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In-Class Problems Week 11, Wed.

Problem 1. We are interested in generating functions for the number of different ways to compose
a bag of n donuts subject to various restrictions. For each of the restrictions in (a)-(e) below, find a
closed form for the corresponding generating function.

(a) All the donuts are chocolate and there are at least 3.

(b) All the donuts are glazed and there are at most 2.

(c) All the donuts are coconut and there are exactly 2 or there are none.

(d) All the donuts are plain and their number is a multiple of 4.

(e) The donuts must be chocolate, glazed, coconut, or plain and:

• there must be at least 3 chocolate donuts, and

• there must be at most 2 glazed, and

• there must be exactly 0 or 2 coconut, and

• there must be a multiple of 4 plain.

(f) Find a closed form for the number of ways to select n donuts subject to the constraints of the
previous part.
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Problem 2. (a) Let

S(x) ::=
x2 + x

(1 − x)3
.

What is the coefficient of xn in the generating function series for S(x)?

Hint: A formula for the coefficient of xn in 1/(1 − x)k follows from the Convolution Counting
Principle and is given in the Appendix (and in part (d) below).

(b) Explain why S(x)/(1 − x) is the generating function for the sums of squares. That is, the
coefficient of xn in the series for S(x)/(1 − x) is

∑n
k=1 k2.

(c) Use the previous parts to prove that

n∑
k=1

k2 =
n(n + 1)(2n + 1)

6
.

(d) Let A(x) =
∑∞

n=0 anxn. Then it’s easy to check that

an =
A(n)(0)

n!
,

where A(n) is the nth derivative of A. Use this fact (which you may assume) instead of the Convo-
lution Counting Principle, to prove that

1

(1 − x)k
=

∞∑
n=0

(
n + k − 1

k − 1

)
xn.

Appendix

Products of Series

Let

A(x) =
∞∑

n=0

anxn, B(x) =
∞∑

n=0

bnxn, C(x) = A(x) · B(x) =
∞∑

n=0

cnxn.

Then
cn = a0bn + a1bn−1 + a2bn−2 + · · · + anb0.

By the Convolution Counting Property, or by Problem 2.(d),

1

(1 − x)k
=

∞∑
n=0

(
n + k − 1

k − 1

)
xn.
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