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In-Class Problems Week 3, Wed.

Problem 1. Use induction to prove that

13 + 23 + · · ·+ n3 =
(

n(n + 1)
2

)2

. (1)

for all n ≥ 1.

Remember to formally

1. Declare proof by induction.

2. Identify the induction hypothesis P (n).

3. Establish the base case.

4. Prove that P (n) ⇒ P (n + 1).

5. Conclude that P (n) holds for all n ≥ 1.

as in the five part template.
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2 In-Class Problems Week 3, Wed.

Problem 2. (a) Prove by induction that a 2n×2n courtyard with a 1×1 statue of Bill in any position
can be covered with L-shaped tiles.

(b) (Discussion Question) In part (a) we saw that it can be easier to prove a stronger theorem. Does
this surprise you? How would you explain this phenomenon?

Problem 3. Notes 2 contains a proof by induction that:

1 + 2 + 3 + · · ·+ n =
n(n + 1)

2

But now we’re going to prove a contradictory theorem!

False Theorem. For all n ≥ 0,

2 + 3 + 4 + · · ·+ n =
n(n + 1)

2

Proof. We use induction. Let P (n) be the proposition that 2 + 3 + 4 + · · ·+ n = n(n + 1)/2.

Base case: P (0) is true, since both sides of the equation are equal to zero. (Recall that a sum with
no terms is zero.)

Inductive step: Now we must show that P (n) implies P (n + 1) for all n ≥ 0. So suppose that P (n)
is true; that is, 2 + 3 + 4 + · · ·+ n = n(n + 1)/2. Then we can reason as follows:

2 + 3 + 4 + · · ·+ n + (n + 1) =
[
2 + 3 + 4 + · · ·+ n

]
+ (n + 1)

=
n(n + 1)

2
+ (n + 1)

=
(n + 1)(n + 2)

2

Above, we group some terms, use the assumption P (n), and then simplify. This shows that P (n)
implies P (n + 1). By the principle of induction, P (n) is true for all n ∈ N.

Where exactly is the error in this proof?
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