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Strong Induction
Well Ordering Principle
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““_ Analyzing the Stacking Game

Claim: Every way of unstacking
gives the same score.

From stack of size n, what score?
Must be

Unstacking game

=)
E BEE
 Start: a stack of boxes a+b a b

* Move: split any stack into two stacks
of sizes a,b>0

» Scoring: ab points
» Keep moving: until stuck
e Overall score: sum of move scores
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(-1)+(n-2)+-+1 = 111
2
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Hﬂ_ Proving the Claim by Induction

Base case n = 0:
0(0-1)
2

Claim(0) is &

score =0 =

““_ Analyzing the Stacking Game

Claim: Starting with size n stack,
final score will be

n(n-1)
2

Proof: by Induction with
Claim(n) as hypothesis
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Hﬂ_ Proving the Claim by Induction
Inductive step. assume for
n-stack, and then prove C(n+1):

(n+1n

(n+1)-stack score = >
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Proving the Claim by Induction
Inductive step.
Case n+1 = 1. verify for 1-stack:

score =0 :M

2
c(1)is @B
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Proving the Claim by Induction
Inductive step.

Case n+1>1. So splitinto an
a-stack and b-stack,
where a+b=n+1.
(a + b)-stack score = ab +
a-stack score + b-stack score
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Proving the Claim by Induction

by induction: a(a-1)

a-stack score = B
-1

b-stack score = #
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Proving the Claim by Induction

total (a + b)-stack score =

ab+ a(az— 1) N b(bz— 1) _
(@a+b)(a+b)-1) (n+1)n

2 2
so C(n+1) is I8
We're donel
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Proving the Claim by Induction

Wait: we assumed
C(a) and C(b)
where 1 <a,b<n.
But by induction
can only assume C(n)
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s Proving the Claim by Induction
the fix:
revise the induction hypothesis to

QR(n) =
vm<n. C(m)
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Proving the Claim by Induction

Proof goes through fine

using ¢Xn) instead of C(n).

So it’'s OK to assume
C(m) forallm <n

to prove C(n+1).
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Strong Induction

Prove P(0). Then prove P(n+1)
assuming all of

P(0), P(1), ..., P(n)
(instead of just P(n)).

Conclude Vn.P(n)

i Ibert R. Meyer, 2007. Al rights reserved. February 23, 2007 lec 3f.14

Strong vs. Ordinary

Why use Strong?
-- Convenience:
no need to include
“Ym < n” all over.
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Postage by Strong Induction

available stamps:

5¢ 3¢

Theoren.
Can form any amount > 8¢

Prove by strong induction on n.
An) ::= can form (/7 +8)¢.

/site17585.dellhost.com/lsjfacts/s_events.him
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Postage by Strong Induction

Base case (7= 0):
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-m. Postage by Strong Induction
Inductive Step:

assume (m+8)¢ for 0O< m< n,

then prove ((n7+1) + 8)¢

n+1=1, 9¢: = ;

n+1= 2, 10¢:
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case n+1>3:let m=n- 2.
now n> m=>0, so
by inducion hypothesis have:

3
— (n-2)+8 — m
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(n+1)+8
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Well Ordering
Principle
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Team Problem

Problem 1
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Well Ordering principle

Every nonempty set of
nonnegative rationals
has a
least element.

NO!
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Well Ordering principle

Every nonempty set of
nonnegative integers
has a
least element.

Familiar? Now you mention it, Yes.
Obvious? Yes.
Trivial? Yes. But watch out:
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Well Ordering principle

Every nonempty set of

ReRRegative integers
has a
least element.

NO!

Copyright © Albert R. Meyer, 2007. Al rights reserved. February 23, 2007 lec 3.26




"m /2 proof used Well Ordering

Thm; \/§ is irrational

Proof: suppose V2 = %

...can always find such m, n
without common factors...

why always?
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Proof using Well Ordering

but if my, n, had common
factor c > 1, then

\/§= ﬂ’b/C
n/c
and |m/c| <|m|

contradicting minimality of |m,|
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te  Proof using Well Ordering
By WOP, 3 minimum |m| s.t.

m
\E=% S0 2 =—

Ny

where |mg| is minimum.
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Well Ordering Principle Proofs

To prove “"VneN. P(n)” using WOP:
Define the set of counterexamples
C ::={n eN| 7P(n)}
» Assume C is not empty.
By WOP, have minimum element m, € C.

* Reach a contradiction (somehow) — usually by
finding a member of C that is <m,.

Conclude no counterexamples exist. QED

Team Problem

Problem 2

lec 3.34
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