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Generating Functions
for Recurrences

* A mature boy/girl| rabbit pair

The Rabbit Population | i

w,::= # newborn pairs after n months
r.:i= # reproducing pairs after n months

r‘1 = 1
r‘n = r‘n-1 + Wn-l
W, = Pn1 SO

= +
r'n r'n-l r'n—Z

The Rabbit Population § /

reproduces every month.

* Rabbits mature after one month.

w,::= # newborn pairs after n months
rn::= # reproducing pairs after n months
+ Start with a newborn pair: wg=1

r‘o:O

Generating Funchon for Rabbits

————————

R(X) = r‘o+r'1X+r'2X2'+r'3X3+
-XR(X) =-roX-rix2-r,x3 --
-x2R(x) = i—roxz}r1x3—---

The Rabbit Population |

r'n - r'n—l + r'n-Z

It was Fibonacci who
was studying rabbit
population growth

Generating Function for Rabbits

————————

R(x) = ro*ryX+r,x? .+r'3x3+
-XR(X) =-rox-rix@:- r'2x3'
"XZR(X) = "r'oxz"'r'lx3 "~

0 0




@ Generating Function for Rabbits
R(X)::: ro+riX

-XR(x) =-rgx

-X2R(x) =

R(x)-xR(x)-x?R(x) =
r'o+r'1X'r'ox =X

Closed Form for r,

i

R(x) =

1—x— 22
T

(1 —azx)(1 - Bx)
o, B are 1/roots of 1-x-x2
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Generating Function for Rabbits

R(z) = z

1 — 2 — 22

Now find closed form
forr,:

Al rights reserved. April 27, 2007.

@ Closed Form for r,
from quadratic formula:

1+5
2

1-+5
2

o =

Closed Form for r,

i
R(x) =
e ~ 50
a
C 1-—azx T 1— [z
S

rn = ac't + b3"

Closed Form for r,

:13 = a(l1 — Bx) +b(1 — ax)

x=1/B: 1/B = b(1-a/B)
b=1/(B-a)
likewise a=1/(a-B)




Closed Form for r,

rn = aa’ + b3"
_ 1 (14+5\"
-7 (757)
1 (1—+5)\"
5 (=27)

Towers of Hanoi

e

Post #1 Post #2 Post #3

Move ,(n)::= Move, 5(n-1);
big disk 1—2;
Move; ,(n-1)

Closed Form for r,

S {((1 + \/g)/Q)”J
" V5
(1.61)" = o(rp)

o((1.62)")

n

Hanoi Generating Function

S(X):i= St Sxb SpxE+ Sox3e-.
-2XS(X)=1-25%-28; X% -25,X3- - -
-x/(1-X)= -1x- 1-x2,

0 0 0

Towers of Hanoi

1:=# steps by Move,; ,(n)
Sn - an-l + 1
Sp=0

“x: Hanoi Generating Function
S(x) =s5,=0

-2x5(x)

-x/(1-x)

A

$(®) = 4 -5 = 20)




x| Hanoi Generating Function

S@) = a i 29
__a n b

1—=x 1—2x

2 Hanoi Generating Function

1 1
S(z) = _
@) =15 "1-2

“.m Hanoi Generating Function

;n=a(1—2:c)+b(1—m)

forx=1: 1=a(-1), so
a=-1
x=1/2: 1/2=b(1/2), so
b=1

"%, Team Problems

Problems
1&2




