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Prime Factorization
Congruences
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Prime Divisibility

Lemma: If p is prime, and
p | ab,
then pla or pl|b.

pf- in earlier lecture. follows from

gcd(p.a)= xa+yp
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Prime Divisibility

cor : If p is prime, and
pl aloazoooam
then pla, for somei.

pf- By induction on m.
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Unique Prime Factorization

Fundamental Theorem of Arithmetic
Every integer > 1 factors
uniguely into a weakly
increasing sequence of
primes.
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Unique Prime Factorization

Fundamental Theorem of Arithmetic
Example:

61394323221 =
3-3-3-7-11-11-37-37-37-53
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;8 Unique Prime Factorization
pf- suppose not. choose smallest n>1:
N=PrP2"Pk = 9192""qm
P1<Pa<<Ppxg
41<9,<<qy,
can assume qq < pq
soqy=p;alli
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;8 Unique Prime Factorization
Pf N=P1rP2Pk = 91929
now p,|n, so by Cor., pslq;.
so p;= q; withi >l

SO P2'Pk = 91'92""9i-1°Gis1" "G

“—— and q; = p,
<n

contradiction!
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Unique Prime Factorization

Cor:ifn-= p1 Pz pk'
and m|n, then

m = p,p, P,
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Team Problem

Problem 1

B ;: a. Congruences

Def: a = b (mod n) iff n|(a - b).

Lemma: If a = b (mod n), then
a+c = b+c (mod n).

pfs nl| (a - b) implies

n| ((a+c) - (b+c))

Congruences

Lemma:

If a= b (modn), then
a-c = b-.c (mod n).

April 2, 2007 lec 8M.13

Congruences

Lemma:

a = rem(a,n) (mod n)

important: keeps (mod n)
calculations in the range

O to n-1
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Congruences

E_I‘_!C._Il'or': a=b (mod n) iff
rem(a,n) = rem(b,n)
cor: a = a (mod n).
Ifa=b &b =c(modn),
then a = ¢ (mod n)
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“m: Relatively prime cancellation
If gcd(k,n)=1, then have k'
k-k' = 1 (mod n).
k' is an /nverse mod n of k
prisk+tn=1
justletk'=s.

Congruences

So = (mod ) a lot like =.

main diff: can't cancel
4-2 =12 (mod 6)
4 Z 1 (mod 6)

No general cancellation
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Fermat's Little Theorem

If pis prime & k not a multiple of p,
can cancel k. So
k, 2k, .., (p-1k
are all different (mod p).
So their remainders on division
by p are all different (mod p).
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Relatively prime cancellation

cor.

If i-k = j-k (mod n),
and gcd(k,n) = 1,
then i = j (mod n)

Fermat's Little Theorem

This means that
rem(k, p), rem(2K, p).....rem((p-1)k, p)
must be a permutation of

1[ 2[ = (p_l)




:m: Fermat's Little Theorem

so 1-:2-+(p-1) =
rem(k,p)-rem(2k,p)--rem((p-1)k,p)
(k)-(2k) - ((p-1)k)  (mod p)
(k)12 - (p-1)  (mod p)

SO

1 = kr-!(mod p)

Team Problems

Problems
2—4




