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The Vertex Separator Problem:A Polyhedral InvestigationEgon Balas�Carnegie Mellon University Cid C. de SouzayUniversity of Campinas, BrazilAbstra
tThe vertex separator (VS) problem in a graph G = (V;E) asks for a partitionof V into nonempty subsets A, B, C su
h that there is no edge between A and B,and jCj is minimized subje
t to a bound on maxfjAj; jBjg. We give a mixed integerprogramming formulation of the problem and investigate the vertex separator polytope(VSP), the 
onvex hull of in
iden
e ve
tors of vertex separators. Ne
essary and suÆ
ient
onditions are given for the VSP to be full dimensional. Central to our investigation isthe relationship between separators and dominators. Several 
lasses of valid inequalitiesare investigated, along with the 
onditions under whi
h they are fa
et de�ning for theVSP. Some of our proofs 
ombine in new ways proje
tion with lifting.In a 
ompanion paper we develop a bran
h-and-
ut algorithm for the (VS) problembased on the inequalities dis
ussed here, and report on 
omputational experien
e witha wide variety of (VS) problems drawn from the literature and inspired by variousappli
ations.1 Introdu
tionA vertex separator in an undire
ted graph is a subset of the verti
es, whose removal dis
on-ne
ts the graph. Formally, the vertex separator problem VSP 
an be stated as follows:INSTANCE: A 
onne
ted undire
ted graph G = (V;E), with jV j = n, an integer b(n) � nand a 
ost 
i asso
iated with ea
h vertex i 2 V .PROBLEM: Find a partition of V into disjoint sets A;B;C, with A and B non empty, su
hthat(i) E 
ontains no edge (i; j) with i 2 A, j 2 B,(ii) maxfjAj; jBjg � b(n)(iii) P(
j : j 2 C) is minimized subje
t to (i), (ii).A and B are 
alled the shores of the separator C. A separator C that satis�es (i) butviolates (ii) is termed infeasible; one that satis�es (i) and (ii) is feasible; and a separator�Resear
h supported by the National S
ien
e Foundation through grant #DMI-0098427 and by the OÆ
eof Naval Resear
h through 
ontra
t N00014-97-1-0196.yResear
h supported by the Brazilian agen
ies FAPESP (grant 01/14205{6), CAPES (grant BEX04444/02{2) and CNPq (grants 302588/02{7 and Pronex 664107/97{4).1



2 Balas and de Souzathat satis�es (i), (ii), (iii) is optimal. When we use the term separator we mean feasibleseparator, unless otherwise spe
i�ed.To the best of our knowledge, this is the �rst polyhedral study of the VSP, whi
h other-wise has re
eived 
onsiderable attention in the literature, due to its widespread appli
abilityto all kinds of pra
ti
al 
onne
tivity problems (see, for instan
e, [2, 3, 5℄). One parti
u-larly important area of appli
ation is linear algebra, namely to minimize the work involvedin solving systems of equations [4, 6℄. Another one is �nite element and �nite di�eren
eproblems [7℄.The VSP is NP-hard. For the 
ase when G is planar and b(n) = 2n=3, a 
elebratedresult of Lipton and Tarjan [5℄ states that a separator of size bounded by 2p2pn 
an befound in O(n) time; but the question whether the VSP on planar graphs 
an be solved inpolynomial time is still open. On the other hand, the VSP de�ned on an arbitrary graphbe
omes polynomially solvable if b(n) in (ii) is repla
ed by n� k for some positive 
onstantk. To see this, 
onstru
t a bipartite graph G� = (V �; E�), with bipartition V � = (V �1 ; V �2 ),as follows: (a) for every i 2 V , let i1 2 V �1 , i2 2 V �2 , and (i1; i2) 2 E�. (b) for every(i; j) 2 E, let f(i1; j2); (j1; i2)g � E�. Then the (VSP) with the modi�ed 
ondition (ii) isequivalent to the problem of �nding a maximum-weight stable set S in G� (with weights
j ; j 2 V �), su
h that maxfjS \ V �1 j; jS \ V �2 jg � n� k. Clearly, this problem is solvable inO(n3 � nk) time.Before we pro
eed, we introdu
e some notation and re
all a few basi
 
on
epts fromgraph theory, to be used throughout this paper.Consider a simple undire
ted graph G = (V;E). We denote x(S) = P(xj : j 2 S)for any S � V . For i 2 V , we write deg(i) for the degree of i. G � i denotes the graphobtained from G by removing vertex i. For S � V , G[S℄ is the subgraph of G indu
ed byS. For S; S0 � V , (S; S0) := f(i; j) 2 E : i 2 S; j 2 S0g. For S � V , Æ(S) := f(i; j) 2 E :jfi; jg \ Sj = 1g, and E(S) = f(i; j)g 2 E : i; j 2 Sg. When S = fig, we write Æ(i) insteadof Æ(fig). Also for S � V , Adj(S) := fi 2 V n S : (i; j) 2 E for some j 2 Sg, and whenS = fig, we write Adj(i) for Adj(fig). For F � E, V (F ) denotes the set of endpoints ofthe edges in F . A bipartite graph with vertex bipartition V1; V2 is denoted G = (V1; V2;E).A set S � V su
h that E(S) = ; is 
alled stable or independent. S � V su
h that(S;E(S)) is a 
omplete graph, is 
alled a 
lique. S � V su
h that V � (S [ Adj(S)) is
alled a dominating set for G or for V . A dominating set S for G is minimal if no propersubset of S is a dominating set for G.A vertex i 2 V is universal if it is adja
ent to every j 2 V n fig.For the sake of brevity, for the rest of this paper a vertex separator, and a dominatingset, will be simply referred to as a separator and a dominator, respe
tively.Next we outline the stru
ture of the paper. Se
tion 2 states the mixed integer pro-gramming formulation used throughout the paper. Se
tion 3 establishes ne
essary andsuÆ
ient 
onditions for the VS polytope to be full dimensional. Se
tion 4 deals with the
onne
tion between vertex separators and vertex dominators. The remaining �ve se
tions,whi
h 
onstitute the bulk of the paper, des
ribe various 
lasses of valid inequalities andinvestigate the 
onditions under whi
h they are fa
et de�ning. Se
tion 5 introdu
es a 
lassof symmetri
 inequalities asso
iated with minimal 
onne
ted dominators, and shows thatunder mild and easily veri�able 
onditions they de�ne fa
ets of the VS polytope in all but a



Vertex Separator 3few ex
eptional situations. For those ex
eptional 
ases an alternative inequality is derivedthat is fa
et de�ning. Se
tion 6 introdu
es a 
lass of asymmetri
 inequalities asso
iatedwith minimal dominators (not ne
essarily 
onne
ted), and states the (rather restri
tive)
onditions under whi
h they are fa
et de�ning. When those restri
tive 
onditions are notpresent, this asymmetri
 
lass of inequalities 
an be lifted or otherwise generalized to yieldfa
et de�ning inequalities, and this is the obje
t of the last three se
tions. In Se
tions 7 and8 two 
lasses of lifted inequalities are derived. The novel feature of this derivation is thatthe inequality to be lifted, when restri
ted to the subspa
e of its support, is invalid. A 
om-bination of proje
tion, restri
tion and sequential lifting is used to over
ome this diÆ
ulty.Finally, Se
tion 9 generalizes the inequality of Se
tion 6 in a di�erent dire
tion.2 A Mixed Integer Programming FormulationLet 
i be the 
ost of assigning vertex i to the separator, and letui1 = � 1 if vertex i is assigned to shore A0 elseui2 = � 1 if vertex i is assigned to shore B0 else.For any S � V and for k = 1; 2, we write uk(S) = Pi2S uik, and u(S) = 2Pk=1Pi2S uik. Then(VSP) 
an be formulated asmaxXi2V 
i(ui1 + ui2) (2.1)ui1 + ui2 � 1; i 2 V (2.2)ui1 + uj2 � 1; (i; j) 2 E (2.3)uj1 + ui2 � 1; (i; j) 2 E (2.4)u1(V ) � b (2.5)u2(V ) � b (2.6)u1(V ) � 1 (2.7)u2(V ) � 1 (2.8)ui1; ui2 � 0; i 2 V (2.9)ui1 integer, i 2 V (2.10)It is not hard to see that for any set of ui1 2 f0; 1g, i 2 V , the variables ui2, i 2 V ,will take on 0-1 values in any basi
 solution to the resulting linear program. Indeed, if the



4 Balas and de Souza
oeÆ
ient matrix of the system (2.1){(2.7) is written as (A1; A2), where for k = 1; 2, Akrepresents the 
olumns 
orresponding to uik, i 2 V , we see that A2 is totally unimodular.Hen
e substituting any 0-1 values for ui1, i 2 V , we get 0-1 values for ui2, i 2 V .With this information, the above system has the following interpretation. Condition(2.1) states that vertex i 
annot be assigned to both A and B, but it leaves open the possi-bility that it is assigned to none, in whi
h 
ase it belongs to C, the separator. Constraints(2.2) and (2.3) prevent the endpoints of any edge to be assigned one to A, the other to B.Inequalities (2.4) and (2.5) restri
t the size of ea
h of A and B to b, while (2.6) and (2.7)impose the 
onditions A 6= ; 6= B. It is easy to see that the above formulation is 
orre
t.In the following se
tions we study the VS polytope, de�ned asP (G; b) := 
onvfu 2 B 2n : u satis�es (2:1) � (2:10)g:Sometimes we will write P (G) for P (G; b).3 The dimension of P (G; b)Clearly, if G is 
omplete, (VSP) is trivial. On the other hand, if b = 1, then inequalities(2.5)-(2.8) hold as equations and (VSP) is again trivial; whereas if b � n�1, then 
onstraints(2.5),(2.6) are redundant and (VSP) is polynomially solvable as shown in se
tion 1. Thusfrom now on we assume that G is in
omplete and 
onne
ted, jV j � 3 and that 2 � b � n�2.A vertex i is 
alled regular, if there exists a separator C � V n fig su
h that C [ fig isalso a separator. Thus i is regular if and only if there exists a separator C with shores A;Bsu
h that i 2 A and jAj � 2. A vertex that is not regular is 
alled irregular.We now give a suÆ
ient 
ondition for P (G; b) to be full dimensional.Lemma 3.1. If every i 2 V is regular, then P (G; b) is full dimensional.Proof. Suppose every i 2 V is regular. Then any equation �u = �0 satis�ed by all u 2P (G; b) must have 
oeÆ
ients �j = 0 for j = 0; 1; : : : ; 2n. Indeed, let C � V n fig andC 0 = C [ fig be two separators with shores A;B and A0; B0, respe
tively, su
h that i 2 A,A0 = A n fig, and B0 = B. Further, let u; u0 2 P (G; b) be the two solutions asso
iated withC and C 0, respe
tively. Then�u = �0 = �i1 + �1(A n fig) + �2(B)�u0 = �0 = �1(A n fig) + �2(B)and �u� �u0 = �i1 = 0.Sin
e this argument applies to all regular verti
es, and sin
e the roles of A and B areinter
hangeable, it follows that �i1 = �i2 = 0 for all i 2 V , hen
e �0 = 0.Note that 
he
king the regularity of a vertex is an O(jEj) operation.Next we 
hara
terize irregular verti
es. First a de�nition: if G has two nonadja
entverti
es i and k, su
h that Adj(i) = Adj(k) = V n fi; kg, then both i and k are irregular,and we say that they form a polar pair of irregular verti
es. In su
h a 
ase every separator



Vertex Separator 5of G either 
ontains both i and k or none of them, i.e. ui1 + ui2 = uk1 + uk2 and P (G; b)is not full dimensional. A graph that has a universal vertex, or a polar pair of irregularverti
es, will be 
alled degenerate.Lemma 3.2. Let i 2 V be irregular. Then(a) For every separator C with a shore A = fig, we have that Adj(i) � C and every j 2 Cis adja
ent to every k in B. Furthermore, if B is a singleton, G is degenerate; and ifjBj � 2, G[B℄ is a 
lique whose verti
es are all regular.(b) If G[Adj (i)℄ is a 
lique or a 
lique short of an edge, G is degenerate.Proof. (a) Let C be a separator with a shore A = fig. This 
learly implies Adj(i) � C. Ifthere exists j 2 C that is not adja
ent to some k 2 B, then C 0 := (C n fjg) [ (B n fkg) is aseparator with shores A0 = fi; jg, B0 = fkg, 
ontrary to i being irregular. Thus every j 2 Cis adja
ent to every k 2 B. Further, if B is a singleton, say k, then i and k form a polarpair of irregular verti
es and G is degenerate. Finally, assume jBj � 2. Then every vertexin B is regular, sin
e removing it from B and adding it to C yields a valid solution. Also,G[B℄ must be a 
lique; for otherwise, if k; ` 2 B and (k; `) 62 E, then C 0 := C [ (B n fk; `g)is a separator with shores A0 = fi; kg, B0 = f`g, and C 00 := C 0 [ fig is a separator withshores A00 = A0 n fig, B00 = B0, 
ontrary to i being irregular.(b) If G[Adj(i)℄ is a 
lique, then every vertex in Adj(i) is universal (from (a)). If, onthe other hand, G[Adj(i)℄ is a 
omplete graph minus an edge, say the one between verti
esk and `, then Adj(k) = Adj(`) = V n fk; `g i.e. k and ` are polar irregular verti
es, and Gis degenerate.Lemma 3.3. If i and k are irregular verti
es not adja
ent to ea
h other, then they arepolar.Proof. If V n(fi; kg[Adj(k)) is nonempty, then i is regular. Similarly, if V n(fi; kg[Adj(i)) isnonempty, then k is regular. Hen
e Adj(i) = Adj(k) = V n fi; kg, i.e. i and k are polar.Lemma 3.4. If G is nondegenerate, then all irregular verti
es of G are adja
ent to ea
hother.Proof. If i is irregular, from Lemma 3.2(a) all verti
es in V n (fig [ Adj(i)) are regular.Hen
e all irregular verti
es other than i belong to Adj(i). Applying this reasoning to allirregular verti
es we 
on
lude that they indu
e a 
lique in G.Lemma 3.5. Let G be nondegenerate, and let S � V be the set of irregular verti
es of G,with jSj � 2. Then(a) Every i 2 V either is in S or is adja
ent to some k 2 S.(b) Every i 2 Adj(S) is adja
ent to all but possibly one of the verti
es in S.(
) Every i 2 Tk2SAdj(k) is adja
ent to every j 2 V n Tk2SAdj(k)



6 Balas and de Souza(d) If there exists a nonadja
ent pair fi; kg 2 Adj(S), then both i and k are adja
ent toall verti
es in S.Proof. (a) If V n (S [ Adj(S)) 6= ;, then A = fi; kg � S and B = f`g � V n (S [ Adj(S))are the shores of a separator, 
ontrary to the assumed irregularity of the verti
es in S.(b) If i 2 Adj(S) is nonadja
ent to k 2 S and ` 2 S, then A = fk; `g and B = fig arethe shores of a separator, again 
ontrary to the assumed irregularity of k and `.(
) Let i 2 Tk2SAdj(k) and j 2 V n Tk2SAdj(k) be nonadja
ent. Then 
learly j 62 S, andsin
e j 62 Tk2SAdj(k), there exists some ` 2 S su
h that (j; `) 62 E. But then A = fi; `g andB = fjg are the shores of a separator, 
ontrary to the assumption that ` is irregular.(d) Let fi; kg 2 Adj(S), (i; k) 62 E, and suppose i is not adja
ent to some ` 2 S. Thenfk; `g and fig are the shores of a separator, 
ontrary to the assumed irregularity of `.The 
onditions of Lemma 3.5 
an be restated as(a0) V = S [Adj(S)(b0) Adj(S) = (Si2S Tk2SnfigAdj(k)) [ ( Tk2SAdj(k))(
0) Every i 2 Tk2SAdj(k) is adja
ent to every j 2 Tk2Snf`gAdj(k), for all ` 2 S.(d0) G[ S`2S Tk2Snf`gAdj(k)℄ is a 
lique.Corollary 3.6. Let S be as de�ned in Lemma 3.5. Then every pair fi; `g � S is a domi-nator.Proof. i 2 S dominates ea
h of S, Tj2SAdj(j), and Tk2SnfjgAdj(k) for all j 6= i. Further, any` 6= i dominates Tk2SnfigAdj(k). Thus i and ` together dominate S [Adj(S).Theorem 3.7. Let G be nondegenerate, and let S be the set of irregular verti
es of G.Then P (G; b) is full dimensional if and only if G[Ti2SAdj(i)℄ is not a 
lique.Proof. Ne
essity. If G[Ti2SAdj(i)℄ is a 
lique, then from Lemma 3.5(
) every k 2 Ti2SAdj(i)is a universal vertex in G, hen
e P (G; b) is not full dimensional.SuÆ
ien
y. Let us write G� := G[Ti2SAdj(i)℄, and assume G� is not a 
lique. If the
omplement �G� of G� has exa
tly one edge, say (k; `) 62 E, then k and ` are polar irregularverti
es of G, a 
ase ruled out by the assumption that G is nondegenerate. If �G� has twoadja
ent edges, say (k; `) and (`; j), and no others, then ` is easily seen to be an irregularvertex of G, a 
ase ruled out by the assumption that S is the set of irregular verti
es. Thus�G� either has at least two disjoint, i.e. nonadja
ent, edges, or it has three edges that forma triangle. In either 
ase G has a separator that 
ontains S.



Vertex Separator 7Now let �u = �0 be any equation satis�ed by all u 2 P (G; b). As shown in theproof of Lemma 3.1, if j 2 V is regular, then �j1 = �j2 = 0. Hen
e this holds for allj 2 V n S. Now let j 2 S, and 
onsider the separator C with shores A = fjg andB � ( Tk2SnfjgAdj(k)) n Adj(j), C � Adj(j), as well as a separator C 0 whose shores A0; B0are both 
ontained in Tk2SAdj(k). The existen
e of C 0 was pointed out at the end of thepre
eding paragraph. Let u; u0 2 P (G; b) 
orrespond to C and C 0, respe
tively. Thenu = �0 = �j1 +�2(B);�u0 = �0 = �1(A0)+�2(B0):and �u� �0u = 0 = �j1, sin
e (B [A0 [B0) � V n S, hen
e all the 
oeÆ
ients indexed bythese sets are 0 as the 
orresponding verti
es are regular. Sin
e j 2 S was 
hosen arbitrarily,�j1 = 0 for all j 2 S. Reversing the roles of A;B then yields �j2 = 0 for all j 2 S, hen
e�0 = 0. Thus �j = 0 for j = 0; 1; : : : ; 2n, whi
h proves that P (G; b) is full dimensional.4 Separators and DominatorsIn Se
tion 1 we de�ned a dominator of V as a set S � V su
h that V � (S [Adj(S)), anda minimal dominator as one that does not 
ontain any dominator as a proper subset. Nowwe 
all a dominator S 
onne
ted, if G[S℄ is 
onne
ted; and we de�ne a minimal 
onne
teddominator (CD), as a CD that does not 
ontain any CD as a proper subset; i.e. S � V isa minimal CD if for every i 2 S, S n fig is either dis
onne
ted, or is not a dominator ofG (or both). Thus a minimal CD may or may not be a minimal dominator, but it always
ontains one.Separators and 
onne
ted dominators are in a fundamental relationship similar to thatbetween spanning trees and 
utsets:Proposition 4.1. In a 
onne
ted graph, any separator and any 
onne
ted dominator haveat least one vertex in 
ommon.Proof. Let C be a separator with shores A and B, and let S be a 
onne
ted dominator. IfC\S = ;, then S � (A[B); but sin
e S is 
onne
ted, this implies either S � A, S\B = ;,or vi
e versa, whi
h 
ontradi
ts the fa
t that S is a dominator. Hen
e C \ S 6= ;.For S � V and k 2 V n S, we denote AdjS(k) := fi 2 S : (i; k) 2 Eg.De�nition 1. Let S � V be a dominator of V . For i 2 S,P (i) := fk 2 V n S : AdjS(k) = figgis the set of pendent verti
es of i.Noti
e that if the dominator S is minimal and P (i) = ; for some i 2 S, then the presen
eof i in S is needed only to dominate i itself. We 
all su
h a vertex a self-dominator.



8 Balas and de SouzaProposition 4.2. If S is a minimal dominator, then for every i 2 S, either i is a self-dominator or P (i) 6= ;.Proof. Follows from the de�nitions and the minimality of S.The next proposition 
hara
terizes the stru
ture of minimal 
onne
ted dominators.Proposition 4.3. Let S be a minimal 
onne
ted dominator, and let SD := fi 2 S : P (i) 6=;g, SQ := S n SD. Then(a) If SQ 6= ;, every i 2 SQ is an arti
ulation point of G[S℄(b) SD 
ontains no self-dominating verti
es.(
) SD is the unique minimal dominator of V n S 
ontained in S.Proof. (a) Let i 2 SQ. Then P (i) = ;, hen
e S n fig is a dominator, and the only possiblereason for the presen
e of i in S is to make G[S℄ 
onne
ted. On the other hand, if G[S nfig℄is also 
onne
ted, then S is not a minimal 
onne
ted dominator. Hen
e G[S n fig℄ isdis
onne
ted, i.e. i is an arti
ulation point of G[S℄.(b) Suppose i 2 SD is a self-dominator. Then i is an isolated vertex of SD, and AdjS(i) �SQ. But then S n fig is a minimal 
onne
ted dominating set, sin
e i is adja
ent to one ormore j 2 SQ, a 
ontradi
tion.(
) Sin
e S is a dominator of V , hen
e of V nS, and P (j) = ; for all j 2 SQ, SD = S nSQis itself a dominator of V nS. Further, sin
e P (i) 6= ; for i 2 SD, SD is a minimal dominatorof V n S. The uniqueness of SD follows from the fa
t that it is the set of pre
isely thoseverti
es in S that 
over some vertex in V n S not 
overed by any other vertex in S.The next two se
tions of our paper examine valid inequalities for P (G; b) and the 
on-ditions under whi
h they are fa
et de�ning. From now on we will assume that P (G; b) isfull dimensional.5 A Class of Symmetri
 Fa
ets of P (G; b)A valid inequality for P (G; b) is one that is satis�ed by every u 2 P (G; b).We 
all su
h aninequality symmetri
 if for all j 2 V , the 
oeÆ
ients of uj1 and uj2 are equal. A validinequality �u � �0 is maximal if there exists no valid inequality �0u � �0 with �0 � � and�0j > �j for some j. For any polyhedron in Rn+ , all essential (i.e. fa
et de�ning) inequalitiesare maximal, but the 
onverse is of 
ourse not true.Proposition 5.1. Let S be a minimal 
onne
ted dominator of V . Thenu(S) � jSj � 1 (5.1)is a valid inequality for P (G; b).Proof. It follows dire
tly from Proposition 4.1: as S is a dominator, it must have at leastone vertex in any separator.



Vertex Separator 9There is no easy, simple ne
essary and suÆ
ient 
ondition for the inequality (5.1) tobe fa
et de�ning. Maximality is somewhat easier to establish. To put it simply, (5.1) ismaximal whenever G does not have a 
ertain kind of verti
es.Given a minimal 
onne
ted dominator S of V and a vertex v 2 V nS, we will say that Sis v-de
omposable if G[S [ fvg℄ has an arti
ulation point i su
h that G[S [ fvg n fig℄ eitherhas two 
omponents neither of whi
h is the singleton v, or has at least three 
omponents.We 
all the vertex v 2 V n S forbidden if it has ea
h of the following three properties:(i) S is not v-de
omposable(ii) v is adja
ent to every j 2 Si2S P (i)(iii) v is adja
ent to at least two j 2 S.Proposition 5.2. The inequality (5.1) is maximal if and only if G has no forbidden verti
es.Proof. Ne
essity. Suppose G has a forbidden vertex v 2 V n S. Then the inequalityu(S) + uv2 � jSj � 1 
an be shown to be valid for P (G; b), hen
e (5.1) is not maximal.Indeed, let uv2 = 1, and 
all B the separator shore 
ontaining v. We 
laim that the shoresof su
h a separator 
an 
ontain at most jSj � 2 verti
es of S. For if S \ B = ;, then(S \ A) � (S n Adj(v)), and from property (iii) of v, jS \ Aj � jSj � 2. If, on the otherhand, S \B 6= ;, there are two 
ases: (a) S \ A = ;, and (b) S \A 6= ;. In 
ase (a), fromproperty (ii) of v, A 
annot 
ontain any vertex of Si2S P (i), whi
h implies that ea
h vertexin A � V n S is adja
ent to at least two verti
es in S; hen
e jS \Bj � jSj � 2. In 
ase (b),sin
e S \A 
an have no vertex adja
ent to S \B, and from (i) it requires the removal of atleast two verti
es from S to dis
onne
t G[S [ fvg℄ without 
reating a singleton 
omponent
onsisting of v (while the 
reation of su
h a 
omponent is ex
luded by (iii)), it follows thatjS \Aj+ jS \Bj � jSj � 2. Thus u(S) + uv2 � jSj � 1 is valid for P (G; b), i.e. (5.1) is notmaximal.SuÆ
ien
y. Suppose (5.1) is not maximal. Then �u � jSj � 1 is valid for some � su
hthat �jk � 1 for all j 2 S, �jk � 0 for all j 2 V n S, k = 1; 2, and at least one of theinequalities holds stri
tly. If �jk > 1, for some j 2 S, then any u 2 P (G; b) 
orrespondingto a separator with shore A := S n fig for some i 6= j violates �u � jSj � 1. Thus �jk = 1for all j 2 S, k = 1; 2. Now let �v1 > 0 for some v 2 V n S. Then v must satisfy (ii);for if there exists ` 2 P (i) for some i 2 S su
h that (v; `) 62 E, then there is a separatorwith shores A = f`g and B = S [ fvg n fig su
h that the 
orresponding solution �u satis�es��u = jSj � 1 + �v1 > jSj � 1. Also, v must have property (iii); for otherwise v 2 P (i) forsome i 2 S, and there is a separator with shores A = fvg and B = S nfig, whose asso
iatedsolution û satis�es �û+�v1 = jSj�1+�v1 > jSj�1. Finally, v must also have property (i),for if S is v-de
omposable with arti
ulation point i, then there is a separator with shoresA = fvg[S0, B = S00, where S0[S00 = S nfig, S00\AdjS(v) = ;, whose asso
iated solution~u satis�es �~u+ �v1 = jS0 [ S00j+ �v1 > jSj � 1.Example. In the graph G shown in Figure 1, S = f1; : : : ; 4g is a minimal 
onne
teddominator, and the inequalityu11 + u21 + u31 + u41 + u12 + u22 + u32 + u42 � 3
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Figure 1: Maximal vs. non-maximal inequalityis valid for P (G; b), where 4 � b � 6. S is v-de
omposable for v = 5; 7 and 8 (witharti
ulation point i = 2 in ea
h 
ase), but not for v = 6, whi
h has property (i). Vertex 6also has property (iii), and is the only su
h vertex in V n S. However, without edge (6; 9)shown as a dotted line, vertex 6 does not have property (ii), and so the above inequalityis maximal. Upon insertion of edge (6; 9) vertex 6 a
quires property (ii) and the inequality
an be strengthened by 
hanging the 
oeÆ
ient of u62 from 0 to 1.We are now ready to address the issue of when (5.1) is fa
et de�ning. Certainly, the
onditions on the verti
es in V nS required for maximality are also required, i.e. ne
essary,for (5.1) to be fa
et de�ning. However, they are in general not suÆ
ient. Furthermore,there are 
onditions 
on
erning the verti
es in S that are rather 
omplex.Let F be the fa
e of P (G; b) de�ned by the inequality (5.1), i.e. letF := fu 2 P (G; b) : u(S) = jSj � 1g:F is a fa
et of P (G; b) if and only if every equation �u = jSj�1 satis�ed by every u 2 Fhas 
oeÆ
ients �j1 = �j2 = ( 1 if j 2 S0 if j 2 V n S:We will use the notation �u = jSj � 1 for a generi
 equation satis�ed by all u 2 F , andwill start by stating some suÆ
ient 
onditions for a vertex j 2 V n S to have 
oeÆ
ients�j1 = �j2 = 0 in this equation. We will say that a separator is in F if the 
orrespondingpoint u 2 P (G; b) is in F .Throughout this se
tion we will repeatedly use the following argument.



Vertex Separator 11Proposition 5.3. If for some v 2 V n S there exist two separators in F , C and C 0, su
hthat C = C 0 [ fvg, then �v1 = �v2 = 0.Proof. Let u and u0 be the points in P (G; b) 
orresponding to C and C 0, respe
tively. Thenujk = u0jk for j 2 V nfvg and k = 1; 2. Hen
e �u��u0 = 0 = �v1(uv1�u0v1)+�v2(uv2�u0v2).But sin
e either uv1 6= u0v1 or uv2 6= u0v2, it follows that at least one of �v1 and �v2 is equalto 0. Sin
e the shores are inter
hangeable, it then follows that �v1 = �v2 = 0.Proposition 5.4. If S is v-de
omposable for some v 2 V n S and jSj � b + 2, then�v1 = �v2 = 0.Proof. Let S be v-de
omposable with arti
ulation point i, and letG[S0[fvg℄ be a 
omponentof G[S [ fvg n fig℄, with S0 6= ;. Then there exists a separator C with shores A = S0 [ fvg,B = S n (S0 [ fig), su
h that j(A [ B) \ Sj = jSj � 1, i.e. C is in F . But C 0 = C [ fvgis also a separator in F , with shores A0 = A n fvg, B0 = B; hen
e from Proposition 5.3,�v1 = �v2 = 0.Proposition 5.5. If there exists ` 2 P (i) for some i 2 S su
h that (v; `) 62 E for somev 2 V n S and jSj � b, then �v1 = �v2 = 0.Proof. Let ` be as assumed; then there exists a separator C in F with shores A = S[fvgnfigand B = f`g; but C 0 = C [ fvg is also a separator in F , with shores A0 = A n fvg, B0 = B.Hen
e from Proposition 5.3, �v1 = �v2 = 0.Proposition 5.6. If v 2 P (i) for some i 2 S su
h that jP (i)j � 2 and jSj � b + 1, then�v1 = �v2 = 0.Proof. By assumption, there exists ` 6= v, ` 2 P (i). Therefore there exists a separator Cin F with shores A = S n fig, B = f`; vg; but C 0 = C [ fvg is also a separator in F , withshores A0 = A, B0 = B n fvg; hen
e �v1 = �v2 = 0.Noti
e that, while the 
onditions on v stated in Proposition 5.4 and 5.5 are the exa
t
onverse of the 
onditions (i) and (ii), the 
ondition of Proposition 5.6 is stronger than the
onverse of (iii), whi
h would only require that v 2 P (i) for some i. This is 
onsonant withthe fa
t that the maximality of an inequality does not imply that it is also fa
et de�ning.For this to be the 
ase, additional properties are required.Next we show that if G has a vertex for whi
h none of the three 
onditions listed inPropositions 5.4-5.6 is satis�ed, then (5.1) is not fa
et de�ning.Proposition 5.7. Suppose there exists v 2 V n S with the properties(a) G[S [ fvg℄ and G[S℄ have no 
ommon arti
ulation point(b) v is adja
ent to every j 2 Sk2S P (k)(
) fvg = P (i) for some i 2 S. Then the inequality (5.1) does not de�ne a fa
et ofP (G; b).



12 Balas and de SouzaProof. We show that, under 
onditions (a), (b), (
), all u 2 F satisfy the equation wu :=ui1 + ui2 + uv1 + uv2 = 1. Let C be the separator asso
iated with u, and A;B its shores.Assume �rst that both v and i belong to C, i.e. wu = 0. From (a), if A\S 6= ; 6= B\S,then j(A [B) \ Sj � jSj � 2. Thus either jA \ Sj = 0 or jB \ Sj = 0. Assume jA \ Sj 6= 0.From (
), v is the only vertex not adja
ent to A and whi
h 
ould thus belong to B. But byhypothesis, v 2 C, a 
ontradi
tion.Assume now that wu = 2 and, w.l.o.g., that both v and i belong to B. From (b), forany ` 2 S n fig, P (`)\A = ;. Also, from (a), S \A = ; (sin
e i 2 S \B). But then A = ;,a 
ontradi
tion.We are now ready to state ne
essary and suÆ
ient 
onditions for a large 
lass of in-equalities of the form (5.1) to be fa
et de�ning for P (G; b).Let S be a minimal 
onne
ted dominator, with S = SD [ SQ, where SD = fi 2 S :P (i) 6= ;g is the unique minimal dominator 
ontained in S, and SQ = S n SD, where everyj 2 SQ is an arti
ulation point of G[S℄. We 
all the set S orderly, if either SQ = ;, or elseSD 
ontains no arti
ulation point of G[S℄, and SQ 
an be ordered into a sequen
e i1; : : : ; iq,with the property that for r = 1; : : : ; q, G[S n firg℄ has exa
tly two 
omponents with vertexsets S0; S00, su
h that fi1; : : : ; ir�1g � S0, fir+1; : : : ; iqg � S00.We need some notation. Let s = jSj, d = jSDj, q = jSQj. For any separator Ci in Fwith shores Ai; Bi, let ai = jAi \ SDj, bi = jBi \ SDj. Sin
e any separator Ci in F 
ontainsexa
tly one vertex i 2 S, we will 
all Ci of type 1 if S n fig is 
ontained in a single shore,and of type 2 if (S n fig) � Ai [Bi, with Ai \ S 6= ; 6= Bi \ S. Here we are 
on
erned withseparators of type 2, with i 2 SQ. Noti
e that for su
h a separator ai+ bi = d. A 
olle
tionC of type 2 separators will be 
alled representative if it 
ontains exa
tly one member Ci forea
h i 2 SQ. We order the members of su
h a 
olle
tion a

ording to the ruleai � ai+1 (bi � bi+1); i = 1; : : : ; q � 1;and we denote a2k+11 = a1 + a3 + � � � a2k+1a2k2 = a2 + a4 + � � � a2k; (5.2)with b2k+11 and bk2 de�ned in the same way.With this notation, a minimal 
onne
ted dominator S with an orderly SQ is 
alledex
eptional if(i) s is odd and(ii) for any representative 
olle
tion of type 2 separatorsaq�11 � aq2 = (d� 1)=2 if q is evenaq1 � aq�12 = d=2 if q is odd.We now state the main result of this se
tion. From Proposition 5.7 we know that ifnone of the 
onditions of Propositions 5.4-5.6 are satis�ed, (5.1) does not de�ne a fa
et ofP (G; b). So we 
an assume the opposite.



Vertex Separator 13Theorem 5.8. Let S be a minimal 
onne
ted dominator that is orderly, jSj � b, and assumethat every v 2 V nS satis�es at least one of the 
onditions stated in Propositions 5.4, 5.5 and5.6. Then the inequality (5.1) de�nes a fa
et of P (G; b) if and only if S is not ex
eptional.Proof. Sin
e every j 2 V nS satis�es at least one of the 
onditions stated in Propositions 5.4,5.5 and 5.6, �j1 = �j2 = 0 for all j 2 V n S for any � su
h that �u = jSj � 1 for allu 2 F = fu 2 P (G; b) : u(S) = jSj � 1g. We seek ne
essary and suÆ
ient 
onditions forhaving �j1 = �j2 = 1 for all j 2 S, assuming that S is orderly.If we set to 0 all �jk for j 2 V n S, k = 1; 2, we are left with a systemXj2S(�j1uj1 + �j2uj2) = jSj � 1 (5.3)in the unknowns �jk, j 2 S, k = 1; 2. If we denote by FS the proje
tion of F onto thesubspa
e indexed by S, i.e. FS := fuS 2 R2s : (uS ; uV nS) 2 F for some uV nS 2 R2(n�s)g,then (5.3) must be satis�ed by � for all u 2 FS . We will show that �jk = 1 for all j 2 S,k = 1; 2, is the unique solution to (5.3) if and only if S is not ex
eptional, by exhibiting 2spoints u 2 FS that are aÆnely independent if and only if S is not ex
eptional.We will use the two types of separators in F de�ned above. The �rst type, C, hasshores A = S n fig and B � P (i) for some i 2 SD. Sin
e by assumption jSj � b + 1,su
h a separator obviously exists for ea
h i 2 SD, and its in
iden
e ve
tor u satis�esu1(S) = jSj � 1, u2(S) = 0, hen
e belongs to FS . The se
ond type, C 0, has shores A0; B0su
h that (A0 [ B0) � (S n fig) for some i 2 SQ. Again, at least one su
h separator in Fexists for every i 2 SQ, sin
e i is an arti
ulation point of G[S℄: assigning the vertex setS0 of one 
omponent of G[S n fig℄, to A0, and the vertex set S00 of the se
ond 
omponentto B0 (sin
e S is orderly, there are only two 
omponents), or vi
e versa, yields a separatorwhose in
iden
e ve
tor u satis�es u1(S0) = jS0j, u2(S0) = 0, u1(S00) = 0, u2(S00) = jS00j, withjS0j+ jS00j = jSj � 1. Clearly, u 2 FS .If we 
hoose d ve
tors ui 2 FS 
orresponding to separators of the �rst type, one for ea
hi 2 SD, and q ve
tors ui 2 FS 
orresponding to a representative 
olle
tion of separators ofthe se
ond type, that yields d+ q = s ve
tors ui 2 FS . If we now 
hoose for every ui 2 FSits symmetri
 
ounterpart obtained by inter
hanging the two shores of ea
h separator, i.e.inter
hanging ui1 and ui2 for ea
h i 2 S, we obtain another s points in FS . We 
laim thatthese 2s points are aÆnely independent if and only if S is not ex
eptional. We will showthis by representing ea
h point as the row of a square matrix M of order 2s, and provingthat M is non-singular if and only if our 
ondition is satis�ed.We will denote the m� n matrix of all 1's by Jm�n, the identity of order n by In, andwe will write Jn for Jn�n. Let H = Jd � Id, i.e. H is the d � d matrix of all 1's, ex
eptfor the diagonal, whi
h has all 0's. Let D and �D be q � d matri
es of 0's and 1's, withD + �D = Jq�d, and let Q and �Q be q � q matri
es of 0's and 1's, Q upper triangular and�Q lower triangular, with 0's on the diagonal, and with Q+ �Q = Jq � Iq. Then our matrixis of the form M = 0BB� H J 0 0D Q �D �Q0 0 H J�D �Q D Q 1CCA :



14 Balas and de SouzaFigure 2 shows the 
omponents of an instan
e of M with d = 4 and q = 3.H = 0BB� 0 1 1 11 0 1 11 1 0 11 1 1 0 1CCA ; J = 0BB� 1 1 11 1 11 1 11 1 1 1CCA ; D = 0� 0 1 1 10 0 0 10 0 0 1 1A ;
�D = 0� 1 0 0 01 1 1 01 1 1 0 1A ; Q = 0� 0 1 10 0 10 0 0 1A ; �Q = 0� 0 0 01 0 01 1 0 1AFigure 2: Illustration of the 
omponents of M .It is not hard to see that ea
h row of (H;J; 0; 0) is the in
iden
e ve
tor of a u 2 FS
orresponding to a separator C of the �rst type, with A = S n fig for some i 2 SD, andB \ S = ; (B � P (i)), i.e. uij1 = 1 for all j 2 S n fig, uii1 = 0, and uij2 = 0 for all j 2 S.The 0's on the diagonal of H represent the entry 
orresponding to i in S n fig. Similarly,ea
h row of (D;Q; �D; �Q) is the in
iden
e ve
tor of a u 2 FS 
orresponding to a separatorC 0 of the se
ond type, with A0 = S0 represented by the 1's in the �rst half of the row, andB0 = S00 represented by the 1's in the se
ond half of the row, whereas the i in S n fig isrepresented by the 0's on the diagonal of Q and �Q. This des
ribes the upper half of M .The lower half is obtained by inter
hanging the roles of u1 and u2.Sin
e S is orderly, if SQ 6= ; then the representative 
olle
tion of type 2 separators C 0i
orresponding to the rows of (D;Q; �D; �Q) 
an be ordered a

ording to in
reasing or de
reas-ing size of their shores A0i. Here we 
hoose to order them de
reasingly, whi
h 
orrespondsto having Q upper triangular, �Q lower triangular (with 0's on the diagonal), and the rowsums of D and �D satisfying ai � ai+1 and bi � bi+1, i = 1; : : : ; q � 1, respe
tively.Now let's �rst look at the 
ase when SQ = ; and so S = SD, i.e. the minimal 
onne
tedseparator S is also minimal as a separator. Then our matrix M redu
es to � H 00 H �,whi
h is obviously nonsingular.Next assume SQ 6= ;, i.e. all the submatri
es of M are present.Using the standard pro
edure for inversion of partitioned matri
es, it is straightforwardto show that the 2s� 2s matrix M is nonsingular if and only if the 2q � 2q matrixR = 0� Q� 1d�1DJ �Q� 1d�1 �DJ�Q� 1d�1 �DJ Q� 1d�1DJ 1A = � Q0 �Q0�Q0 Q0 �is nonsingular. Furthermore, the same te
hniques 
an be used to show that the 2q � 2qmatrix R is nonsingular, if and only if the q� q matrix R̂ := Q0� �Q0Q�10 �Q0 is nonsingular.For R̂ to be well de�ned, Q�10 must exist, i.e. Q0 must be nonsingular. This 
an be



Vertex Separator 15shown to be always the 
ase. Indeed,Q0 = Q� 1d� 1DJ = 1d� 1 0BBB� �a1 d� 1� a1 : : : d� 1� a1�a2 �a2 : : : d� 1� a2... ...�aq �aq : : : �aq 1CCCA :Subtra
ting 
olumn 1 of this matrix from every other 
olumn yields a matrix that isupper triangular ex
ept for its �rst 
olumn, and whose determinant, like that of Q0, hasabsolute value aq=(d� 1). Hen
e Q0 is nonsingular, i.e. R̂ is well de�ned.To examine the 
onditions under whi
h R̂ is nonsingular, we start by 
omputing itselements. We have
Q�10 =

0BBBBBBBBBBBB�
�1 0 0 � � � d�1�a1�aq1 �1 0 � � � a1�a2�aq0 1 �1 � � � a2�a3�aq... ... ... ...0 0 0 � � � aq�2�aq�1�aq0 0 0 � � � aq�1�aq

1CCCCCCCCCCCCA
�Q = 1d�1 0BBBBBBBBB�

�b1 �b1 � � � �b1 �b1d� 1� b2 �b2 � � � �b2 �b2... ... ... ...d� 1� bq�1 d� 1� bq�1 � � � �bq�1 �bq�1d� 1� bq d� 1� bq � � � d� 1� bq �bq
1CCCCCCCCCAand R̂ = Q0 � �Q0Q�10 �Q0 = 1d� 1 ~R;where ~R is the matrix given by0BBBBBBBBBBBBB�

b1aq�d b1aq�1 b1aq�1 ��� b1aq�1 b1aq bq+b1�1b2�b1+1aq �(d+1) b2�b1+1aq �(d+1) b2�b1+1aq �2 ��� b2�b1+1aq �2 b2�b1+1aq bq+b2�b1�1b3�b2+1aq �2 b3�b2+1aq �(d+1) b3�b2+1aq �(d+1) ��� b3�b2+1aq �2 b3�b2+1aq bq+b3�b2�1... ... ... ... ...bq�1�bq�2+1aq �2 bq�1�bq�2+1aq �2 bq�1�bq�2+1aq �2 ��� bq�1�bq�2+1aq �(d+1) bq�1�bq�2+1aq bq+bq�1�bq�2�1bq�bq�1+1aq �2 bq�bq�1+1aq �2 bq�bq�1+1aq �2 ��� bq�bq�1+1aq �(d+1) bq�bq�1+1aq bq�aq�bq�1
1CCCCCCCCCCCCCA



16 Balas and de SouzaWe 
laim that R̂ is nonsingular if and only if S is not ex
eptional. To prove this, wewill perform a linear transformation on R̂ that does not a�e
t the absolute value of itsdeterminant. We will use the fa
t that many elements of R̂ are equal to ea
h other andsome pairs of entries di�er by the same 
onstant. By subtra
ting 
olumn i� 1 from 
olumni for i = q, q � 1; : : : ; 2, and dividing every entry by d� 1, we obtain the following matrixwhose determinant has the same absolute value as that of R̂:
R̂0 = (rij) =

0BBBBBBBBBBBBB�
b1�daqaq(d�1) 1 0 � � � 0 b1aq(b2�b1+1)�(d+1)aqaq(d�1) 0 1 � � � 0 b2�b1+1aq(b3�b2+1)�2aqaq(d�1) �1 0 � � � 0 b3�b2+1aq... ... ... ... ...(bq�1�bq�2+1)�2aqaq(d�1) 0 0 � � � 0 bq�1�bq�2+1+aqaq(bq�bq�1+1)�2aqaq(d�1) 0 0 � � � �1 bq�bq�1+1aq

1CCCCCCCCCCCCCANext, letting rj denote 
olumn j of R̂0, we subtra
t from 
olumn 1r11 � r2 + r21 � r3 + (r11 + r31) � r4 + (r21 + r41)r5 + � � �(+(r11 + r31 + � � � + rq�1;1)rq (if q is even) or+(r21 + r41 + � � � + rq�1;1)rq (if q is odd);and we subtra
t from 
olumn qr1q � r2 + r2q � r3 + (r1q + r3q) � r4 + (r2q + r4q)r5 + � � �(+(r1q + r3q + � � �+ rq�1;q)rq (if q is even) or+(r2q + r4q + � � �+ rq�1;q)rq (if q is odd):The out
ome is the matrix W , whose determinant also has the same absolute value as thatof R̂:
W =

0BBBBBBBBBBBBBBB�
0 1 0 � � � 0 0 00 0 1 � � � 0 0 00 �1 0 � � � 0 0 0... ... ... ... ... ...0 0 0 � � � 0 1 0wq�1;1 0 0 � � � �1 0 wq�1;qwq;1 0 0 � � � 0 �1 wq;q

1CCCCCCCCCCCCCCCA



Vertex Separator 17It is not hard to see that jdet(W )j = jwq�1;1 � wq;q � wq;1 � wq�1;qj. Herewq�1;1 = rq�1;1+rq�3;1+ � � �+(r11 if q is evenr21 if q is oddwq;1 = rq;1 +rq�2;1+ � � �+(r21 if q is evenr11 if q is oddand wq�1;q = rq�1;q+rq�3;q+ � � �+(r1q if q is evenr2q if q is oddwq;q = rq;q +rq�2;q+ � � �+(r2q if q is evenr1q if q is oddSubstituting for ea
h rij its value from R̂ and using the notation (5.2), we obtain:� for q even, wq�1;1 = �(bq�11 � bq�22 )� (d+ q � 2)aq + q2 � 1� =aq(d� 1)wq;1 = �(bq2 � bq�11 )� (d+ q � 1)aq + q2� =aq(d� 1)wq�1;q = �(bq�11 � bq�22 ) + q2 � 1 + aq� =aqwq;q = �(bq2 � bq�11 ) + q2� =aq;� for q odd, wq�1;1 = �(bq�12 � bq�21 )� (d+ q � 2)aq + q�12 � =aq(d� 1)wq;1 = �(bq1 � bq�12 )� (d+ q � 1)aq + q�12 � =aq(d� 1)wq�1;q = �(bq�12 � bq�21 ) + q�12 + aq� =aqwq;q = �(bq1 � bq�12 ) + q�12 � =aqThus for q even, we havewq�1;1 � wq;q � wq;1 � wq�1;q =h�(bq�11 � bq�22 )� (d+ q � 2)aq + q2 � 1� � �(bq2 � bq�11 ) + q2�� �(bq2 � bq�11 )� (d+ q � 1)aq + q2� � �(bq�11 � bq�22 ) + q2 � 1 + aq�i =a2q(d� 1):



18 Balas and de SouzaClearly, det(W ) 6= 0 if and only if the numerator is nonzero, so we may ignore thedenominator. Multiplying through and 
olle
ting terms then yields for the numerator theexpression E = aq(d+ q � 1)(2(bq�11 � bq2) + d� 1):Similarly, for q odd we havewq�1;1 � wq;q � wq;1 � wq�1;q =h�(bq�12 � bq�21 )� (d+ q � 2)aq + q�12 � � �(bq1 � bq�12 ) + q�12 ���(bq1 � bq�12 )� (d+ q � 1)aq + q�12 � � �(bq�12 � bq�21 ) + q�12 + aq�i =a2q(d� 1);and the expression we get for the numerator, after multiplying through and 
olle
ting terms,is E0 = �aq(d+ q � 1)(2(bq1 � bq�12 )� d):Now we 
laim that for admissible values of d; q; aj ; bj , j = 1; : : : ; q, the expression E, ifq is even, or E0, if q is odd, vanishes if and only if S is ex
eptional.Assume �rst that q is even. Then E = 0 if and only if bq�11 � bq2 = (1� d)=2. But sin
ebq�11 � bq2 = q2d�aq�11 � q2d+aq2, E = 0 if and only if aq�11 �aq2 = (d�1)=2. This is pre
isely
ondition (ii) of the de�nition of S being ex
eptional when q is even. Furthermore, the lastequation implies that d is odd, whi
h in turn implies that s is odd (sin
e q is even), thus
ondition (i) of that de�nition is also satis�ed.Assume now that q is odd. Then E0 = 0 if and only if bq1� bq�12 = d=2. But bq1� bq�12 =q+12 d � aq1 � q�1d + aq�12 , hen
e E0 = 0 if and only if aq1 � aq�12 = d=2, whi
h is pre
isely
ondition (ii) of the ex
eptionality of S when q is odd. Furthermore, in this 
ase d isobviously even, and sin
e q is odd, s is also odd, whi
h is 
ondition (i).Assume now that S is ex
eptional, i.e. 
onditions (i) and (ii) are satis�ed. We 
laimthat in that 
ase there exists no set of 2s aÆnely independent points u 2 FS . Indeed, theonly 
andidates are separators of type 1 with i 2 SD, or separators of type 2 with i 2 SQ,sin
e the only other possible 
ase, that of a type 2 separator with i 2 SD, is ex
luded bythe fa
t that if SQ 6= ;, SD 
ontains no arti
ulation point of G[S℄. But the only separatorsof type 1 with i 2 SD are those 
orresponding to the rows of H, and by assumption everyrepresentative set of separators of type 2 satis�es the 
onditions that make S ex
eptional,whi
h proves our 
laim.Turning now to the 
ase when S is ex
eptional, we start by examining the situationwhere q = jSQj = 1, say SQ = fig.By the de�nition of ex
eptionality, d is even, a1 = d=2 = b1, and ea
h of the two
omponents of SD is 2-
onne
ted. Let p := d=2.Proposition 5.9. Let S, with Sq = fig, be ex
eptional. Then the inequalityp u1(S n fig) + (p� 1)u2(S n fig) + (2p� 1)ui2 � p(2p� 1) (5.4)is valid for P (G; b). Furthermore, (5.4) is fa
et de�ning if and only if every v 2 V n Ssatis�es at least one of the 
onditions of Propositions 5.4, 5.5 and 5.6.



Vertex Separator 19Proof. Suppose that S, with SQ = fig, is ex
eptional. Then the maximum of the left handside of (5.4), say f(u), over all u 2 P (G; b), is p(2p � 1). Indeed, let �u 2 F be a point forwhi
h f(u) attains its maximum. If i belongs to the separator C asso
iated with �u, thenthe shores of C must be A = S0 and B = S00 or vi
e versa, where G[S0℄ and G[S00℄ are thetwo 
omponents of G[S n fig℄. Thus �uj1 = 1, �uj2 = 0 for all j 2 S0, �uj1 = 0, �uj2 = 1for all j 2 S00, �ujk = 0, k = 1; 2, otherwise, and f(�u) = p � p + (p � 1)p = p(2p � 1). Ifthe separator does not 
ontain i, it must 
ontain some ` 2 S, ` 6= i, but sin
e ` is not anarti
ulation point, all of S n f`g must belong to the same shore. If this shore is A, withB � P (`), then �uj1 = 1, �uj2 = 0 for all j 2 S n fi; `g, �ujk = 0, k = 1; 2 otherwise, andf(�u) = p(2p � 1) + 0 = p(2p � 1), as 
laimed. If (S n f`g) � B, with A � P (`), then�uj1 = 0, �uj2 = 1 for all j 2 S n f`g (in
luding j = i), ujk = 0, k = 1; 2 otherwise, and againf(�u) = 0 + (p� 1)(2p � 1) + (2p� 1) = p(2p� 1). This proves that (5.4) is valid.Now let F 0 := fu 2 P (G; b) : u satis�es (5.4) at equalityg. Then F 0 is a fa
et of P (G; b)if and only if every � su
h that �u = p(2p� 1) for all u 2 F 0 satis�es �jk = 0 for j 2 V nS,k = 1; 2, and �j1 = (p j 2 S n fig0 j = 1 �j2 = (p� 1 j 2 S n fig2p� 1 j = i (5.5)It is easy to see that Propositions 5.3-5.7, whi
h were stated for the 
ase of inequality (5.1),remain valid for the 
ase of inequality (5.4). Therefore, �j1 = �j2 = 0 for all j 2 V n S ifand only if every v 2 V n S satis�es at least one of the 
onditions of Proposition 5.4, 5.5and 5.6, with the impli
ation that, if there exists v 2 V n S that violates all three of these
onditions, then (5.4) does not de�ne a fa
et of P (G; b). Assuming now that �jk = 0 for allj 2 V nS, k = 1; 2, we show that the 
oeÆ
ients �jk for j 2 S, k = 1; 2, satisfy (5.5), by thepro
edure used in the proof of Theorem 5.8, i.e. by exhibiting 2s aÆnely independent pointsu 2 F 0S = fuS 2 R2s : (uS ; uV nS) 2 F 0 for some uV nS 2 R2(n�s)g. As in the 
ase of thatproof, we use the d points uj 2 F 0S 
orresponding to the separators Cj of type 1 with shoresAj = S n fjg, j 2 SD, Bj � P (j), and the one point ui 2 F 0S 
orresponding to the separatorof type 2 C 0i with shores A0i = S0, B0i = S00, where G[S0℄ and G[S00℄ are the two 
omponentsof G[S n fig℄. This is a 
olle
tion of d + 1 = s points in F 0S , and taking the symmetri

ounterparts of these points, obtained by inter
hanging u1 and u2, we obtain an additionals points. The matrix M whose rows are the in
iden
e ve
tors of these points has the samestru
ture as the 
orresponding matrix in the proof of Theorem 5.8, with the only di�eren
ethat here �Q = 1. As in that proof, M is nonsingular if and only if R̂ = Q0 � �Q0Q�10 �Q0 isnonsingular, whereQ0 = Q� 1d� 1DJ = 0� 1d� 1 � a1; Q�10 = �d� 1a1 ; �Q0 = 1� 1d� 1 �DJ = 1� 1d� 1b1and R̂ = � a1d� 1 � d� 1� b1d� 1 ��d� 1a1 � d� 1� b1d� 1= (d� 1� b1)2 � a21(d� 1)a1 = 1� 2a1(d� 1)a1 6= 0



20 Balas and de SouzaThis proves that R̂ is nonsingular, hen
e (5.4) is fa
et de�ning.Remark 5.10. If SD 
ontains an arti
ulation point ` 6= i of G[S℄, then the inequality (5.4)is not valid.Proof. Suppose G[S℄ has a se
ond arti
ulation point, say ` 6= i. Let G[S0℄ be a 
omponentof G[S n f`g℄ su
h that i 62 S0, and let S00 := S n (S0 [ f`g). We 
laim that in this 
ase (5.4)is not valid. Indeed, 
onsider the separator C whose shores are A = S0 and B = S00, withasso
iated �u 2 P (G; b). Thenp � �u1(S n fig) + (p� 1)�u2(S n fig) + (2p� 1)�ui2 == p � jS0j+ (p� 1)(jS00j � 1) + (2p� 1)= jS0j+ (p� 1)(jS0j+ jS00j � 1) + (2p� 1)= jS0j+ (p� 1)(2p� 1) + (2p� 1) > p(2p� 1):When the minimal 
onne
ted dominator S is not orderly, inequality (5.1) may or maynot be fa
et de�ning. For any spe
i�
 non-orderly S it is not hard to tell whether (5.1) isfa
et-de�ning, by applying the same analysis as in the proof of Theorem 5.8, with Q and�Q modi�ed to re
e
t the stru
ture of S; but this analysis be
omes unwieldy for a generalS. However, when (5.1) is not fa
et de�ning either be
ause S is not orderly, or be
auseS, while orderly, is ex
eptional, there is another family of fa
et de�ning inequalities thatdominates S.6 A Class of Asymmetri
 Fa
ets of P (G; b)Consider any minimal dominator S of G, not ne
essarily 
onne
ted. The inequalityu1(S) � jSj � 1 (6.1)is 
learly valid for P (G; b), and various liftings of (6.1) may yield fa
et de�ning inequalities.The �rst question that arises in this 
ontext, is when does (6.1) de�ne a fa
et of P (G; b),i.e. when is it the 
ase that all the lifting 
oeÆ
ients of (6.1) are equal to 0? The nextProposition settles this question.As before, we assume that jSj � b, for otherwise (6.1) is implied by (2.5), hen
e redun-dant.Proposition 6.1. The inequality (6.1), where S is a minimal dominator of G, de�nes afa
et of P (G; b) if and only if 
onditions (a), (b) and (
) below are satis�ed:(a) V n S = [i2SP (i)(b) S 
ontains no self-dominator(
) S is an independent set.



Vertex Separator 21Proof. Let F be the fa
e of P (G; b) de�ned by (6.1), i.e. F := fu 2 P (G;B) : u1(S) =jSj � 1g.Ne
essity. Suppose S violates (a), i.e. there exists v 2W := (V n S) n ([i2SP (i)). Thismeans that jAdj(v) \ Sj � 2, say f(v; i); (v; j)g � E for some i; j 2 S. Then ui1 + uv2 � 1,uj1 + uv2 � 1, but for any u 2 F , ui1 + uj1 � 1, sin
e u`1 = 1 for all but one index ` 2 S.It follows that uv2 = 0 for all u 2 F , hen
e F is not a fa
et.Suppose now that S violates (b), and let i 2 S be a self-dominator. We 
laim that forany u 2 F , ui1 + ui2 = 1, and thus F is not a fa
et. Indeed, let C be a separator in F su
hthat i 2 C; then shore A of C must 
ontain S n fig in order to have u1(S) = jSj � 1, andsin
e S n fig is a dominant of V n fig, there are no verti
es left for B. Hen
e i 2 A [ B,whi
h is equivalent to ui1 + ui2 = 1.Finally, suppose S violates (
), and let (i; j) be an edge with both ends in S. Thenui1 + ui2 � 1, ui1 + uj2 � 1, and uj1 + uj2 � 1, uj1 + ui2 � 1. Thus if ui1 = 1 or uj1 = 1,then ui2 = uj2 = 0. But sin
e ui1 + uj1 � 1 for all u 2 F , this is always the 
ase, i.e.ui2 = uj2 = 0 for all u 2 F . Hen
e again F is not a fa
et.SuÆ
ien
y. Sin
e every j 2 V n S belongs to some pendent set, say P (i), and sin
e S isindependent, it is easy to see that A = S n fig and B = fi; jg are the shores of a separatorin F , say C, and that C 0 = C [ fjg is also a separator in F , with shores A0 = A andB0 = B n fjg. Hen
e, from Proposition 5.3, for any equation �u = jSj � 1 satis�ed by allu 2 F , �jk = 0 for all j 2 V n S, k = 1; 2. Now 
onsider a 
oeÆ
ient �j2, j 2 S. Sin
e S isan independent set, the point de�ned by u`1 = 1 for ` 2 S nfjg, u`1 = 0 for ` 2 (V nS)[fjg,uj2 = 1, u`2 = 0 for ` 2 V n fjg, is in F . But if �j2 6= 0, this point violates �u = jSj � 1.Hen
e �j2 = 0 for all j 2 S.As to the 
oeÆ
ients �j1, j 2 S, if we set to 0 all �jk, j 2 V n S, k = 1; 2, and all �j2,j 2 S, we obtain the system Xj2S �j1uj1 = jSj � 1in the unknowns �j1, j 2 S, whi
h must be satis�ed for every u 2 FS , where FS := fuS1 2Rs : (uS1 ; uS2 ; uV nS) 2 F for some (uS2 ; uV nS) 2 Rs � R2(n�s)g with s = jSj. If we 
hoose thejSj points ui 2 FS , i 2 S, de�ned by uij1 = 1 for j 2 S n fig, uii1 = 0, we obtain a systemwhose unique solution is �j1 = 1 for all j 2 S.Figure 3 shows an example of an inequality (6.1) that is fa
et de�ning for P (G; b).From Proposition 6.1 it follows that the inequality (6.1) is fa
et de�ning only underthe very spe
ial 
onditions (a), (b), (
). When these 
onditions do not hold, (6.1) 
an belifted or otherwise generalized to yield some fa
et de�ning inequalities. There are manyvalid generalizations, but here we will be 
on
erned with three 
lasses of su
h inequalities:the �rst 
lass is obtained by lifting the 
oeÆ
ients �j2, j 2 S, the se
ond 
lass 
omes fromlifting the 
oeÆ
ients �j2, j 2 V n S, before j 2 S, while the third 
lass involves a di�erenttype of generalization.
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j j j4j j3 j jj j jj1 j j j2 4Xj=1 uj1 � 3
Figure 3: A fa
et de�ning inequality (6.1)7 First GeneralizationLet S be a minimal dominator that satis�es 
onditions (a) and (b), but not 
ondition (
), ofProposition 6.1. Further, let S1; : : : ; Sk be the vertex sets of the 
omponents of G[S℄. In ea
h
omponent G[S`℄ su
h that jS`j > 1 we 
hoose an ordered set of verti
es I` = fv1; : : : ; vqgwith the following properties (here Adj(vi) refers to adja
en
y in G[S`℄):(i) for all i 2 f2; : : : ; qg, (vi; vj) 62 E` for all j 2 f1; : : : ; i � 1g, i.e. I` is an independentset;(ii) for all i 2 f2; : : : ; qg, there exists j 2 f1; : : : ; i � 1g su
h that Adj(vi) \ Adj(vj) 6= ;,i.e. vi is at an edge-distan
e of 2 from the vertex set fv1; : : : ; vi�1g.(iii) I` is maximal.Su
h a set always exists and is obviously not unique. Figure 4 shows an example of a
omponent G[S`℄, along with two di�erent sets I`. Next we de�ne a fun
tion Æ : S` ! Z asfollows: Æ(v) = 8>>><>>>:jAdj(v1)j if v = v1jAdj(vi) n i�1Sj=1Adj(vj)j+ 1 if v = vi for some i � 20 if v 2 S` n I` (7.1)The numbers Æ(vj) for vj 2 I` 
an be interpreted as the degree of vertex vj in a spanningtree T` of G[S`℄ 
onstru
ted as follows. For all v 2 S`, de�ne Adj�(v) := fvg [Adj(v).Initialization. Choose some v 2 S`, set v1 := v and put v1 into T` as a marked vertex.Put into T` all verti
es v 2 Adj(v1) and all edges joining them to v1.Iterative step k. Choose some v 2 S` n k�1Sj=1Adj�(vj) su
h that Adj(v) \ Adj(vj) 6= ; forsome j 2 f1; : : : ; k � 1g, set vk := v, and put vk into T` as a marked vertex, by joining itthrough an edge to some (arbitrarily 
hosen) unmarked vertex of T`.



Vertex Separator 23Put into T` all verti
es v 2 Adj(vk) n k�1Sj=1Adj(vj) and all edges joining them to vk.Stop when all verti
es of S` have been in
luded in T`.It is not hard to see that the marked verti
es of T` form an ordered set satisfying the
onditions de�ned for I`. If the set of verti
es at edge-distan
e k from v1 is 
onsidered levelk of T`, then the set of all verti
es at even levels of T`, whi
h is the set of all marked verti
esof T`, is pre
isely the independent set I` de�ned by 
onditions (i), (ii), (iii). Note, however,that the spanning tree T` is not uniquely de�ned be
ause of the freedom of 
hoosing theunmarked vertex of T` to whi
h a newly marked vertex vk is joined by an edge. Figure 5shows an example of a spanning tree T` asso
iated with the set I 1̀ of Figure 4.
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Figure 4: Two ordered sets I 1̀; I 2̀ in G[S`℄, satisfying (i), (ii), (iii).Theorem 7.1. Let S be a minimal dominator of G satisfying 
onditions (a) and (b), butnot (
), of Proposition 6.1, and let G[S`℄, ` = 1; : : : ; k, be the 
omponents of G[S℄. Forea
h singleton 
omponent S` = fig, set Æi = 0, and for all other 
omponents G[S`℄ de�neÆj = Æ(j) for all j 2 S` by (7.1). Then the inequalityu1(S) +Xj2S Æjuj2 � jSj � 1 (7.2)is valid and fa
et de�ning for P (G; b).Proof. If the inequality u1(S) � jSj � 1 were valid for the polytope P (G; b) restri
ted tothe spa
e of the variables uj1, j 2 S, then we 
ould lift it to (7.2). However, if we set to 0all the variables missing from u1(S) � jSj � 1, the remaining polytope is just the unit 
ube
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Figure 5: A spanning tree T` asso
iated with I 1̀ of Figure 4.in Rs and the inequality u1(S) � jSj � 1 is invalid. However, if instead we proje
t P (G; b)onto R2s ,ProjS(P (G; b)) := fuS 2 R2s : (uS ; uV nS) 2 P (G; b) for some uV nS 2 R2(n�s)g;then the inequality u1(S) � jSj � 1 is valid for the polytope P � � Rs ,P � := fuS 2 ProjS(P (G; b)) : uj2 = 0; j 2 Sg;and so it 
an be lifted by the well known sequential lifting pro
edure (see e.g. [8℄).Let j1; : : : ; jn be any numbering of the verti
es in S, su
h that within ea
h 
omponentG[S`℄ of G[S℄, verti
es in I` pre
ede those in S` n I` and are numbered a

ording to theirposition in I`.We now 
al
ulate the lifting 
oeÆ
ients of the variables uj2 for j = j1; : : : ; js in thatsequen
e. But �rst, we note that u1(S) � jSj � 1 is not only valid for P �, but also fa
etde�ning. Indeed, for ea
h i 2 S the point uS de�ned by uj1 = 1 for j 2 S n fig, ui1 = 0,uj2 = 0, j 2 S, is in P � and satis�es u1(S) = jSj � 1. To see this, note that ea
h su
hpoint 
omes (through proje
tion and restri
tion) from the in
iden
e ve
tor u 2 P (G; b) ofa separator C that has as its shores A = S n fig and B = P (i). Clearly, the jSj points uS1de�ned above, one for ea
h i 2 S, are aÆnely independent and so u1(S) � jSj � 1 de�nes afa
et of P �.For the �rst variable, uj12, we solvemaxfu1(S) : uS 2 ProjS(P (G; b)); uj12 = 1; ujr2 = 0 for all r > 1gand we �nd that the maximum is jSj � 1 � jAdj(j1)j, sin
e setting uj12 = 1 for
es to 0uj11, and all the variables uj1 for j 2 Adj(j1). This gives for uj12 the 
oeÆ
ient jAdj(j1)j,
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h is the di�eren
e between the maximum of the obje
tive fun
tion with and withoutuj12 set to 1. But this is pre
isely Æj1 as de�ned by (7.1). Further, if we denote by u(Æj1)the maximizing solution (in
luding the variable �xed at 1) that yielded the 
oeÆ
ient Æj1 ,namely uj12 = 1, uj1 = 0 for j 2 Adj�(j1), uj1 = 1 for j 2 S n Adj�(j1), we �nd thatit 
orresponds to a separator C with shores A = S n Adj�(j1), B = fj1g, and satis�esu1(S) + Æj1uj12 � jSj � 1 at equality.Suppose now that these properties hold for j = j1; j2; : : : ; jk�1, i.e. that the 
oeÆ
ientof uj2 is Æj for j = j1; j2; : : : ; jk�1, and that the solution u(Æj) for whi
h the maximandattains its bound satis�es the 
orresponding inequality at equality; and let j = jk. We thenhave to solvemaxfu1(S) + jk�1Xj=j1 Æjuj2 : u 2 ProjS(P (G; b)); ujk2 = 1; ujr2 = 0 for all r > kg:To simplify the dis
ussion, assume for the time being that j1; : : : ; jk belong to the same
omponent of G[S℄. Now the maximum of u1(S) +Pk�1j=j1 Æjuj2 without setting ujk2 = 1is jSj � 1. Furthermore, this value is attained for a solution u(Æk�1) that has uj2 = 1 forj = j1; : : : ; jk�1, uj1 = 0 for j 2 k�1Sr=1Adj�(jr) and uj1 = 1 for S n k�1Sr=1Adj�(jr). This solution
orresponds to a separator C with shores A = S n k�1Sr=1Adj�(jr), B = fj1; : : : ; jk�1g, and itsatis�es u1(S) + jk�1Pj=j1 Æj uj2 � jSj � 1 at equality. Sin
e Æj � 1 for j = j1; : : : ; jk�1, we mayassume wlog that the impa
t of for
ing ujk2 to 1 on the value of the maximum is measuredby the number of variables uj1, j 2 S, newly for
ed to 0. But this is pre
isely the numberjAdj�(jk) n k�1Sr=1Adj(jr)j = jAdj(jk) n k�1Sr=1Adj(jr)j+ 1, whi
h is Æjk a

ording to (7.1). Thusthe value of the maximum is jSj � 1� Æjk , and hen
e the 
oeÆ
ient of ujk2 is Æjk .In the above dis
ussion we have assumed that j1; : : : ; jk all belong to the �rst 
omponent.Removing now this assumption, we see that nothing 
hanges. If jt is the �rst vertex of a new
omponent, then for
ing ujt2 to 1 will redu
e the value of the maximum by jAdj(jt)j, sin
eall the verti
es adja
ent to jt belong to the new 
omponent, and everything in the sequelremains the same. This proves that (7.2) is valid for ProjS(P (G; b)). Furthermore, (7.2) isalso fa
et de�ning for this polytope, sin
e at every step of the lifting pro
edure, the solutionu(Æjk) that maximizes the obje
tive fun
tion, amended with ujk2 = 1, is independent ofall the previous solutions (has a 
omponent ujk2 = 1 in a 
olumn in whi
h all previoussolutions had a 
oeÆ
ient ujk2 = 0).We 
an now lift the inequality (7.2) from the subspa
e of the proje
tion to the full spa
e.We 
laim that the lifting 
oeÆ
ients for ujk, j 2 V n S, k = 1; 2, are all equal to 0, andthat the lifted inequality obtained this way is fa
et de�ning for P (G; b).The inequality (7.2) is 
ertainly valid for P (G; b). Let F = fu 2 P (G; b) : u1(S) +Pj2S Æjuj2 = jSj � 1g. Then F is a fa
et if and only if any equation �u = jSj � 1 satis�edby all u 2 F has 
oeÆ
ients �j1 = 1, �j2 = Æj for j 2 S, and �jk = 0 for j 2 V nS, k = 1; 2.For the 
oeÆ
ient �jk, j 2 S, k = 1; 2, this follows from the fa
t, proved above, that (7.2)
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et of ProjS(P (G; b)). As to the 
oeÆ
ients �jk for j 2 V nS, a reasoning similarto that underlying Proposition 5.3 shows that �j1 = 0 if there exists a separator C withshores A;B su
h that j 2 A, and C 0 = C [ fjg is also a separator. Similarly, �j2 = 0 ifthere exists a separator C with shores A;B su
h that j 2 B, and C 0 = C [ fjg is also aseparator. Now from the minimality of S and 
onditions (a), (b) of the theorem, j 2 P (i)for some i 2 S. Let �u 2 F be su
h that �ui1 = 0, and de�ne the separator C as having shoresA = f` 2 S : �u`1 = 1g and B = f` 2 S : �u`2 = 1g [ fjg. C is 
learly feasible, sin
e j is notadja
ent to any vertex in S n fig. But then C 0 = C [ fjg is also a separator, with shoresA0 = A and B0 = B n fjg. This proves that �j2 = 0 for all j 2 V n S. Now let û 2 F besu
h that ûi1 = 1, and de�ne the separator C as having shores A := f` 2 S : û`1 = 1g [ fjgand B = f` 2 S : û`2 = 1g. Clearly C is feasible, but C 0 = C [ fjg is also a separator, withshores A0 = A n fjg and B0 = B. Thus �j1 = 0 for all j 2 V n S.8 Se
ond GeneralizationNow we turn to the se
ond 
lass of lifted inequalities. Let S be a minimal dominator ofG free of self-dominators, and let T := fj 2 V n S : j 62 [i2SP (i)g. In other words,T := fj 2 V n S : jAdj(j) \ Sj � 2g. Consider the graph G[S [ T ℄, and denote by G(S; T )the bipartite subgraph obtained from G[S[T ℄ by deleting all verti
es j 2 S nAdj(T ) and alledges (i; j) su
h that fi; jg � S or fi; jg � T . Let G(S`; T`), ` = 1; : : : ; k be the 
omponentsof G(S; T ). In ea
h 
omponent ` 2 f1; : : : ; kg, we 
onstru
t a spanning tree T` as follows.Initialization. Choose some v 2 T`, set v1 := v, and put v1 into T` as a marked vertex.Put into T` all verti
es in S` adja
ent to v1 and all edges joining these verti
es to v1.Iterative Step k. Choose some v 2 T` n fv1; : : : ; vk�1g su
h that Adj(v)\Adj(vj)\S` 6= ;for some j 2 f1; : : : ; k � 1g (i.e. v has a 
ommon neighbor with some marked vertex vj ,j 2 f1; : : : ; k� 1g), set vk := v, and put vk into T` as a marked vertex by joining it throughan edge to some arbitrarily 
hosen unmarked vertex of T`.Put into T` all verti
es in S` n T` adja
ent to vk and all edges joining these verti
es tovk.Stop when all verti
es of G(S`; T`) have been put into T`.Clearly, the marked verti
es of T` are pre
isely those in T`, and they form an orderedset fv1; : : : ; vqg, where q = jT`j. Furthermore, if Adj(v) denotes the set of verti
es adja
entto v in G(S`; T`), then the degree in T` of v 2 T` isdeg(v) = 8>><>>:jAdj(v1)j if v = v1jAdj(vi) n i�1Sj=1Adj(vj)j+ 1 if v = vi for some i > 1:The spanning tree T` depends on the sequen
e in whi
h the verti
es v1; : : : ; vq are sele
tedfor marking, and on the 
hoi
e of the edge that joins the newly sele
ted vertex to someunmarked vertex of T`, i.e. to some vertex of S`Next we noti
e a remarkable property of the spanning trees T`.



Vertex Separator 27Proposition 8.1. Let T` be a spanning tree of G(S`; T`) 
onstru
ted as above, let v1; : : : ; vqbe the asso
iated sequen
e of verti
es in T`, with q = jT`j. De�ne
(v) := deg(v)� 1 (8.1)for all v 2 T`. Then for any 
ontiguous subsequen
e of fv1; : : : ; vqg starting with v1, sayfv1; : : : ; vrg, r � q, we have rXi=1 
(vi) = jAdj(fv1; : : : ; vrg)j � 1: (8.2)Proof. By indu
tion. For r = 1 (8.2) holds by de�nition. Suppose (8.2) holds for r =1; : : : ; t� 1, and let r = t � q. ThentXi=1 
(vi) = t�1Xi=1 
(vi) + 
(vt)= jAdj(fv1; : : : ; vt�1g)j � 1 + jAdj(vt) n t�1[j=1Adj(vj)j= jAdj(fv1; : : : ; vtg)j � 1:Figure 6 shows an instan
e of a bipartite graph G(S`; T`), along with two spanning trees
orresponding to di�erent orderings of the verti
es of T`, and the asso
iated numbers 
.Noti
e that in the spanning tree T 1̀, 2Pi=1 
(i) = 3Pi=1 
(i) = 5 and both jAdj(f1; 2g)jand jAdj(f1; 2; 3g)j are equal to 6, as required by (8.2). Also, 4Pi=1 
(i) = 8Pi=1 
(i) = 6 andjAdj(f1; : : : ; 4g)j = jAdj(f1; : : : ; 8g)j = 7In T 2̀, 3Pi=1 
(i) = 3 and jAdj(f1; 2; 3g)j = 4;4Pi=1 
(i) = 4 and jAdj(f1; : : : ; 4g)j = 5;5Pi=1 
(i) = 6Pi=1 
(vi) = 5 and jAdj(f1; : : : ; 5g)j = jAdj(f1; : : : ; 6g)j = 6In all of these 
ases (8.2) is satis�ed. On the other hand, subsets of T` that do notrepresent a 
ontiguous subsequen
e of fv1; : : : ; vqg, or do not 
ontain v1, may violate (8.2).In the spanning tree T 1̀, for instan
e, 
(2) + 
(4) = 4, but jAdj(f2; 4g)j = 6. Also, in T 2̀,
(6) + 
(7) = 2, but jAdj(f6; 7g)j = 4.We are now ready to state our se
ond lifting theorem. In order for the lifted inequalityto be fa
et de�ning for P (G; b), 
ertain 
onditions need to be satis�ed. Without these
onditions, the lifted inequality is still valid for P (G; b), but it may not be fa
et de�ning.
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01011111Figure 6: An instan
e of G(S`; T`), with two spanning trees T 1̀;T 2̀ and asso
iated num-bers 
(v). The ordering of the verti
es of T` is (1; : : : ; 8) for T 1̀, and (8; : : : ; 1) for T 2̀.



Vertex Separator 29Theorem 8.2. Let S be a minimal dominator of G not 
ontaining any self-dominator, letT := fj 2 V n S : jAdj(j) \ Sj � 2g 6= ;;and suppose the following 
onditions are satis�ed:(a) for every j 2 P (i), i 2 S, there exists ` 2 P (k), k 2 S, su
h that ` 62 Adj(j).(b) for every j 2 P (i) with i 2 S n Adj(T ), there exists ` 2 P (k) with k 2 S \ Adj(T ),su
h that ` 62 Adj(T [ fjg).(
) if S � Adj(T ), then for every j 2 P (i), i 2 S, there exists ` 2 [i2SP (i) nAdj(T ) su
hthat ` 62 Adj(j).For j 2 T , let 
j = 
(j) be de�ned as in (8.1), and for j 2 S� := S n Adj(T ), letÆj = Æ(j) be de�ned as in (7.1), with S� substituted for S. Then the inequalityu1(S) +Xj2T 
juj2 + Xj2SnAdj(T ) Æjuj2 � jSj � 1 (8.3)is valid and fa
et de�ning for P (G; b).Proof. Sin
e the inequality u1(S) � jSj � 1 is not valid for P (G; b) restri
ted to the spa
eof uj1, j 2 S, we use proje
tion to obtain a polytope for whi
h it is valid. Consider theproje
tion of P (G; b) onto the subspa
e of the variables indexed by S [ T :ProjS[T (P (G; b)) := fuS[T : u 2 P (G; b) for some uV n(S[T )g:Clearly, u1(S) � jSj � 1 is valid for P �� de�ned asP �� := fuS[T 2 ProjS[T (P (G; b)) : uj1 = 0; j 2 T; uj2 = 0; j 2 S [ Tg:Furthermore, u1(S) � jSj � 1 is fa
et de�ning for P ��. Indeed, for ea
h i 2 S, the pointuS[T de�ned by uj1 = 1, j 2 S n fig, uj1 = 0, j 2 T [ fig, uj2 = 0, j 2 S [ T , is in P �� andsatis�es u1(S) = jSj � 1. To see that this point is in P ��, noti
e that the separator C withshores A = S n fig and B = P (i) is feasible. Sin
e the jSj points de�ned this way, one forea
h i 2 S, are 
learly aÆnely independent, u1(S) � jSj � 1 de�nes a fa
et of P ��.We will start the lifting with the 
oeÆ
ients of the variables uj2, j 2 T . Let j1; : : : ; jtbe any ordering of T su
h that, within ea
h 
omponent of G(S; T ), the sequen
e of indi
esis the one given by the spanning tree T` used to de�ne the 
oeÆ
ients 
. The sequen
e ofthe 
omponents of G(S; T ) themselves is immaterial.To 
al
ulate the 
oeÆ
ient of uj12, we solvemaxfu1(S) : uS[T 2 ProjS[T (P (G; b)); uj12 = 1; uj2 = 0; j 2 S[T nfj1g; uj1 = 0; j 2 Tgand �nd the value of the maximum to be jSj � jAdj(j1)j, sin
e setting uj12 = 1 for
es to0 all the variables uj1 for j 2 Adj(j1). Here Adj(j1) stands for the set of verti
es of Sadja
ent to j1 2 T in G(S; T ). Thus the 
oeÆ
ient of uj12, whi
h is equal to the di�eren
e



30 Balas and de Souzabetween the maximum of u1(S) with or without uj12 set to 1, is jAdj(j1)j � 1, whi
h ispre
isely the 
oeÆ
ient 
j1 = 
(j1) given by (8.1). Also, the solution u(
j1) yielding themaximum, namely uj11 = 0, uj1 = 0, j 2 Adj(j1), uj1 = 1, j 2 S n Adj(j1), amended withuj12 = 1, satis�es u1(S) + 
j1uj12 � jSj � 1 at equality. This solution is obviously feasible,the asso
iated separator C having shores A = S nAdj(j1), B = fj1g.Assume now that these properties hold for j = j1; : : : ; jk�1, and let j = jk. We thenhave to solvemaxfu1(S) + jk�1Xj=j1 
juj2 : uS[T 2 ProjS[T (P (G; b)); ujk2 = 1; uj2 = 0;j 2 S [ T n fj1; : : : ; jkg; uj1 = 0; j 2 Tg:Assume �rst that j1; : : : ; jk belong to the same 
omponent of G(S; T ). Without settingujk2 to 1, the maximum of the above expression is jSj � 1, and it is attained for a solutionu(
jk�1) in whi
h uj2 = 1 for j = j1; : : : ; jk�1, uj1 = 0 for j 2 k�1Sr=1Adj(jr), and uj1 = 1 forj 2 S n k�1Sr=1Adj(jr). This solution, whi
h satis�es u1(S) + jk�1Pj=j1 
juj2 � jSj � 1 at equality,
orresponds to a separator C with shores A = S n k�1Sr=1Adj(jr), B = j1; : : : ; jk�1. Shouldthe set assigned to A be empty (whi
h may happen at the last step), we set A = f`g forsome ` 2 P (k) with k 2 S \ Adj(T ) su
h that ` 62 Adj(T ), whose existen
e follows from
ondition (b) of the Theorem. Now setting ujk2 = 1 for
es to 0 all variables uj1 su
hthat j 2 Adj(jk) n k�1Sr=1Adj(jr). Hen
e the value by whi
h jSj � 1 is redu
ed, is pre
iselyjAdj(jk) n k�1Sr=1Adj(jr)j = 
jk . This 
ompletes the indu
tion.Here we have assumed that the verti
es j1; : : : ; jt belong to the same 
omponent. Throw-ing out this assumption does not 
hange anything, sin
e the �rst vertex j of a new 
omponenthas its 
oeÆ
ient 
j de�ned in a way that takes this situation into a

ount.Next we lift the 
oeÆ
ients of the variables uj2, j 2 S. De�ning S� := S n Adj(T ) andletting S�1 ; : : : ; S�k be the vertex sets of the 
omponents of G[S�℄, we order the verti
es ofea
h 
omponent and de�ne the 
oeÆ
ients Æj = Æ(j) for all j 2 S� as in Theorem 7.1. Theseare valid lifting 
oeÆ
ients for our inequality, sin
e variables u`2, ` 2 S�, are not a�e
tedby the values of uj2, j 2 T . Thus if S� is ordered as `1; : : : ; `jS�j, we start by solvingmaxfu1(S) +Pj2T 
juj2 : uS[T 2 ProjS[T (P (G; b)); u`12 = 1; u`2 = 0; ` 2 S n f`1g; uj1 =0; j 2 Tg; and obtain the 
oeÆ
ient Æ`1 = jAdj(`1)j, where adja
en
y refers to S�. At thek-th step we solvemaxfu1(S) +Xj2T 
juj2 + `k�1X̀=`1 Æ`u`2 : uS[T 2 ProjS[T (P (G; b)); u`k2 = 1;u`2 = 0; ` 2 S n f`1; : : : ; `kg; uj1 = 0; j 2 Tg



Vertex Separator 31and obtain Æ`k as the 
oeÆ
ient of u`k2. The solution yielding this value 
orresponds to aseparator C with shores B = T [f`1; : : : ; `k�1g, A = S� nAdjf`1; : : : ; `k�1g. Should the setassigned to shore A be empty, whi
h may o

ur at the last step, we set A = f`g for some` 2 Si2SnS� P (i) nAdj(T ), whi
h always exists by 
ondition (b). It is not hard to see that thesolution de�ned this way satis�es u1(S)+ Pj2T 
juj2+ `k�1P`=`1 Æ`u`2 � jSj�1 at equality. At theend of this pro
edure, we obtain inequality (8.3).We may now 
ontinue the lifting pro
edure for the 
oeÆ
ients uj2, j 2 S \Adj(T ), butit is obvious that these 
oeÆ
ients are all equal to 0, irrespe
tive of the order in whi
h theyare lifted. This is so be
ause setting to 1 any number of variables uj2, j 2 S \Adj(T ) doesnot for
e to 0 any new variables uj1, j 2 S, beyond those already for
ed to 0 by the previousliftings, and thus 
annot redu
e the value of the maximand from jSj � 1. Hen
e �j2 = 0 forall j 2 S \ Adj(T ) irrespe
tive of the order of lifting. Similarly, lifting the 
oeÆ
ients �j1for j 2 T in whatever sequen
e yields �j1 = 0, j 2 T , sin
e setting any of these variables to1 does not for
e to 0 any of the variables uj1, j 2 S.We have lifted the inequality u1(S) � jSj � 1 to the spa
e of ProjS[T (P (G; b)) andshown that the resulting inequality (8.3) is valid for that polytope. Moreover, (8.3) is alsofa
et de�ning for ProjS[T (P (G; b)), sin
e at every step of the lifting pro
edure, the solutionthat maximizes the obje
tive fun
tion, amended with the variable �xed at 1, is independentof all the previous solutions as it has a 
omponent equal to 1 in a position where all earliersolutions had a 
omponent equal to 0.We now lift the inequality (8.3) from the subspa
e of the proje
tion to the full spa
e.Our 
laim is that the lifting 
oeÆ
ients for uj1, j 2 V n (S [T ), are all equal to 0, and thatthe inequality (8.3) obtained in this way is fa
et de�ning for P (G; b).The validity of (8.3) for P (G; b) is obvious. If we denote F := fu 2 P (G; b) : u1(S) +Pj2T 
juj2+ Pj2SnAdj(T ) Æjuj2 = jSj�1g, then F is a fa
et if and only if any equation �u = jSj�1satis�ed by all u 2 F has 
oeÆ
ients equal to those of (8.3). As far as the 
oeÆ
ients �jkfor j 2 S [ T , k = 1; 2 are 
on
erned, this 
ondition is satis�ed, sin
e (8.3) de�nes a fa
etof ProjS[T (P (G; b)). For the 
oeÆ
ients �jk, j 2 V n (S [ T ), noti
e that ea
h su
h jbelongs to some pendent set, say P (i), sin
e S is a minimal dominator that 
ontains noself-dominators. Thus V n (S [ T ) = Si2S P (i). For �j2, 
onsider three 
ases. Case 1:S nAdj(T ) 6= ;, and j 2 P (i) su
h that i 2 Adj(T ). Then there is a feasible separator C inF with shores B = T [ fjg and A = S n Adj(T ), su
h that C 0 = C [ fjg is also a feasibleseparator, with shores A0 = A and B0 = B n fjg; thus �j2 = 0. Case 2: S n Adj(T ) 6= ;and j 2 P (i) su
h that i 2 S nAdj(T ). Consider the separator C with shores B = T [ fjg,A = f`g [ (S nAdj(T )) for some ` 2 P (k) with k 2 S \Adj(T ) su
h that ` 62 Adj(T [ fjg)(the existen
e of su
h ` is guaranteed by 
ondition (b) of the Theorem). Clearly, C is inF , and C 0 = C [ fjg is also a feasible separator, with shores A0 = A and B0 = B n fjg;thus �j2 = 0. Case 3: S nAdj(T ) = ;. In this 
ase there is a separator C in F with shoresB = T [fjg and A = f`g, where ` 2 [i2SP (i)nAdj(T [fjg) (the existen
e of su
h ` followsfrom 
ondition (
) of the Theorem). Again, C 0 = C[fjg, with shores A0 = A, B0 = B nfjg,



32 Balas and de Souzais also a feasible separator in F ; hen
e �j2 = 0 in this 
ase too.For �j1, if j 2 P (i), 
onsider the separator C with A = (S n fkg) [ fjg with k 6= i, andB = f`g for some ` 2 P (k) su
h that ` 62 Adj(j). The existen
e of su
h k; ` is guaranteedby 
ondition (a) of the Theorem. Clearly, C is in F . But C 0 = C [ fjg is also a separatorin F , with shores A0 = A n fjg and B0 = B, whi
h proves that �j1 = 0.We have thus proved that given the 
onditions of the Theorem, the inequality (8.3) isfa
et de�ning for P (G; b).9 Third GeneralizationThe inequalities (7.1) and (8.3) were derived from (6.1) by sequential lifting. Next wegeneralize the inequality (6.1) in another dire
tion. Consider an arbitrary vertex set S.Theorem 9.1. Let S � V , 2 � jSj � b, and let W (S) := V n (S [Adj(S)). The inequalityu1(S)� u2(W (S)) � jSj � 1 (9.1)is valid for P (G; b). Moreover, (9.1) is fa
et de�ning for P (G; b) if and only if(a) S is independent(b) S is a minimal dominator of Adj(S)(
) Every v 2 Adj(S) is adja
ent to exa
tly one vertex in S.Proof. (i) (9.1) is valid. Let �u 2 f0; 1g2n be su
h that �u1(S) � �u2(W (S)) > jSj � 1. Then�uj1 = 1 for j 2 S and �uj2 = 0 for j 2 W (S), i.e. �u 
orresponds to a separator C whoseshore A 
ontains all verti
es in S, and whose shore B 
ontains none of the verti
es inW (S).But sin
e V n (S [W (S)) = Adj(S), there are no verti
es left for B, a 
ontradi
tion.(ii) Conditions (a), (b) and (
) for (9.1) to be fa
et de�ning. Let F := fu : u1(S) �u2(W (S)) = jSj � 1g.Ne
essity. If S is not independent, there exists (i; j) 2 E with fi; jg � S. But thistogether with u 2 F implies ui2 = uj2 = 0, sin
e otherwise u1(S) � jSj � 2. Thus (a) isne
essary. Further, if S is not a minimal dominator of Adj(S), then it 
ontains a vertexi 2 S su
h that Adj(S n fig) = Adj(S). But then for any u 2 F , ui1 + ui2 = 1, i.e. i 
annotbelong to the separator. Indeed, if i 2 C, then jAj = u1(S) � jSj�1. But for u 2 F we needu1(S) = jSj � 1 and u2(W (S)) = 0, whi
h would imply B � Adj(S n fig), a 
ontradi
tion.Sin
e every u 2 F satis�es ui1 + ui2 = 1, F is not a fa
et. Thus (b) is ne
essary. Nowsuppose some j 2 Adj(S) is adja
ent to both i 2 S and k 2 S, i 6= k. Then ui1 + uj2 � 1,uk1 + uj2 � 1, and sin
e u 2 F implies ui1 + uk1 � 1, it follows that uj2 = 0 for all u 2 F ,i.e. F is not a fa
et. Therefore, (
) is ne
essary.SuÆ
ien
y. We show that any equation �u = jSj�1 satis�ed by every u 2 F must have
oeÆ
ients �j1 = (1 j 2 S0 j 2 V n S �j2 = (�1 j 2W (S)0 j 2 V nW (S):



Vertex Separator 33First, 
onsider j 2 Adj(S). From 
ondition (
), j is adja
ent to exa
tly one vertex in S, sayi. Consider the separator C with shores A = S n fig, B = fi; jg. Sin
e S is independent(
ondition a), this separator is feasible. But C 0 = C [ fjg is also a feasible separator, withshores A0 = A and B0 = B n fjg; hen
e �j2 = 0 for all j 2 Adj(S). On the other hand,
onsider the separator C with shores A = (S nfkg)[fjg for some k 62 Adj(j), and B = fkg.Again, C is feasible, and so is C 0 = C [ fjg, with shores A0 = A n fjg, B0 = B. Hen
e�j1 = 0 for all j 2 Adj(S).Consider next the 
oeÆ
ients �j1, j 2 W (S). For ea
h su
h j, the separator C withshores A = (S n fig) [ fjg for some i 2 S, and B = fig is feasible; but so is C 0 = C [ fjg,with shores A0 = A n fjg, B0 = B; hen
e �j1 = 0 for all j 2 W (S). Further, 
onsiderthe 
oeÆ
ients �j2 for j 2 S. From 
ondition (b), there exists some ` 2 Adj(S) su
h thatfjg = S \Adj(`). Thus the separator C with shores A = S n fjg and B = fj; `g is feasible;but so is C 0 = C [ fjg, with shores A0 = A and B0 = B n fjg. Hen
e �j2 = 0 for all j 2 S.Now setting �j1 = 0 for all j 2 V n S and �j2 = 0 for all j 2 V nW (S), we are left witha system of equations in the spa
e of the �j1, j 2 S and �j2, j 2W (S),Xj2S �j1uj1 � Xj2W (S)�j2uj2 = jSj � 1whi
h has to be satis�ed for all u 2 F . The following is a list of jS [ W (S)j aÆnelyindependent points u in FS[W (S), the proje
tion of F onto the subspa
e of fuj1; j 2 Sg [fuj2; j 2W (S)g, whose unique solution is the required �j1 = 1, j 2 S, �j2 = �1, j 2W (S):uij1 = (1 j 2 S n fig0 j = i uij2 = 0; j 2W (S); i 2 Suij1 = 1 j 2 S uij2 = (�1 j = i0 j 2W (S) n fig i 2W (S):This proves the suÆ
ien
y of the 
onditions in the Theorem.Corollary 9.2. Let S be a maximal set satisfying the 
onditions of Theorem 9.1, i.e. su
hthat there exists no T�6=S satisfying them. Then for every S0 � S, jS0j � 2, the inequality(9.1), with S0 substituted for S, is valid and fa
et de�ning for P (G; b).Proof. If S satis�es the 
onditions of Theorem 9.1, so does every S0 � S, jS0j � 2.Noti
e that the inequality (6.1) is a spe
ial 
ase of (9.1).Example. Consider the graph G of Figure 7, obtained from the Petersen graph by sub-dividing the edges of the outer 5-
y
le. The set S = f1; 4; 7; 15g satis�es the 
onditions ofTheorem 9.1 for any b � 4, with S [Adj(S) = V . Consequently, the inequalityu11 + u41 + u71 + u15;1 � 3
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Figure 7: Graph illustrating the example.is valid and fa
et de�ning for P (G; b). From Corollary 9.2, the following inequalities arealso valid and fa
et de�ning for P (G; b):u11 + u41 + u71 � u52 � u12;2 � u13;2 � u15;2 � 2u11 + u41 + u15;1 � u22 � u32 � u72 � 2u11 + u71 + u15;1 � u42 � u82 � u92 � u14;2 � 2u41 + u71 + u15;1 � u12 � u62 � u10;2 � u11;2 � 2u11 + u41 � u22 � u32 � u52 � u72 � u12;2 � u13;2 � 1u11 + u71 �P(uj2 : j 62 f1; 7g [Adj(f1; 7g)) � 1u11 + u15;1 �P(uj2 : j 62 f1; 15g [Adj(f1; 15g)) � 1u41 + u71 �P(uj2 : j 62 f4; 7g [Adj(f4; 7g)) � 1u41 + u15;1 �P(uj2 : j 62 f4; 15g [Adj(f4; 15g)) � 1u71 + u15;1 �P(uj2 : j 62 f7; 15g [Adj(f7; 15g)) � 1:
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luding RemarksWe have given a mixed integer programming formulation of the VS problem, and a partialpolyhedral des
ription of the 
onvex hull P (G) of feasible points. In the pro
ess, we haveidenti�ed several 
lasses of valid inequalities and derived 
onditions under whi
h they arefa
et de�ning, sometimes using novel proof te
hniques.In a 
ompanion paper [1℄, we des
ribe a bran
h-and-
ut algorithm for the VSP, usingseveral of the inequalities developed here, based on eÆ
ient separation routines and bound-ing heuristi
s. The algorithm was tested on a large variety of VSP instan
es. One of thehighlights of our 
omputational experiments is the major role of 
ut density (as distin
tfrom 
ut strength) in the overall eÆ
ien
y of the algorithm.Referen
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