma: Zi =0(n)
i=1

Of course really:
n

Zize(nz)

Big Oh Mistakes

f = O(g) defines a relation "= O(")"
Don't write 0O(g) = f.
Otherwise: x = O(x), so O(x) = x.
But 2x = O(x), so

2x = O(x) = x,
therefore  2x = x.

Nonsense!

.| Big Oh Mistakes .
False Lemma: ) i=0(n)

false proof: =

0=0(1),1=0(1),2=0(),..
Soeachi=0(1). So

n

>i=0(1)+0(1)+---+O(1)

'@ Team Problems

Problems
344

=n- O(1) = O(n)
= =
:
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