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Abstract

The vertex separator (VS) problem in a graph G = (V, E) asks for a partition
of V into nonempty subsets A, B, C such that there is no edge between A and B,
and |C| is minimized subject to a bound on max{|A|, |B|}. We give a mixed integer
programming formulation of the problem and investigate the vertex separator polytope
(VSP), the convex hull of incidence vectors of vertex separators. Necessary and sufficient
conditions are given for the VSP to be full dimensional. Central to our investigation is
the relationship between separators and dominators. Several classes of valid inequalities
are investigated, along with the conditions under which they are facet defining for the
VSP. Some of our proofs combine in new ways projection with lifting.

In a companion paper we develop a branch-and-cut algorithm for the (VS) problem
based on the inequalities discussed here, and report on computational experience with
a wide variety of (VS) problems drawn from the literature and inspired by various
applications.

1 Introduction

A wvertex separator in an undirected graph is a subset of the vertices, whose removal discon-
nects the graph. Formally, the vertex separator problem VSP can be stated as follows:
INSTANCE: A connected undirected graph G = (V, E), with |V| = n, an integer b(n) <n
and a cost ¢; associated with each vertex ¢ € V.
PROBLEM: Find a partition of V' into disjoint sets A, B, C, with A and B non empty, such
that

(i) £ contains no edge (i,7) with i € A, j € B,

(if) max{|A[,[B[} < b(n)

(iii) > (¢j : j € C) is minimized subject to (i), (ii).

A and B are called the shores of the separator C. A separator C that satisfies (i) but

violates (ii) is termed infeasible; one that satisfies (i) and (ii) is feasible; and a separator
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that satisfies (i), (ii), (iii) is optimal. When we use the term separator we mean feasible
separator, unless otherwise specified.

To the best of our knowledge, this is the first polyhedral study of the VSP, which other-
wise has received considerable attention in the literature, due to its widespread applicability
to all kinds of practical connectivity problems (see, for instance, [2, 3, 5]). One particu-
larly important area of application is linear algebra, namely to minimize the work involved
in solving systems of equations [4, 6]. Another one is finite element and finite difference
problems [7].

The VSP is N'P-hard. For the case when G is planar and b(n) = 2n/3, a celebrated
result of Lipton and Tarjan [5] states that a separator of size bounded by 2v/2y/n can be
found in O(n) time; but the question whether the VSP on planar graphs can be solved in
polynomial time is still open. On the other hand, the VSP defined on an arbitrary graph
becomes polynomially solvable if b(n) in (ii) is replaced by n — k for some positive constant
k. To see this, construct a bipartite graph G* = (V*, E*), with bipartition V* = (V}*, V),
as follows: (a) for every i € V, let 43 € V', iy € V55, and (i1,42) € E*. (b) for every
(1,7) € E, let {(i1,j2), (j1,72)} C £*. Then the (VSP) with the modified condition (ii) is
equivalent to the problem of finding a maximum-weight stable set S in G* (with weights
¢j,j € V*), such that max{|S N V{*[,|S N Vy|} <n — k. Clearly, this problem is solvable in
O(n? - n¥) time.

Before we proceed, we introduce some notation and recall a few basic concepts from
graph theory, to be used throughout this paper.

Counsider a simple undirected graph G = (V,E). We denote z(S) = > (z; : j € 5)
for any S C V. For i € V, we write deg(i) for the degree of i. G — i denotes the graph
obtained from G by removing vertex 7. For § C V| G[S] is the subgraph of G induced by
S. For S, CV,(S,8):={(i,j)e E:i€S,je€S} For ScCV,d§S):={(j) €kE:
Hi,7} N S| =1}, and E(S) = {(i,j)} € £ :i,57 € S}. When S = {i}, we write §(7) instead
of 6({7}). Also for S C V, Adj(S) :={i € V\S: (i,j) € E for some j € S}, and when
S = {i}, we write Adj(¢) for Adj({:}). For ¥ C E, V(F') denotes the set of endpoints of
the edges in F'. A bipartite graph with vertex bipartition V7, V5 is denoted G = (V1, Va; E).

A set S C V such that E(S) = 0 is called stable or independent. S C V such that
(S,E(S)) is a complete graph, is called a cligue. S C V such that V' C (S U Adj(S)) is
called a dominating set for G or for V. A dominating set S for G is minimal if no proper
subset of S is a dominating set for G.

A vertex i € V' is universal if it is adjacent to every j € V' \ {i}.

For the sake of brevity, for the rest of this paper a vertex separator, and a dominating
set, will be simply referred to as a separator and a dominator, respectively.

Next we outline the structure of the paper. Section 2 states the mixed integer pro-
gramming formulation used throughout the paper. Section 3 establishes necessary and
sufficient conditions for the VS polytope to be full dimensional. Section 4 deals with the
connection between vertex separators and vertex dominators. The remaining five sections,
which constitute the bulk of the paper, describe various classes of valid inequalities and
investigate the conditions under which they are facet defining. Section 5 introduces a class
of symmetric inequalities associated with minimal connected dominators, and shows that
under mild and easily verifiable conditions they define facets of the VS polytope in all but a
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few exceptional situations. For those exceptional cases an alternative inequality is derived
that is facet defining. Section 6 introduces a class of asymmetric inequalities associated
with minimal dominators (not necessarily connected), and states the (rather restrictive)
conditions under which they are facet defining. When those restrictive conditions are not
present, this asymmetric class of inequalities can be lifted or otherwise generalized to yield
facet defining inequalities, and this is the object of the last three sections. In Sections 7 and
8 two classes of lifted inequalities are derived. The novel feature of this derivation is that
the inequality to be lifted, when restricted to the subspace of its support, is invalid. A com-
bination of projection, restriction and sequential lifting is used to overcome this difficulty.
Finally, Section 9 generalizes the inequality of Section 6 in a different direction.

2 A Mixed Integer Programming Formulation

Let ¢; be the cost of assigning vertex ¢ to the separator, and let

" { 1 if vertex 7 is assigned to shore A
il =

0 else
v — 1 if vertex ¢ is assigned to shore B
A 0 else.

2
For any S C V and for k = 1,2, we write ui(S) = > wj, and u(S) = > > ujx. Then

Uil, U2 >0, 1€V 2.9

1eS k=14€S
(VSP) can be formulated as
maXZci(uil + ui2) (2.1)
eV
it + Ui <1, ieV (2.2)
uatup <L (i) €E 23)
uj1 + Ui <1, (i,j)€FE (2.4)
u (V) <b (2.5)
uz (V') <b (2.6)
w(v) 21 2.7)
w(V) 21 (2.8)
(2.9)
2.10)

u;1 integer, eV (2.10

It is not hard to see that for any set of u;; € {0,1}, i € V, the variables u;, i € V,
will take on 0-1 values in any basic solution to the resulting linear program. Indeed, if the



4 Balas and de Souza

coefficient matrix of the system (2.1)-(2.7) is written as (A;, A2), where for k = 1,2, A
represents the columns corresponding to wu;, ¢ € V', we see that Ay is totally unimodular.
Hence substituting any 0-1 values for u;1, ¢ € V', we get 0-1 values for u;, 1 € V.

With this information, the above system has the following interpretation. Condition
(2.1) states that vertex 7 cannot be assigned to both A and B, but it leaves open the possi-
bility that it is assigned to none, in which case it belongs to C, the separator. Constraints
(2.2) and (2.3) prevent the endpoints of any edge to be assigned one to A, the other to B.
Inequalities (2.4) and (2.5) restrict the size of each of A and B to b, while (2.6) and (2.7)
impose the conditions A # ) # B. It is easy to see that the above formulation is correct.
In the following sections we study the VS polytope, defined as

P(G,b) := conv{u € B*" : u satisfies (2.1) — (2.10)}.

Sometimes we will write P(G) for P(G,b).

3 The dimension of P(G,b)

Clearly, if G is complete, (VSP) is trivial. On the other hand, if b = 1, then inequalities
(2.5)-(2.8) hold as equations and (VSP) is again trivial; whereas if b > n—1, then constraints
(2.5),(2.6) are redundant and (VSP) is polynomially solvable as shown in section 1. Thus
from now on we assume that G is incomplete and connected, |V| > 3 and that 2 < b < n-—2.

A vertex i is called regular, if there exists a separator C' C V' \ {i} such that C' U {i} is
also a separator. Thus ¢ is regular if and only if there exists a separator C' with shores A, B
such that i € A and |A| > 2. A vertex that is not regular is called irregular.

We now give a sufficient condition for P(G,b) to be full dimensional.

Lemma 3.1. If every i € V is regular, then P(G,b) is full dimensional.

Proof. Suppose every i € V is regular. Then any equation au = «q satisfied by all u €
P(G,b) must have coefficients «; = 0 for j = 0,1,...,2n. Indeed, let C C V \ {i} and
C" = C U{i} be two separators with shores A, B and A', B', respectively, such that i € A,
A" = A\ {i}, and B' = B. Further, let u,u’ € P(G,b) be the two solutions associated with
C and C’, respectively. Then

av = oy = o + a(A\{i}) + @(B)
au' = oy = ar(A\{i}) + a2(B)

and ou — o’ = o1 = 0.
Since this argument applies to all regular vertices, and since the roles of A and B are
interchangeable, it follows that «;; = a9 = 0 for all © € V', hence «g = 0. O

Note that checking the regularity of a vertex is an O(|E|) operation.

Next we characterize irregular vertices. First a definition: if G' has two nonadjacent
vertices ¢ and k, such that Adj(:) = Adj(k) = V' \ {7, k}, then both ¢ and k are irregular,
and we say that they form a polar pair of irregular vertices. In such a case every separator



Vertex Separator 5

of G either contains both 7 and &k or none of them, i.e. wu; + ujo = ugy + ug2 and P(G,b)
is not full dimensional. A graph that has a universal vertex, or a polar pair of irregular
vertices, will be called degenerate.

Lemma 3.2. Let 1 € V be irregular. Then

(a) For every separator C with a shore A = {i}, we have that Adj(i) C C and every j € C
is adjacent to every k in B. Furthermore, if B is a singleton, G is degenerate; and if
|B| > 2, G[B] is a clique whose vertices are all regular.

(b) If G[Adj (i)] is a clique or a clique short of an edge, G is degenerate.

Proof. (a) Let C be a separator with a shore A = {¢}. This clearly implies Adj(i) C C. If
there exists j € C' that is not adjacent to some k € B, then C' := (C'\ {j}) U(B\ {k}) is a
separator with shores A’ = {i,j}, B’ = {k}, contrary to i being irregular. Thus every j € C
is adjacent to every k € B. Further, if B is a singleton, say k, then ¢ and k& form a polar
pair of irregular vertices and G is degenerate. Finally, assume |B| > 2. Then every vertex
in B is regular, since removing it from B and adding it to C' yields a valid solution. Also,
G|[B] must be a clique; for otherwise, if k,¢ € B and (k,¢) ¢ E, then C' := C U (B \ {k,¢})
is a separator with shores A’ = {i,k}, B’ = {{}, and C" := C'" U {i} is a separator with
shores A” = A"\ {i}, B" = B’, contrary to i being irregular.

(b) If G[Adj(7)] is a clique, then every vertex in Adj(:) is universal (from (a)). If, on
the other hand, G[Adj(7)] is a complete graph minus an edge, say the one between vertices
k and ¢, then Adj(k) = Adj(¢) =V \ {k,¢} i.e. k and ¢ are polar irregular vertices, and G
is degenerate. U

Lemma 3.3. If ¢ and k are irregular vertices not adjacent to each other, then they are
polar.

Proof. ItV \({i,k}UAdj(k)) is nonempty, then i is regular. Similarly, if V'\ ({7, k}UAdj(7)) is
nonempty, then k is regular. Hence Adj(i) = Adj(k) = V' \ {7, k}, i.e. i and k are polar. [

Lemma 3.4. If G is nondegenerate, then all irreqular vertices of G are adjacent to each
other.

Proof. 1f i is irregular, from Lemma 3.2(a) all vertices in V' \ ({¢} U Adj(7)) are regular.
Hence all irregular vertices other than i belong to Adj(i). Applying this reasoning to all
irregular vertices we conclude that they induce a clique in G. U

Lemma 3.5. Let G be nondegenerate, and let S C 'V be the set of irreqular vertices of G,
with |S| > 2. Then

(a) Every i €V either is in S or is adjacent to some k € S.
(b) Every i € Adj(S) is adjacent to all but possibly one of the vertices in S.

(c) Everyi e () Adj(k) is adjacent to every j € V'\ () Adj(k)
keS keS
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(d) If there exists a nonadjacent pair {i,k} € Adj(S), then both i and k are adjacent to
all vertices in S.

Proof. (a) If V'\ (SUAdj(S)) # 0, then A = {i,k} C S and B = {£} CV \ (SUAdj(S5))
are the shores of a separator, contrary to the assumed irregularity of the vertices in S.

(b) If i € Adj(S) is nonadjacent to k € S and £ € S, then A = {k,¢} and B = {i} are
the shores of a separator, again contrary to the assumed irregularity of k£ and £.

(c) Let i € [ Adj(k) and j € V'\ [ Adj(k) be nonadjacent. Then clearly j ¢ S, and
kesS kesS
since j € () Adj(k), there exists some £ € S such that (j,¢) ¢ E. But then A = {i,¢} and
kesS

B = {j} are the shores of a separator, contrary to the assumption that ¢ is irregular.
(d) Let {i,k} € Adj(S), (i,k) € E, and suppose i is not adjacent to some ¢ € S. Then
{k, 2} and {i} are the shores of a separator, contrary to the assumed irregularity of £. [

The conditions of Lemma 3.5 can be restated as
(") V=S UAdj(S)

(b) Adj(S) = (.LEJSkEQ{.} Adj(k)) U (IQS Adj(k))

() Every i € () Adj(k) is adjacent to every j € () Adj(k), for all £ € S.
kes keS\{6}

(d) GIU N Adj(k)] is a clique.
€S keS\{£}

Corollary 3.6. Let S be as defined in Lemma 3.5. Then every pair {i,¢} C S is a domi-
nator.

Proof. i € S dominates each of S, | Adj(j), and () Adj(k) for all j # i. Further, any
jes kesS\{j}
¢ # i dominates [\ Adj(k). Thus ¢ and ¢ together dominate S U Adj(S). O
keS\{i}

Theorem 3.7. Let G be nondegenerate, and let S be the set of irreqular vertices of G.
Then P(G,b) is full dimensional if and only if G[ [\ Adj(i)] is not a clique.
€S
Proof. Necessity. If G[[) Adj(7)] is a clique, then from Lemma 3.5(c) every k € () Adj(4)
1€S €S
is a universal vertex in G, hence P(G,b) is not full dimensional.

Sufficiency. Let us write G* := G[[) Adj(¢)], and assume G* is not a clique. If the
1€S
complement G* of G* has exactly one edge, say (k,/) € E, then k and ¢ are polar irregular

vertices of G, a case ruled out by the assumption that G is nondegenerate. If G* has two
adjacent edges, say (k,?) and (¢, j), and no others, then / is easily seen to be an irregular
vertex of (G, a case ruled out by the assumption that S is the set of irregular vertices. Thus
G* either has at least two disjoint, i.e. nonadjacent, edges, or it has three edges that form
a triangle. In either case G has a separator that contains S.
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Now let au = «p be any equation satisfied by all v € P(G,b). As shown in the
proof of Lemma 3.1, if j € V is regular, then «;; = «aj2 = 0. Hence this holds for all
j € V\S. Now let j € S, and consider the separator C' with shores A = {j} and
BC( N Adjk)\ Adj(4), C 2 Adj(j), as well as a separator C' whose shores A', B’

kes\{j}
are both contained in [ Adj(k). The existence of C’ was pointed out at the end of the
keS
preceding paragraph. Let u,u’ € P(G,b) correspond to C and C’, respectively. Then

U = g = Q41 +O£2(B),
au' = ay = ai(A)+az(B').

and au — o'u =0 = «; 1, since (BUA'UB') C V' \ S, hence all the coefficients indexed by
these sets are 0 as the corresponding vertices are regular. Since j € S was chosen arbitrarily,
aj1 = 0 for all j € S. Reversing the roles of A, B then yields a; = 0 for all j € S, hence
ag =0. Thus o;j =0 for j =0,1,...,2n, which proves that P(G,b) is full dimensional. O

4 Separators and Dominators

In Section 1 we defined a dominator of V as a set S C V such that V' C (S U Adj(S)), and
a minimal dominator as one that does not contain any dominator as a proper subset. Now
we call a dominator S connected, if G[S] is connected; and we define a minimal connected
dominator (CD), as a CD that does not contain any CD as a proper subset; i.e. S C V is
a minimal CD if for every ¢ € S, S\ {¢} is either disconnected, or is not a dominator of
G (or both). Thus a minimal CD may or may not be a minimal dominator, but it always
contains one.

Separators and connected dominators are in a fundamental relationship similar to that
between spanning trees and cutsets:

Proposition 4.1. In a connected graph, any separator and any connected dominator have
at least one vertex in common.

Proof. Let C be a separator with shores A and B, and let S be a connected dominator. If
CNS =, then S C (AUB); but since S is connected, this implies either S C A, SNB = (),
or vice versa, which contradicts the fact that S is a dominator. Hence C'N S # 0. O

For S C V and k € V' \ S, we denote Adjg(k) :={i € S: (i,k) € E}.
Definition 1. Let S C V be a dominator of V. Fori € S,
P(i) = {k e V\S: Adjs(k) = {i}}
is the set of pendent vertices of i.

Notice that if the dominator S is minimal and P(7) = ) for some i € S, then the presence
of 7 in S is needed ounly to dominate 7 itself. We call such a vertex a self-dominator.
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Proposition 4.2. If S is a minimal dominator, then for every i € S, either i is a self-
dominator or P(i) # 0.

Proof. Follows from the definitions and the minimality of S. U
The next proposition characterizes the structure of minimal connected dominators.

Proposition 4.3. Let S be a minimal connected dominator, and let Sp == {i € S: P(i) #
0}, Sg :=5S\Sp. Then

(a) If Sg # 0, every i € Sq is an articulation point of G[S]
(b) Sp contains no self-dominating vertices.
(¢c) Sp is the unique minimal dominator of V' \' S contained in S.

Proof. (a) Let i € Sg. Then P(i) = (), hence S\ {} is a dominator, and the only possible
reason for the presence of i in S is to make G[S] connected. On the other hand, if G[S'\ {i}]
is also connected, then S is not a minimal connected dominator. Hence G[S \ {i}] is
disconnected, i.e. 7 is an articulation point of G[S].

(b) Suppose i € Sp is a self-dominator. Then i is an isolated vertex of Sp, and Adj¢(i) C
Sg. But then S\ {i} is a minimal connected dominating set, since ¢ is adjacent to one or
more j € Sg, a contradiction.

(c) Since S is a dominator of V', hence of V'\ S, and P(j) = 0 for all j € Sg, Sp = S\ Sg
is itself a dominator of V'\ S. Further, since P(i) # () for i € Sp, Sp is a minimal dominator
of V'\ S. The uniqueness of Sp follows from the fact that it is the set of precisely those
vertices in S that cover some vertex in V' \ S not covered by any other vertex in S. O

The next two sections of our paper examine valid inequalities for P(G,b) and the con-
ditions under which they are facet defining. From now on we will assume that P(G,b) is
full dimensional.

5 A Class of Symmetric Facets of P(G,b)

A valid inequality for P(G,b) is one that is satisfied by every u € P(G,b).We call such an
inequality symmetric if for all 7 € V, the coefficients of u;j; and wjy are equal. A valid
inequality au < aq is mazimal if there exists no valid inequality o/u < ap with o/ > « and
a;- > «j for some j. For any polyhedron in R’} , all essential (i.e. facet defining) inequalities
are maximal, but the converse is of course not true.

Proposition 5.1. Let S be a minimal connected dominator of V.. Then
u($) <18 - 1 (5.1)
is a valid inequality for P(G,b).

Proof. It follows directly from Proposition 4.1: as S is a dominator, it must have at least
one vertex in any separator. ]
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There is no easy, simple necessary and sufficient condition for the inequality (5.1) to
be facet defining. Maximality is somewhat easier to establish. To put it simply, (5.1) is
maximal whenever G does not have a certain kind of vertices.

Given a minimal connected dominator S of V and a vertex v € V'\ S, we will say that S
is v-decomposable if G[S U {v}] has an articulation point 7 such that G[S U {v} \ {i}] either
has two components neither of which is the singleton v, or has at least three components.
We call the vertex v € V'\ S forbidden if it has each of the following three properties:

(i) S is not v-decomposable
(ii) v is adjacent to every j € |J P(7)
€S
(iii) v is adjacent to at least two j € S.
Proposition 5.2. The inequality (5.1) is maximal if and only if G has no forbidden vertices.

Proof. Necessity. Suppose G has a forbidden vertex v € V \ S. Then the inequality
u(S) + w2 < |S| — 1 can be shown to be valid for P(G,b), hence (5.1) is not maximal.
Indeed, let uy2 = 1, and call B the separator shore containing v. We claim that the shores
of such a separator can contain at most |S| — 2 vertices of S. For if SN B = (), then
(SNA) C(S\ Adj(v)), and from property (iii) of v, |S N A| < |S| — 2. If, on the other
hand, SN B # (), there are two cases: (a) SN A =10, and (b) SNA # (. In case (a), from
property (ii) of v, A cannot contain any vertex of |J P(i), which implies that each vertex
€8
in ACV\ S is adjacent to at least two vertices in S; hence |S N B| < |S| — 2. In case (b),
since SN A can have no vertex adjacent to SN B, and from (i) it requires the removal of at
least two vertices from S to disconnect G[S U {v}] without creating a singleton component
consisting of v (while the creation of such a component is excluded by (iii)), it follows that
ISNA|+|SNB| <|S] —2. Thus u(S) + uye < |S| —1 is valid for P(G,b), i.e. (5.1) is not
maximal.

Sufficiency. Suppose (5.1) is not maximal. Then au < |S| — 1 is valid for some « such
that oy > 1 forall j € S, ajp > 0 forall j € V\S, k= 1,2, and at least one of the
inequalities holds strictly. If oy > 1, for some j € S, then any u € P(G,b) corresponding
to a separator with shore A := S\ {i} for some 7 # j violates au < |S| — 1. Thus aj, =1
for all j € S, k = 1,2. Now let ap; > 0 for some v € V' \ S. Then v must satisfy (ii);
for if there exists ¢ € P(i) for some ¢ € S such that (v,/) ¢ E, then there is a separator
with shores A = {¢} and B = SU{v} \ {i} such that the corresponding solution @ satisfies
at = |S| =1+ ay > |S| — 1. Also, v must have property (iii); for otherwise v € P(i) for
some i € S, and there is a separator with shores A = {v} and B = S\ {i}, whose associated
solution 4 satisfies i+ v,y = |S| — 14+ ,1 > |S| — 1. Finally, v must also have property (i),
for if S is v-decomposable with articulation point 7, then there is a separator with shores
A={v}uUs’, B=_S" where S'US" = S\ {i}, S"NAdjg(v) = 0, whose associated solution
4 satisfies ot + a1y = |S"U S| + a1 > |S] - 1. O

Example. In the graph G shown in Figure 1, S = {1,...,4} is a minimal connected
dominator, and the inequality

U1l + U21 + U3l + Ugl + w12 + U2 + uzz + ugr <3
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Figure 1: Maximal vs. non-maximal inequality

is valid for P(G,b), where 4 < b < 6. S is v-decomposable for v = 5,7 and 8 (with
articulation point ¢ = 2 in each case), but not for v = 6, which has property (i). Vertex 6
also has property (iii), and is the only such vertex in V'\ S. However, without edge (6,9)
shown as a dotted line, vertex 6 does not have property (ii), and so the above inequality
is maximal. Upon insertion of edge (6,9) vertex 6 acquires property (ii) and the inequality
can be strengthened by changing the coefficient of ugo from 0 to 1.

We are now ready to address the issue of when (5.1) is facet defining. Certainly, the
conditions on the vertices in V'\ S required for maximality are also required, i.e. necessary,
for (5.1) to be facet defining. However, they are in general not sufficient. Furthermore,
there are conditions concerning the vertices in S that are rather complex.

Let F' be the face of P(G,b) defined by the inequality (5.1), i.e. let

F:={ue€ P(G,b) :u(S)=|S| —1}.
F is a facet of P(G,b) if and only if every equation au = |S|—1 satisfied by every u € F’
has coefficients
1 ifj€s8
Qi1 = Q2 =
e 0 ifjeV\S.

We will use the notation au = |S| — 1 for a generic equation satisfied by all v € F', and
will start by stating some sufficient conditions for a vertex j € V' \ S to have coefficients
aj1 = «jz = 0 in this equation. We will say that a separator is in F' if the corresponding
point u € P(G,b) is in F.

Throughout this section we will repeatedly use the following argument.
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Proposition 5.3. If for some v € V' \ S there exist two separators in F, C and C', such
that C = C" U {v}, then ay,1 = aye = 0.

Proof. Let v and u' be the points in P(G,b) corresponding to C' and C’, respectively. Then
uj, = wjyy, for j € V\{v} and k = 1,2. Hence au—au' =0 = ay1 (up1 —uy;) + o2 (Up2 —Uys).
But since either wu,; # ul; or uy # ul,, it follows that at least one of a,; and g is equal
to 0. Since the shores are interchangeable, it then follows that «,1 = aye = 0. ]

Proposition 5.4. If S is v-decomposable for some v € V \' S and |S| < b+ 2, then
ay1 = ayg = 0.

Proof. Let S be v-decomposable with articulation point 7, and let G[S’U{v}] be a component
of G[SU{v}\ {i}], with S’ # 0. Then there exists a separator C' with shores A = S' U {v},
B =S\ (5"U{i}), such that [(AUB)N S| =|S|—1,ie. Cisin F. But C' = CU {v}
is also a separator in F, with shores A’ = A\ {v}, B’ = B; hence from Proposition 5.3,
Ayl = Oy = 0. O

Proposition 5.5. If there exists ¢ € P(i) for some i € S such that (v,0) € E for some
v eV \S and |S| <b, then a1 = a2 = 0.

Proof. Let ¢ be as assumed; then there exists a separator C' in F' with shores A = SU{v}\{i}
and B = {¢}; but C' = C U {v} is also a separator in F, with shores A’ = A\ {v}, B’ = B.
Hence from Proposition 5.3, a,1 = aue = 0. O

Proposition 5.6. If v € P(i) for some i € S such that |P(i)| > 2 and |S| < b+ 1, then
Oyl = Oy = 0.

Proof. By assumption, there exists £ # v, £ € P(i). Therefore there exists a separator C
in F with shores A = S\ {i}, B = {{,v}; but C' = C' U {v} is also a separator in F, with
shores A’ = A, B' = B\ {v}; hence a,; = a2 = 0. O

Notice that, while the conditions on v stated in Proposition 5.4 and 5.5 are the exact
converse of the conditions (i) and (ii), the condition of Proposition 5.6 is stronger than the
converse of (iii), which would only require that v € P(i) for some 7. This is consonant with
the fact that the maximality of an inequality does not imply that it is also facet defining.
For this to be the case, additional properties are required.

Next we show that if G has a vertex for which none of the three conditions listed in
Propositions 5.4-5.6 is satisfied, then (5.1) is not facet defining.

Proposition 5.7. Suppose there exists v € V' \ S with the properties
(a) G[S U{v}] and G[S] have no common articulation point
(b) v is adjacent to every j € |J P(k)
kesS
(c) {v} = P(i) for some i € S. Then the inequality (5.1) does not define a facet of

P(G,b).
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Proof. We show that, under conditions (a), (b), (c), all u € F' satisfy the equation wu :=
i1 + U2 + Uyl + uyz = 1. Let C be the separator associated with u, and A, B its shores.

Assume first that both v and 7 belong to C, i.e. wu = 0. From (a), if ANS # 0 # BNS,
then |(AU B)N S| < |S| — 2. Thus either |[AN S| =0or |[BNS|=0. Assume [AN S| # 0.
From (c), v is the only vertex not adjacent to A and which could thus belong to B. But by
hypothesis, v € C', a contradiction.

Assume now that wu = 2 and, w.l.o.g., that both v and ¢ belong to B. From (b), for
any £ € S\ {i}, P(¢)NnA=10. Also, from (a), SNA =0 (since i € SN B). But then A =),
a contradiction. O

We are now ready to state necessary and sufficient conditions for a large class of in-
equalities of the form (5.1) to be facet defining for P(G,b).

Let S be a minimal connected dominator, with S = Sp U Sg, where Sp = {i € S :
P(i) # 0} is the unique minimal dominator contained in S, and Sg = S\ Sp, where every
j € Sg is an articulation point of G[S]. We call the set S orderly, if either S = 0, or else
Sp contains no articulation point of G[S], and Sg can be ordered into a sequence i1, ..., g,
with the property that for r = 1,...,¢q, G[S\ {4, }] has exactly two components with vertex
sets S’, 8", such that {i1,...,5,—1} C 5, {ipq1,...,0,} CS".

We need some notation. Let s = |S|, d = |Sp|, ¢ = |Sg|. For any separator C; in F
with shores A;, B;, let a; = |A; N Spl, b; = |B; N Sp|. Since any separator C; in F' contains
exactly one vertex ¢ € S, we will call Cj of type 1 if S\ {i} is contained in a single shore,
and of type 2 if (S\ {i}) C A; UB;, with A;NS # () # B;NS. Here we are concerned with
separators of type 2, with 2 € Sg. Notice that for such a separator a; +b; = d. A collection
C of type 2 separators will be called representative if it contains exactly one member C; for
each ¢ € Sg. We order the members of such a collection according to the rule

aizai+l (bigbi+1)7 i:17"'7q_17

and we denote -
+

a = a + a3 + --- A2f+1
! (5.2)

at¥ = a + as + - ay,
with 6?71 and b defined in the same way.

With this notation, a minimal connected dominator S with an orderly S¢ is called
exceptional if

(i) sis odd and

(ii) for any representative collection of type 2 separators
7' — a4l = (d—1)/2 ifqiseven
al! - abt = d/2 if ¢ is odd.
We now state the main result of this section. From Proposition 5.7 we know that if

none of the conditions of Propositions 5.4-5.6 are satisfied, (5.1) does not define a facet of
P(G,b). So we can assume the opposite.
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Theorem 5.8. Let S be a minimal connected dominator that is orderly, |S| < b, and assume
that every v € V'\S satisfies at least one of the conditions stated in Propositions 5.4, 5.5 and
5.6. Then the inequality (5.1) defines a facet of P(G,b) if and only if S is not exceptional.

Proof. Since every j € V'\ S satisfies at least one of the conditions stated in Propositions 5.4,
5.5 and 5.6, aj1 = o = 0 for all j € V' \ S for any a such that au = |[S| — 1 for all
u € F ={ue P(G,b) : u(S) = |S| — 1}. We seek necessary and sufficient conditions for
having aj1 = ajo = 1 for all j € S, assuming that S is orderly.

If we set to 0 all ajy, for j € V'\'S, k = 1,2, we are left with a system

Y (ajiuj + ajpugp) = |S| — 1 (5.3)
jeS
in the unknowns aji, j € S, k = 1,2. If we denote by Fs the projection of F' onto the
subspace indexed by S, i.e. Fyg := {u® € R* : (u®,u"\%) € F for some u"\% € R*"=5)},
then (5.3) must be satisfied by « for all u € Fs. We will show that o, = 1 for all j € S,
k = 1,2, is the unique solution to (5.3) if and only if S is not exceptional, by exhibiting 2s
points u € Fg that are affinely independent if and only if S is not exceptional.

We will use the two types of separators in F' defined above. The first type, C, has
shores A = S\ {i} and B C P(i) for some ¢ € Sp. Since by assumption |S| < b+ 1,
such a separator obviously exists for each ¢ € Sp, and its incidence vector u satisfies
u1(S) = |S| — 1, uz(S) = 0, hence belongs to Fg. The second type, C’, has shores A', B
such that (A’U B') D (S'\ {i}) for some ¢ € Sg. Again, at least one such separator in F'
exists for every ¢ € Sq, since i is an articulation point of G[S]: assigning the vertex set
S" of one component of G[S \ {i}], to A’, and the vertex set S” of the second component
to B’ (since S is orderly, there are only two components), or vice versa, yields a separator
whose incidence vector u satisfies uq(S") = |S'|, u2(S’) = 0, u1(S") = 0, uz(S") = |S”|, with
|S'] +18"| =S| — 1. Clearly, u € Fg.

If we choose d vectors u' € Fg corresponding to separators of the first type, one for each
i € Sp, and ¢ vectors u’ € Fg corresponding to a representative collection of separators of
the second type, that yields d + g = s vectors u* € Fg. If we now choose for every u* € Fg
its symmetric counterpart obtained by interchanging the two shores of each separator, i.e.
interchanging u} and u} for each i € S, we obtain another s points in Fg. We claim that
these 2s points are affinely independent if and only if S is not exceptional. We will show
this by representing each point as the row of a square matrix M of order 2s, and proving
that M is non-singular if and only if our condition is satisfied.

We will denote the m x n matrix of all 1’s by J,,xn, the identity of order n by I, and
we will write J,, for J,«,. Let H = J; — I;, i.e. H is the d x d matrix of all 1’s, except
for the diagonal, which has all 0’s. Let D and D be ¢ x d matrices of 0’s and 1’s, with
D+D= gxds and let @ and Q be ¢ x ¢ matrices of 0’s and 1’s, Q upper triangular and
@ lower triangular, with 0’s on the diagonal, and with @ + @ = J, — I,. Then our matrix
is of the form ‘

S

I
STESI RS
Qo0 «
T oo
O S|Oie
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Figure 2 shows the components of an instance of M with d =4 and ¢ = 3.

111 111
(1)011 111 01 1
H = . J= ., D=0 0 1],
1101 1 11 00 0 1
1 110 1 11
1 000 011 00 0
D=(11101], @Q=(0011], Q=11 0

—_
—_
—_
)
)
)
)
—
—
)

Figure 2: Illustration of the components of M.

It is not hard to see that each row of (H,J,0,0) is the incidence vector of a u € Fg
corresponding to a separator C' of the first type, with A = S\ {i} for some i € Sp, and
BNS =0 (BCP()),ie ujy =1foralljeS\{i}, uj =0, and v}, =0 for all j € S.
The 0’s on the diagonal of H represent the entry corresponding to ¢ in S\ {i}. Similarly,
each row of (D, Q, D, Q) is the incidence vector of a u € Fg corresponding to a separator
C' of the second type, with A" = S’ represented by the 1’s in the first half of the row, and
B' = 8" represented by the 1’s in the second half of the row, whereas the ¢ in S\ {7} is
represented by the 0’s on the diagonal of Q and Q. This describes the upper half of M.
The lower half is obtained by interchanging the roles of u; and ws.

Since S is orderly, if S # 0 then the representative collection of type 2 separators C!
corresponding to the rows of (D, @, D, Q) can be ordered according to increasing or decreas-
ing size of their shores A!. Here we choose to order them decreasingly, which corresponds
to having @ upper triangular, Q lower triangular (with 0’s on the diagonal), and the row
sums of D and D satisfying a; > a1 and b; < b;,1,i=1,...,q — 1, respectively.

Now let’s first look at the case when Sg = 0 and so S = Sp, i.e. the minimal connected

. .. . H 0
separator S is also minimal as a separator. Then our matrix M reduces to ( 0 H >,

which is obviously nonsingular.
Next assume S # 0, i.e. all the submatrices of M are present.

Using the standard procedure for inversion of partitioned matrices, it is straightforward
to show that the 2s x 2s matrix M is nonsingular if and only if the 2¢ x 2¢ matrix

Q- g1 DJ :<C_20 Qo)
Q- Qo Qo

is nonsingular. Furthermore, the same techniques can be used to show that the 2q x 2¢
matrix R is nonsingular, if and only if the ¢ X ¢ matrix R:= Qo — QOQO Qo is nonsingular.
For R to be well defined, Qo must exist, i.e. (Qp must be nonsingular. This can be
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shown to be always the case. Indeed,

1

Qo=Q-——DJ=

1
d—1

—a] d—1-— ay
—az —a2
g —ayq

15

d—l—a1
d—l—a2

—ay

Subtracting column 1 of this matrix from every other column yields a matrix that is
upper triangular except for its first column, and whose determinant, like that of @)y, has
absolute value a,/(d — 1). Hence Qo is nonsingular, i.e. R is well defined.

To examine the conditions under which R is nounsingular, we start by computing its

elements. We have

_ d—1—a;
1 0 0 —a
_ a1 —an
1 1 0 =
1 -1 g2=03
-1 0 —Gq
Qo =
Qg—2—0g—1
0 0 0 SE—
Gg—1
0 0 0 e
—b —by —b —b
d—1—b —by —ba —ba
Q= 1
- d-1
d—1-by1 d—1-0by_y —bg—1 —bg—1
d—1—10bg d—1-1b, d—1-b; —by
and )
. ~ 1A -
R=Qo—QQy Qo=-—"R,
d—1
where R is the matrix given by
oy LI LI LI S py b1
aq aq aq aq aq
bo—by+1 bo—by+1 bo—by+1 bo—by+1 bo—by+1
%_(d+1) %_(dﬂ) %_2 %_2 %bqﬁ-brbl—l
bg—bo+1 bg—bo+1 bg—bo+1 bg—bo+1 bg—bo+1
%_2 %_(dﬂ) %_(d_Fl) %_2 %bq+b3_b2_1

by_1=bg_2+1

by—1=bg_aH1l , bg_1=bg_otl

9 ... bgm17bg—2tl

aq aq ag ag
bg—b, _1+1 bg—b, _1+1 bg—b, _1+1 bg—b,_1+1
q— Y% -1 _9 q 9% -1 _9 q 9% -1 _9 q7%—1 7(d+1)
aq aq aq aq

b1 —bg_o+1
—(d+1) %

by+by1—bg_2—1

bg—bg—1+1

ag bg—aq—bg—1
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We claim that R is nounsingular if and only if S is not exceptional. To prove this, we
will perform a linear transformation on R that does not affect the absolute value of its
determinant. We will use the fact that many elements of R are equal to each other and
some pairs of entries differ by the same constant. By subtracting column ¢ — 1 from column
i fori=¢q, ¢q—1,...,2, and dividing every entry by d — 1, we obtain the following matrix
whose determinant has the same absolute value as that of R:

i}l(—dﬁaf) 1 0 - 0 Z_;
(b2—b1a‘:(1;:§f)l+1>aq 0O 1 --- 0 172*57;“
A Gl 10 - 0 ki
R = (rij) =
(bq_lzll;q(;lg_t;.)fZaq 000 .- 0 bq_lqua_qz+1+aq
(bqflzzq_((liti))fZaq 000 ... —1 bqu;q_lﬂ

Next, letting r; denote column j of R , we subtract from column 1

11 -7”2+7”21 -7”3+(7”11 +7”31) -7”4+ (7”21 +7”41)7”5+"'
+(rin + 731+ +rgo1,1)rg (if ¢ is even) or
+(ro1 +rar + -+ +1g-1,1)rq (if ¢ is odd),

and we subtract from column ¢

Tig 72 +7T2q 13 + (g +73¢) - Ta + (r2g +1ag)rs + -+
+(rig +13g+ - +1r¢-1,4)7r¢ (if ¢ is even) or
+(rog +1ag + - +1g-1,4)7¢ (if ¢ is odd).

The outcome is the matrix W, whose determinant also has the same absolute value as that
of R:

0 1 0 0 O 0
0 0 1 0 0 0
0 -1 0 0 O 0
W =
0 0 0 0 1 0
wg—1n, 0 0 -+ =1 0 wg_14

Wg,1 0 0 -+ 0 =1 wgg
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It is not hard to see that |det(W)| = |wg—1,1 - wqq — wy1 - wg—1,4|- Here

ri1 if g is even
Wg—1,1 = Tg—1,1+Tg—31+ -+ e
ro1 if ¢ is odd

ro1 if ¢ is even
Wq,1 =Tg1 FTg-21+ "+ e
r11 if ¢ is odd

and

r1ig if g is even

W19 =Tqg-1gTTg—34¢+ "+ L
q—1yg q—1,gTTq-3,q {rgq if ¢ is odd

if ¢ is even

T2q
Wyq =T Frg_2,4t -+ e
a9 a9 q—2, {qu if ¢ is odd

Substituting for each r;; its value from R and using the notation (5.2), we obtain:

e for q even,
L b)) — (d+g—2ag+ L — )/aq(d—1)

(b — 697 — (d+ g — 1)ag + g)/aq(d—n

((
((

W 1g = (bql—bq2 g—1+aq)/aq
C:

wqf]-:]- -

Wq1 =

Wq,q =

e for g odd,

wern = (" =) = (d+q—2)a,+ %) fag(d 1)
(6 =" = (d+ g = D)ag + 252 fay(d = 1)

Wg-1,4 = ((bg_l b7+ 4+ aq) /aq
(

2
-1 -1
b - ) + 5L ag
Thus for ¢ even, we have

Wq—1,1 " Wq,q — Wq,1 " Wg—1,g =

(0 =) —@+a-2)a,+ 1) (04 -01 ) +4)

— (@8 =t — @t a—1ag+§) - (6 =857+ §—1+a,)] Jal(d -

1).

17
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Clearly, det(W) # 0 if and only if the numerator is nonzero, so we may ignore the
denominator. Multiplying through and collecting terms then yields for the numerator the
expression

E=ayd+q—1)207 " —bl) +d-1).

Similarly, for ¢ odd we have

Wq—1,1 " Wq,q — Wq,1 * Wg—1,¢ =
(657 =07 = (@ +q = 2)ag + 252) - (01 - 087 + 952)
— (6 =) = (d+q—Dag+ 25 ) - (687 =047 + L+ a,) | JaZ(d - 1),

and the expression we get for the numerator, after multiplying through and collecting terms,
is
B = —ay(d+q— 10!~ ¥ ) - d).

Now we claim that for admissible values of d, q,a;,b;, j = 1,...,q, the expression E, if
q is even, or F', if ¢ is odd, vanishes if and only if S is exceptional.

Assume first that ¢ is even. Then E = 0 if and only if b7~" — b = (1 — d)/2. But since
b b =2d—al ' —Ld+al, E =0ifand only if af " —af = (d—1)/2. This is precisely
condition (ii) of the definition of S being exceptional when ¢ is even. Furthermore, the last
equation implies that d is odd, which in turn implies that s is odd (since ¢ is even), thus
condition (i) of that definition is also satisfied.

Assume now that ¢ is odd. Then E' = 0 if and only if b7 — b3 " = d/2. But b/ — bl ' =
(12le —al — % + ag_l, hence E' = 0 if and only if af — ag_l = d/2, which is precisely
condition (ii) of the exceptionality of S when ¢ is odd. Furthermore, in this case d is
obviously even, and since ¢ is odd, s is also odd, which is condition (i).

Assume now that S is exceptional, i.e. conditions (i) and (ii) are satisfied. We claim
that in that case there exists no set of 2s affinely independent points u € Fg. Indeed, the
only candidates are separators of type 1 with 7 € Sp, or separators of type 2 with ¢ € Sp,
since the only other possible case, that of a type 2 separator with ¢ € Sp, is excluded by
the fact that if Sg # (0, Sp contains no articulation point of G[S]. But the only separators
of type 1 with ¢ € Sp are those corresponding to the rows of H, and by assumption every
representative set of separators of type 2 satisfies the conditions that make S exceptional,
which proves our claim. O

Turning now to the case when § is exceptional, we start by examining the situation
where ¢ = |Sg| = 1, say Sg = {i}.

By the definition of exceptionality, d is even, a; = d/2 = b, and each of the two
components of Sp is 2-connected. Let p := d/2.

Proposition 5.9. Let S, with S, = {i}, be exceptional. Then the inequality
pur(S\{e}) + (p — Duz(S\ {i}) + (2p — Dusz < p(2p — 1) (5.4)

is valid for P(G,b). Furthermore, (5.4) is facet defining if and only if every v € V '\ S
satisfies at least one of the conditions of Propositions 5.4, 5.5 and 5.6.
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Proof. Suppose that S, with Sg = {7}, is exceptional. Then the maximum of the left hand
side of (5.4), say f(u), over all u € P(G,b), is p(2p — 1). Indeed, let u € F be a point for
which f(u) attains its maximum. If 7 belongs to the separator C' associated with @, then
the shores of C must be A = 5" and B = S” or vice versa, where G[S’] and G[S"] are the
two components of G[S \ {i}]. Thus @ = 1, @jo = 0 for all j € S, 4;; =0, Gjp =1
for all j € S”, @, =0, k = 1,2, otherwise, and f(a) =p-p+ (p—1)p = p(2p —1). If
the separator does not contain 7, it must contain some ¢ € S, ¢ # ¢, but since £ is not an
articulation point, all of S\ {¢/} must belong to the same shore. If this shore is A, with
B C P(¢), then @j; = 1, Gjo = 0 for all j € S\ {i,4}, Gj, = 0, k = 1,2 otherwise, and
f(@) = p2p—1)+0 = p2p — 1), as claimed. If (S\ {¢}) C B, with A C P(¢), then
a1 =0, Gjp =1 for all j € S\ {¢} (including j = i), ujr = 0, k = 1,2 otherwise, and again
f(@)=04+(p—-1)2p—1)+(2p — 1) = p(2p — 1). This proves that (5.4) is valid.
Now let F' := {u € P(G,b) : u satisfies (5.4) at equality}. Then F’ is a facet of P(G,b)
if and only if every « such that au = p(2p —1) for all u € F' satisfies aj, = 0 for j € V'\ S,
k=1,2, and
aﬂ:{p i €S\{i} aﬂ:{p L jes\{) (55)
0 7=1 2p—-1 j =1

It is easy to see that Propositions 5.3-5.7, which were stated for the case of inequality (5.1),
remain valid for the case of inequality (5.4). Therefore, aj; = ajo =0 forall j € V \ S if
and only if every v € V' \ S satisfies at least one of the conditions of Proposition 5.4, 5.5
and 5.6, with the implication that, if there exists v € V' \ S that violates all three of these
conditions, then (5.4) does not define a facet of P(G,b). Assuming now that a;, = 0 for all
J € V\S, k =1,2, we show that the coefficients «;;, for j € S, k = 1,2, satisfy (5.5), by the
procedure used in the proof of Theorem 5.8, i.e. by exhibiting 2s affinely independent points
u € Fl = {u® € R : (u®,u"\%) € F' for some u"\® € R2"=9)}. As in the case of that
proof, we use the d points u/ € F ¢ corresponding to the separators C; of type 1 with shores
Aj =S\ {j}, j € Sp, B; C P(j), and the one point u’ € F} corresponding to the separator
of type 2 C! with shores A, = S, B] = §”, where G[S'] and G[S"] are the two components
of G[S \ {i}]. This is a collection of d + 1 = s points in F{, and taking the symmetric
counterparts of these points, obtained by interchanging u; and wug, we obtain an additional
s points. The matrix M whose rows are the incidence vectors of these points has the same
structure as the corresponding matrix in the proof of Theorem 5.8, with the only difference
that here Q = 1. As in that proof, M is nonsingular if and only if R=0Q - QOQEIQO is
nonsingular, where

1 _1 d—1 - 1 - 1
QO_Q_ﬁDJ_O_d_l'al’ Qy =-— P Qo—l—ﬁDJ—l—d_lbl
and

R _ a1 _d—l—b1 _d—l d—l—b1
d—1 d—1 a1 d—1
_ u—l—mﬁ—a}:1—2m 40

(d—1)ay (d—1)ay
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This proves that R is nonsingular, hence (5.4) is facet defining. O

Remark 5.10. If Sp contains an articulation point £ # i of G[S], then the inequality (5.4)
s not valid.

Proof. Suppose G[S] has a second articulation point, say £ # i. Let G[S'] be a component
of G[S'\ {¢}] such that i ¢ S’, and let S” := S\ (S" U{¢}). We claim that in this case (5.4)
is not valid. Indeed, consider the separator C' whose shores are A = S’ and B = S”, with
associated @ € P(G,b). Then

p-a(S\{i}) + (p — Da2(S\{i}) + (2p — iz =
= p- |81+ (-1 -1)+ (2p - 1)
= 19+ @-D(S+ 5" -1+ (2p-1)
= [S'+(-12p-1)+(2p—1) >p(2p - 1). 0

When the minimal connected dominator S is not orderly, inequality (5.1) may or may
not be facet defining. For any specific non-orderly S it is not hard to tell whether (5.1) is
facet-defining, by applying the same analysis as in the proof of Theorem 5.8, with ) and
@ modified to reflect the structure of S; but this analysis becomes unwieldy for a general
S. However, when (5.1) is not facet defining either because S is not orderly, or because
S, while orderly, is exceptional, there is another family of facet defining inequalities that
dominates S.

6 A Class of Asymmetric Facets of P(G,b)

Counsider any minimal dominator § of G, not necessarily connected. The inequality
w(S) <181 (6.1)

is clearly valid for P(G,b), and various liftings of (6.1) may yield facet defining inequalities.
The first question that arises in this context, is when does (6.1) define a facet of P(G,b),
i.e. when is it the case that all the lifting coefficients of (6.1) are equal to 07 The next
Proposition settles this question.
As before, we assume that |S| < b, for otherwise (6.1) is implied by (2.5), hence redun-
dant.

Proposition 6.1. The inequality (6.1), where S is a minimal dominator of G, defines a
facet of P(G,b) if and only if conditions (a), (b) and (c) below are satisfied:

(¢) V\' S =UiesP(i)
(b) S contains no self-dominator

(¢c) S is an independent set.
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Proof. Let F be the face of P(G,b) defined by (6.1), i.e. F :={u € P(G,B) : u1(S) =
|S] = 1}.

Necessity. Suppose S violates (a), i.e. there exists v € W := (V' \ S) \ (UjesP()). This
means that |Adj(v) N S| > 2, say {(v,?), (v,j)} C £ for some 4,j € S. Then u;; + uy2 <1,
uj1 + uy2 < 1, but for any w € F, u;1 + uj1 > 1, since ug; = 1 for all but one index £ € S.
It follows that u,e = 0 for all © € F, hence F is not a facet.

Suppose now that S violates (b), and let ¢ € S be a self-dominator. We claim that for
any u € F, uj; + uie = 1, and thus F' is not a facet. Indeed, let C be a separator in F' such
that ¢ € C; then shore A of C must contain S\ {7} in order to have u;(S) = |S| — 1, and
since S\ {¢} is a dominant of V' \ {¢}, there are no vertices left for B. Hence ¢ € AU B,
which is equivalent to u;1 + w2 = 1.

Finally, suppose S violates (c), and let (¢,7) be an edge with both ends in S. Then
uil + iz < 1, uin +uje < 1, and wjp +wjo <1, ujp +uip < 1. Thus if ujy = 1 or uj; = 1,
then u;2 = ujo = 0. But since u;; +uj1 > 1 for all uw € F, this is always the case, i.e.
ujp = ujp = 0 for all u € F'. Hence again F' is not a facet.

Sufficiency. Since every j € V'\ S belongs to some pendent set, say P(7), and since S is
independent, it is easy to see that A = S\ {i} and B = {i,j} are the shores of a separator
in F, say C, and that C' = C U {j} is also a separator in F, with shores A’ = A and
B' = B\ {j}. Hence, from Proposition 5.3, for any equation au = |S| — 1 satisfied by all
u€F,a;,=0forall j€V\S, k=1,2. Now consider a coefficient a;», j € S. Since S is
an independent set, the point defined by uy; = 1 for £ € S\{j}, upy =0for £ € (V\S)U{j},
ujz =1, ugp = 0 for £ € V '\ {j}, is in F'. But if «jp # 0, this point violates au = |S| — 1.
Hence aja =0 for all j € S.

As to the coefficients a1, j € S, if we set to 0 all agj, j € V'\'S, k = 1,2, and all s,
j € S, we obtain the system

Y ajiuj =18 -1

jeS

in the unknowns «;1, j € S, which must be satisfied for every u € Fg, where Fg := {uj €
R® : (uf,uy,u¥\%) € F for some (uy,u"\%) € R® x R*"=3)} with s = |S|. If we choose the
|S| points u" € Fg, 1 € S, defined by uj; =1 for j € S\ {1}, uj; = 0, we obtain a system
whose unique solution is «j; = 1 for all j € S. O

Figure 3 shows an example of an inequality (6.1) that is facet defining for P(G,b).

From Proposition 6.1 it follows that the inequality (6.1) is facet defining only under
the very special conditions (a), (b), (c). When these conditions do not hold, (6.1) can be
lifted or otherwise generalized to yield some facet defining inequalities. There are many
valid generalizations, but here we will be concerned with three classes of such inequalities:
the first class is obtained by lifting the coefficients 2, 7 € S, the second class comes from
lifting the coefficients a2, j € V'\ S, before j € S, while the third class involves a different
type of generalization.
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Figure 3: A facet defining inequality (6.1)

7 First Generalization

Let S be a minimal dominator that satisfies conditions (a) and (b), but not condition (c), of
Proposition 6.1. Further, let Sy, ..., Sk be the vertex sets of the components of G[S]. In each
component G[S;| such that |Sy| > 1 we choose an ordered set of vertices Iy = {vy,...,v,4}
with the following properties (here Adj(v;) refers to adjacency in G[Sy]):

(i) for all i € {2,...,q}, (vi,v;) € Ep for all j € {1,...,7 — 1}, i.e. Iy is an independent
set;

(ii) for all i € {2,...,q}, there exists j € {1,...,7 — 1} such that Adj(v;) N Adj(v;) # 0,
i.e. v; is at an edge-distance of 2 from the vertex set {vy,...,v;—1}.

(iii) I, is maximal.

Such a set always exists and is obviously not unique. Figure 4 shows an example of a
component G[Sy], along with two different sets I,. Next we define a function ¢ : Sy — Z as
follows:

Adj(01)] it =0,
i1
d(v) = ¢ |Adj(v;) \ U Adj(vj)|+1 if v =v; for some 7 > 2 (7.1)
7=1
0 ifvels \ I

The numbers d(v;) for v; € I, can be interpreted as the degree of vertex v; in a spanning
tree Ty of G[S| constructed as follows. For all v € Sy, define Adj*(v) := {v} U Adj(v).
Initialization. Choose some v € Sy, set v; := v and put v; into T, as a marked vertex.

Put into 7} all vertices v € Adj(v1) and all edges joining them to v;.

k—1

Iterative step k. Choose some v € S;\ |J Adj*(v;) such that Adj(v) N Adj(v;) # 0 for
Jj=1

some j € {1,...,k — 1}, set vy := v, and put vy into Ty as a marked vertex, by joining it

through an edge to some (arbitrarily chosen) unmarked vertex of 7j.
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k—1

Put into T} all vertices v € Adj(vg) \ U Adj(v;) and all edges joining them to vy.

=1
Stop when all vertices of S, have been iricluded in Tp.

It is not hard to see that the marked vertices of Ty form an ordered set satisfying the
conditions defined for I,. If the set of vertices at edge-distance k from v is considered level
k of Ty, then the set of all vertices at even levels of Ty, which is the set of all marked vertices
of Ty, is precisely the independent set I, defined by conditions (i), (ii), (iii). Note, however,
that the spanning tree 7Ty is not uniquely defined because of the freedom of choosing the
unmarked vertex of T, to which a newly marked vertex vy is joined by an edge. Figure 5
shows an example of a spanning tree 1 associated with the set [ él of Figure 4.

I} = {1,6,9,10,12}
Iz = {10,2,3,4,5,12}

Figure 4: Two ordered sets I}, I7 in G[S,], satisfying (i), (ii), (iii).

Theorem 7.1. Let S be a minimal dominator of G satisfying conditions (a) and (b), but
not (c), of Proposition 6.1, and let G[S¢|, £ = 1,...,k, be the components of G[S]|. For
each singleton component Sy = {i}, set 6; = 0, and for all other components G[S;| define
0; =0(j) for all j € Sy by (7.1). Then the inequality

ur(8) + Y djujz < |8~ 1 (7.2)
JES
is valid and facet defining for P(G,b).
Proof. 1f the inequality u;(S) < |S| — 1 were valid for the polytope P(G,b) restricted to

the space of the variables u;1, j € S, then we could lift it to (7.2). However, if we set to 0
all the variables missing from u;(S) < |S| — 1, the remaining polytope is just the unit cube
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§=(4,3,2,1,1)

v OQ—® v

U5

1

Figure 5: A spanning tree 7 associated with 7, 41 of Figure 4.

in R® and the inequality u;(S) < |S| — 1 is invalid. However, if instead we project P(G,b)
onto R?%,

Projs(P(G,b)) := {u® € R* : (u%,u"\%) € P(G,b) for some u"\5 € RH"=%)},
then the inequality u;(S) < |S|— 1 is valid for the polytope P* C R?,
P* := {u® € Projg(P(G,b)) : uja =0, j € S},

and so it can be lifted by the well known sequential lifting procedure (see e.g. [8]).

Let j1,...,7n, be any numbering of the vertices in S, such that within each component
G[Sy] of G[S], vertices in I, precede those in Sy \ Iy and are numbered according to their
position in 1.

We now calculate the lifting coefficients of the variables u;s for j = j1,...,75 in that
sequence. But first, we note that u;(S) < |S| — 1 is not only valid for P*, but also facet
defining. Indeed, for each i € S the point u® defined by u;; = 1 for j € S\ {i}, uyy = 0,
ujp = 0, j € §,is in P* and satisfies u1(S) = |S| — 1. To see this, note that each such
point comes (through projection and restriction) from the incidence vector v € P(G,b) of
a separator C' that has as its shores A = S\ {i} and B = P(i). Clearly, the |S| points u{
defined above, one for each i € S, are affinely independent and so u1(S) < |S| — 1 defines a
facet of P*.

For the first variable, u; 2, we solve

max{ui(S) : u® € Projg(P(G,b)), uj2 =1, uj2 =0 forall r > 1}

and we find that the maximum is |S| — 1 — |Adj(j1)|, since setting u; 2 = 1 forces to 0
uj,1, and all the variables u;j; for 7 € Adj(j1). This gives for uj,» the coeflicient |[Adj(j1)],
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which is the difference between the maximum of the objective function with and without
uj, > set to 1. But this is precisely d;, as defined by (7.1). Further, if we denote by w(d;,)
the maximizing solution (including the variable fixed at 1) that yielded the coefficient d;,,
namely w2 = 1, uj; = 0 for j € Adj*(j1), uj1 = 1 for 7 € S\ Adj*(j1), we find that
it corresponds to a separator C' with shores A = S\ Adj*(j1), B = {j1}, and satisfies
u1(S) + 65, uj2 <|S| = 1 at equality.

Suppose now that these properties hold for j = j1,792,...,Jk_1, i.e. that the coefficient
of ujy is §; for 7 = ji,72,...,Jk—1, and that the solution u(d;) for which the maximand
attains its bound satisfies the corresponding inequality at equality; and let j = jr. We then
have to solve

Jk—1
max{u (S Z djujo : u € Projg(P(G,b)), uj2 =1, uj.o =0 for all r > k}.
J=n
To simplify the discussion, assume for the time being that Ji,---,Jk belong to the same

component of G[S]. Now the maximum of u;(S) + Z 5 jujo without setting wuj,o = 1
is |S| — 1. Furthermore, this Value is attained for a solutlon u(5k 1) that has ujo = 1 for

J=1Jiy--sJk—1, uj1 =0 for j € U Adj*(jr) and uj; =1 for S'\ U Adj*(j,). This solution

r=1 r=1

corresponds to a separator C' with shores A = S\ U Adj*(jr), B ={ji,---,Jk-1}, and it

T‘_

satisfies u1(S) + Z djujo < |S| —1 at equality. Since 6; > 1 for j = ji,..., k1, we may

assume wlog that the impact of forcmg uj,2 to 1 on the value of the maximum is measured
by the number of variables uj1, j € S newly forced to 0. But this is precisely the number

|Adj* (Jk) \ U Adj(j,)| = |AdJ(]k)\ U Adj(j,)| + 1, which is J;, according to (7.1). Thus

the value of the maximum is |S| — 6Jk, and hence the coefficient of uj,» is d;, .

In the above discussion we have assumed that 71, ...,k all belong to the first component.
Removing now this assumption, we see that nothing changes. If j; is the first vertex of a new
component, then forcing u;,» to 1 will reduce the value of the maximum by |Adj(j;)|, since
all the vertices adjacent to j; belong to the new component, and everything in the sequel
remains the same. This proves that (7.2) is valid for Projs(P(G,b)). Furthermore, (7.2) is
also facet defining for this polytope, since at every step of the lifting procedure, the solution
u(dj,) that maximizes the objective function, amended with uj» = 1, is independent of
all the previous solutions (has a component uj > = 1 in a column in which all previous
solutions had a coefficient uj,» = 0).

We can now lift the inequality (7.2) from the subspace of the projection to the full space.

We claim that the lifting coefficients for wj;, j € V'\ S, k = 1,2, are all equal to 0, and
that the lifted inequality obtained this way is facet defining for P(G, b).

The inequality (7.2) is certainly valid for P(G,b). Let F = {u € P(G,b) : u1(S) +
> jesjujz =|S| — 1}. Then F'is a facet if and only if any equation au = |S| — 1 satisfied
by all u € F has coeflicients aj; = 1, ajp = 95 for j € S, and ajp, =0for j € V\ S, k =1,2.
For the coefficient «ji, j € S, k = 1,2, this follows from the fact, proved above, that (7.2)
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defines a facet of Projs(P(G,b)). As to the coefficients «, for j € V'\ S, a reasoning similar
to that underlying Proposition 5.3 shows that «;j; = 0 if there exists a separator C' with
shores A, B such that j € A, and ¢/ = C U {j} is also a separator. Similarly, ajo = 0 if
there exists a separator C' with shores A, B such that j € B, and ¢! = C' U {j} is also a
separator. Now from the minimality of S and conditions (a), (b) of the theorem, j € P(7)
for some ¢ € S. Let u € F' be such that u;; = 0, and define the separator C as having shores
A={teS:up=1}and B={l € S :up =1} U{j}. C is clearly feasible, since j is not
adjacent to any vertex in S\ {i}. But then C' = C U {j} is also a separator, with shores
A" = A and B' = B\ {j}. This proves that ajo =0 for all j € V'\' S. Now let & € F be
such that 4;; = 1, and define the separator C' as having shores A:={¢ € S : 4, =1} U{j}
and B ={{ € S : 1y = 1}. Clearly C is feasible, but C' = C'U{j} is also a separator, with
shores A’ = A\ {j} and B’ = B. Thus a;; =0 forall j € V'\ S. O

8 Second Generalization

Now we turn to the second class of lifted inequalities. Let S be a minimal dominator of
G free of self-dominators, and let 7" := {j € V\'S : j € UjesP(i)}. In other words,
T:={j€V\S:|Adj(j) N S| > 2}. Consider the graph G[S UT], and denote by G(S,T')
the bipartite subgraph obtained from G[SUT] by deleting all vertices j € S\ Adj(T") and all
edges (i,7) such that {i,j} C Sor{i,j} CT. Let G(Sy,Ty), £ =1,...,k be the components
of G(S,T). In each component £ € {1,...,k}, we construct a spanning tree 7; as follows.
Initialization. Choose some v € Ty, set v1 := v, and put vy into 7y as a marked vertex.
Put into 7; all vertices in Sy adjacent to v; and all edges joining these vertices to v;.
Iterative Step k. Choose some v € Ty \ {v1,...,v;_1} such that Adj(v) NAdj(v;) NSe # 0
for some j € {1,...,k — 1} (i.e. v has a common neighbor with some marked vertex v;,
je{l,...,k—1}), set vy := v, and put v into Ty as a marked vertex by joining it through
an edge to some arbitrarily chosen unmarked vertex of 7j.

Put into 7 all vertices in Sy \ Ty adjacent to vy and all edges joining these vertices to
Vg
Stop when all vertices of G(Sy,Ty) have been put into 7.

Clearly, the marked vertices of 7, are precisely those in Ty, and they form an ordered
set {v1,...,v4}, where ¢ = |Tp|. Furthermore, if Adj(v) denotes the set of vertices adjacent
to v in G(Sy,Ty), then the degree in Ty of v € Ty is

|Adj(vy)] ifv=uv
deg(v) = i1
|Adj(v;) \ U Adj(vj)| +1 if v =v; for some i > 1.
j=1
The spanning tree 7y depends on the sequence in which the vertices vy, ..., v, are selected

for marking, and on the choice of the edge that joins the newly selected vertex to some
unmarked vertex of 7y, i.e. to some vertex of Sy
Next we notice a remarkable property of the spanning trees 7y.
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Proposition 8.1. Let Ty be a spanning tree of G(Sg,Ty) constructed as above, let vy, ..., v,
be the associated sequence of vertices in Ty, with ¢ = |Ty|. Define

v(v) :=deg(v) — 1 (8.1)
for all v € Ty. Then for any contiguous subsequence of {vi,...,v,} starting with vy, say
{vi,...,v}, r < q, we have

Z’y v;) = |[Adj({ve, ..., v })| — 1. (8.2)

Proof. By induction. For r = 1 (8.2) holds by definition. Suppose (8.2) holds for r =
1,...,t—1,and let r =¢ < ¢q. Then

t

t—1
> ) = D )+ y(v)
1=1

i=1
= JAdj({vi,...,ve—1})] — 1+ |Adj(vy) U Adj(vj)]

= JAdj({vi,..., 0 })| — 1.
]

Figure 6 shows an instance of a bipartite graph G(Sy,Ty), along with two spanning trees
corresponding to different orderings of the vertices of Ty, and the associated numbers 7.

2 3
Notice that in the spanning tree 7,', > (i) = Y (i) = 5 and both |Adj({1,2})]
i=1 i=1

4 8
and |Adj({1,2,3})| are equal to 6, as required by (8.2). Also, > (i) = > (i) = 6 and
i=1

IAdj({1,...,4})| = |Adj({L,...,8))| =7 o

In 722,
3 - .
ZIW(Z) =3 and [Adj({1,2,3})] =
1=
4
> (i) =4 and |Adj({1,...,4})| =5,
5 6
Zlv(i) = Zlv(vi) =5 and |Adj({L,...,5})] = [Adj({1,...,6})[ =6
= i=
In all of these cases (8.2) is satisfied. On the other hand, subsets of Ty that do not
represent a contiguous subsequence of {vy,...,v,}, or do not contain v, may violate (8.2).

In the spanning tree T;!, for instance, v(2) + v(4) = 4, but |Adj({2,4})| = 6. Also, in T2,
2(6) +7(T) = 2, but [Adj({6,7})] = 4.

We are now ready to state our second lifting theorem. In order for the lifted inequality
to be facet defining for P(G,b), certain conditions need to be satisfied. Without these
conditions, the lifted inequality is still valid for P(G,b), but it may not be facet defining.
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Figure 6: An instance of G(S;,Ty), with two spanning trees 7,', 7, and associated num-
bers y(v). The ordering of the vertices of Ty is (1,..., 8) for T}, and (8, ..., 1) for T2
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Theorem 8.2. Let S be a minimal dominator of G not containing any self-dominator, let
T:={j € V\S:[Adj(j) N8| > 2} £0,
and suppose the following conditions are satisfied:
(a) for every j € P(i), i € S, there exists £ € P(k), k € S, such that £ ¢ Adj(j).

(b) for every j € P(i) with i € S\ Adj(T), there exists £ € P(k) with k € SN Adj(T),
such that £ ¢ Adj(T U{j}).

(¢) if S C Adj(T), then for every j € P(i), i € S, there exists ¢ € UjesP (i) \ Adj(T") such
that ¢ ¢ Adj(j).

For j € T, let vj = ~v(j) be defined as in (8.1), and for j € S* := S\ Adj(T), let
d; = 0(j) be defined as in (7.1), with S* substituted for S. Then the inequality

w(S)+ D yup+ D, Gjup<I[S| -1 (8.3)
JeT JES\Adj(T)

is valid and facet defining for P(G,b).

Proof. Since the inequality u;(S) < |S| — 1 is not valid for P(G,b) restricted to the space
of uj1, 7 € S, we use projection to obtain a polytope for which it is valid. Consider the
projection of P(G,b) onto the subspace of the variables indexed by S UT"

Projs r(P(G, b)) := {u*"T : u € P(G,b) for some u"\V1)},
Clearly, u1(S) < |S| — 1 is valid for P** defined as
P** = {u € Projg(P(G,b)) s uj1 =0, €T, ujo=0, j € SUTY}.

Furthermore, u;(S) < |S| —1 is facet defining for P**. Indeed, for each ¢ € S, the point
u®YT defined by uj; =1, j € S\ {i}, uj1 =0, j € TU{i}, ujp =0, j € SUT, is in P** and
satisfies u1(S) = |S| — 1. To see that this point is in P**, notice that the separator C' with
shores A = S\ {i} and B = P(i) is feasible. Since the |S| points defined this way, one for
each i € S, are clearly affinely independent, u;(S) < |S| — 1 defines a facet of P**.

We will start the lifting with the coefficients of the variables u;2, j € T. Let j1,...,7;
be any ordering of 7" such that, within each component of G(S,T'), the sequence of indices
is the one given by the spanning tree 7; used to define the coefficients . The sequence of
the components of G(S,T') themselves is immaterial.

To calculate the coefficient of uj 2, we solve

max{u(9) : u”T € Projg p(P(G,b)), uj2 =1, ujp =0, j € SUT\{j1}, uj1 =0, j € T}

and find the value of the maximum to be |S| — |Adj(j1)|, since setting uj,» = 1 forces to
0 all the variables u;; for j € Adj(j1). Here Adj(j1) stands for the set of vertices of S
adjacent to j; € T in G(S,T). Thus the coefficient of u; 2, which is equal to the difference
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between the maximum of ui(S) with or without u;» set to 1, is |[Adj(j1)| — 1, which is
precisely the coefficient v;, = 7(j1) given by (8.1). Also, the solution u(y;,) yielding the
maximum, namely uj 1 =0, uj1 =0, j € Adj(j1), uj1 =1, j € S\ Adj(j1), amended with
uj, 2 = 1, satisfies u1(S) + vj,uj,2 < |S| — 1 at equality. This solution is obviously feasible,
the associated separator C' having shores A = S\ Adj(j1), B = {j1}-
Assume now that these properties hold for j = j1,...,jk_1, and let 7 = j5. We then
have to solve
Jk-1
max{u(S) + Z Vit uw’VT € Projg r(P(G, b)), uj2 = 1,uj =0,
J=
j c SUT\{jl,...,jk},Uﬂ :O,j ET}.

Assume first that j;, ..., jr belong to the same component of G(S,T). Without setting

uj,2 to 1, the maximum of the above expression is |S| — 1, and it is attained for a solution
k—1

u(7j,_,) in which ujo =1 for j = ji,..., k1, uj1 = 0 for j € |J Adj(j,), and u;; =1 for
r=1

k—1 Je=1
jEeS\ U Adj(j,). This solution, which satisfies u1(S) + > yjuj2 < |S| — 1 at equality,
r=1 J=

corresponds to a separator C' with shores A = S\ U Adj(jr), B = j1,---,Jk_1- Should

the set assigned to A be empty (which may happen at the last step), we set A = {¢} for
some ¢ € P(k) with & € SN Adj(T) such that ¢ ¢ Adj(T"), whose existence follows from
condition (b) of the Theorem Now setting uj,2 = 1 forces to 0 all variables u;j; such

that 7 € Adj(jr) \ U Adj(j,). Hence the value by which |S| — 1 is reduced, is precisely

r=1

|Adj(jk) \ U Adj(j,)| = 7vj,- This completes the induction.
r=1
Here we have assumed that the vertices 71, ..., j; belong to the same component. Throw-

ing out this assumption does not change anything, since the first vertex j of a new component
has its coefficient «; defined in a way that takes this situation into account.

Next we lift the coefficients of the variables u;2, j € S. Defining S* := S\ Adj(T") and
letting ST,...,S; be the vertex sets of the components of G[S*], we order the vertices of
each component and define the coefficients 0; = 6(j) for all j € S* as in Theorem 7.1. These
are valid lifting coefficients for our inequality, since variables wup, £ € S*, are not affected
by the values of ujp, j € T Thus if S* is ordered as £1,...,£ g+, we start by solving
max{u1(S) + D Vjug2 : u®T € Projgr(P(G,b)),up 2 = Liup = 0,0 € S\ {{1},u; =
0,7 € T}, and obtain the coefficient 6y, = |Adj(¢1)|, where adjacency refers to S*. At the
k-th step we solve

Lr—1
max{uy(S) + 3 vjuje + 3 Seues : uST € Projg p(P(G, b)), ug,s = 1,
JeT =0

Ug2 ZO,EE S\{fl,...,ﬁk},uj'l =0,j ET}
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and obtain dy, as the coeflicient of wy, 2. The solution yielding this value corresponds to a
separator C' with shores B =T U{¢y,..., 01}, A= S*\ Adj{¢1,...,0k—1}. Should the set
assigned to shore A be empty, which may occur at the last step, we set A = {¢} for some
¢e |J P(i)\ Adj(T), which always exists by condition (b). It is not hard to see that the
ieS\S*
Lp—1
solution defined this way satisfies w1 (S)+ > yjujo+ > dpupp < |S|—1 at equality. At the
Jer {=0y
end of this procedure, we obtain inequality (8.3).

We may now continue the lifting procedure for the coefficients ujo, j € SN Adj(T), but
it is obvious that these coefficients are all equal to 0, irrespective of the order in which they
are lifted. This is so because setting to 1 any number of variables u;2, 7 € SN Adj(T) does
not force to 0 any new variables u;1, j € S, beyond those already forced to 0 by the previous
liftings, and thus cannot reduce the value of the maximand from |S| — 1. Hence a;y = 0 for
all j € SN Adj(T) irrespective of the order of lifting. Similarly, lifting the coefficients o1
for y € T' in whatever sequence yields «;j; = 0, j € T', since setting any of these variables to
1 does not force to 0 any of the variables u;1, j € S.

We have lifted the inequality u,(S) < |[S| — 1 to the space of Projq r(P(G,b)) and
shown that the resulting inequality (8.3) is valid for that polytope. Moreover, (8.3) is also
facet defining for Projg 7(P(G, b)), since at every step of the lifting procedure, the solution
that maximizes the objective function, amended with the variable fixed at 1, is independent
of all the previous solutions as it has a component equal to 1 in a position where all earlier
solutions had a component equal to 0.

We now lift the inequality (8.3) from the subspace of the projection to the full space.
Our claim is that the lifting coefficients for u;i, j € V' \ (SUT), are all equal to 0, and that
the inequality (8.3) obtained in this way is facet defining for P(G, b).

The validity of (8.3) for P(G,b) is obvious. If we denote F' := {u € P(G,b) : ui(S) +
> viuje+ Yo djuje = |S|—1}, then F'is a facet if and only if any equation au = |S|—1
JET JES\Adj(T)
satisfied by all u € F has coefficients equal to those of (8.3). As far as the coefficients Qg
for j € SUT, k = 1,2 are concerned, this condition is satisfied, since (8.3) defines a facet
of Projg r(P(G,b)). For the coefficients aji, j € V' \ (S UT), notice that each such j
belongs to some pendent set, say P(i), since S is a minimal dominator that contains no

self-dominators. Thus V' \ (SUT) = |J P(¢). For aj, consider three cases. Case 1:
€S
S\ Adj(T) # 0, and j € P(i) such that i € Adj(T"). Then there is a feasible separator C' in

F with shores B =T U{j} and A = S\ Adj(T), such that C' = C U {j} is also a feasible
separator, with shores A’ = A and B' = B\ {j}; thus aj; = 0. Case 2: S\ Adj(T) # 0
and j € P(i) such that i € S\ Adj(T"). Consider the separator C' with shores B =T U {j},
A={L}U(S\ Adj(T)) for some ¢ € P(k) with k£ € SN Adj(T) such that ¢ ¢ Adj(T" U {j})
(the existence of such £ is guaranteed by condition (b) of the Theorem). Clearly, C is in
F, and C' = C' U{j} is also a feasible separator, with shores A’ = A and B’ = B\ {j};
thus ajo = 0. Case 3: S\ Adj(T") = 0. In this case there is a separator C' in F with shores
B=TU{j}and A = {¢}, where £ € UjcsP(i) \ Adj(T'U{j}) (the existence of such ¢ follows
from condition (c) of the Theorem). Again, C' = CU{j}, with shores A" = A, B' = B\ {j},
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is also a feasible separator in F'; hence «;z = 0 in this case too.

For o1, if 7 € P(4), consider the separator C with A = (S'\ {k}) U {7} with k # 7, and
B = {¢} for some ¢ € P(k) such that £ ¢ Adj(j). The existence of such k, ¢ is guaranteed
by condition (a) of the Theorem. Clearly, C' is in F. But C' = C' U {j} is also a separator
in F, with shores A’ = A\ {j} and B’ = B, which proves that a;; = 0.

We have thus proved that given the conditions of the Theorem, the inequality (8.3) is
facet defining for P(G,b). O

9 Third Generalization

The inequalities (7.1) and (8.3) were derived from (6.1) by sequential lifting. Next we
generalize the inequality (6.1) in another direction. Consider an arbitrary vertex set S.

Theorem 9.1. Let S CV, 2 <|S| < b, and let W(S) :=V \ (SU Adj(S)). The inequality
ui(8) —u2(W(S)) <15 -1 (9.1)
is valid for P(G,b). Moreover, (9.1) is facet defining for P(G,b) if and only if
(a) S is independent
(b) S is a minimal dominator of Adj(S)
(¢) Every v € Adj(S) is adjacent to exactly one vertex in S.

Proof. (i) (9.1) is valid. Let @ € {0,1}?" be such that @;(S) — a2(W(S)) > |S| — 1. Then
@j1 = 1 for j € S and Gjp = 0 for j € W(S), i.e. @ corresponds to a separator C' whose
shore A contains all vertices in S, and whose shore B contains none of the vertices in W ().
But since V' \ (SUW(S)) = Adj(S), there are no vertices left for B, a contradiction.

(ii) Conditions (a), (b) and (c) for (9.1) to be facet defining. Let F' := {u : u;(S) —
u2(W(S5)) = |S| - 1}.

Necessity. If S is not independent, there exists (i,7) € E with {7,j} C S. But this
together with u € F implies u;y = uja = 0, since otherwise u;(S) < |S| — 2. Thus (a) is
necessary. Further, if S is not a minimal dominator of Adj(S), then it contains a vertex
i € S such that Adj(S\ {¢}) = Adj(S). But then for any v € F, u;; +uiz = 1, i.e. 7 cannot
belong to the separator. Indeed, if i € C, then |A| = u;(S) < |S|—1. But for u € F' we need
u1(S) = |S| — 1 and ue(W(S)) = 0, which would imply B C Adj(S \ {7}), a contradiction.
Since every u € F satisfies u;; + u;2 = 1, F' is not a facet. Thus (b) is necessary. Now
suppose some j € Adj(S) is adjacent to both < € S and k € S, 7 # k. Then u;; +uj <1,
up1 +uj2 < 1, and since u € F implies u;1 + up; > 1, it follows that ujo = 0 for all u € F,
i.e. F' is not a facet. Therefore, (c) is necessary.

Sufficiency. We show that any equation au = |S|— 1 satisfied by every u € F' must have

coefficients
1 jes -1 jeW(S)
51 = . W2 = .
0 jeV\S 0 jeV\W(S).
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First, consider j € Adj(S). From condition (c), j is adjacent to exactly one vertex in S, say
i. Consider the separator C with shores A = S\ {i}, B = {7,j}. Since S is independent
(condition a), this separator is feasible. But C' = C' U {j} is also a feasible separator, with
shores A" = A and B’ = B\ {j}; hence a; = 0 for all j € Adj(S). On the other hand,
consider the separator C' with shores A = (S\{k})U{j} for some k ¢ Adj(j), and B = {k}.
Again, C is feasible, and so is C' = C U {j}, with shores A’ = A\ {j}, B’ = B. Hence
aj1 =0 for all j € Adj(9).

Consider next the coefficients a1, j € W(S). For each such j, the separator C' with
shores A = (S'\ {i}) U{j} for some i € S, and B = {i} is feasible; but so is C' = C U {j},
with shores A" = A\ {j}, B’ = B; hence a;; = 0 for all j € W(S). Further, consider
the coefficients «jy for 7 € S. From condition (b), there exists some ¢ € Adj(S) such that
{j} = SN Adj(¢). Thus the separator C' with shores A =S\ {j} and B = {j, ¢} is feasible;
but so is C' = C U {j}, with shores A" = A and B’ = B\ {j}. Hence aj, =0 for all j € S.

Now setting «j; =0 for all j € V' \ S and ajp =0 for all j € V' \ W(S), we are left with
a system of equations in the space of the a;y, j € S and ajo, j € W(S),

ZaﬂUﬂ - Z ajguj‘g == |S| -1

jes FEW(S)

which has to be satisfied for all v € F. The following is a list of |S U W(S)| affinely
independent points u in Fguyy(s), the projection of F onto the subspace of {uj1,7 € S} U
{ujo,j € W(S)}, whose unique solution is the required aj; =1, j € S, ajo = —1, j € W(S):

) 1 7eS85\{z )
u3~1={ TESMIE i 0 ew(s), ics
0 j=1
. _ . -1 j=i _
ut, =1 5¢€8 ub, = 1€ W(S).
n=t G {o jewsn gy <

This proves the sufficiency of the conditions in the Theorem. O

Corollary 9.2. Let S be a mazimal set satisfying the conditions of Theorem 9.1, i.e. such
that there exists no T;S satisfying them. Then for every S' C S, |S'| > 2, the inequality
(9.1), with S substituted for S, is valid and facet defining for P(G,b).

Proof. 1f S satisfies the conditions of Theorem 9.1, so does every S’ C S, |S'| > 2. O

Notice that the inequality (6.1) is a special case of (9.1).
Example. Consider the graph G of Figure 7, obtained from the Petersen graph by sub-
dividing the edges of the outer 5-cycle. The set S = {1,4,7,15} satisfies the conditions of
Theorem 9.1 for any b > 4, with S U Adj(S) = V. Consequently, the inequality

U1y + g1 +ury + urs1 <3
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Figure 7: Graph illustrating the example.

is valid and facet defining for P(G,b). From Corollary 9.2, the following inequalities are
also valid and facet defining for P(G,b):

U1l + Ug1 + U] — Us2 — U122 — U132 — U152 < 2

w11 + ug1 + U151 — U2 — Uz2 — U7z < 2

w1l + ur1 + U151 — Ug2 — Us2 — Ug2 — U142 < 2

U4l + U7 + U151 — U2 — U2 — U102 — U112 < 2

U1l + Ugl — U2z — U3z — Usy — Utz — U122 — U132 < 1
un +ur — (w0 j € {1, 7} UAdj({1,7})) <1

urn +uisg — o (ujz 7 € {1,151 UAdj({1,15})) <1
ugr +ur — Y (ujo 1 € {4, 7} UAdj({4,7})) <1

ugr +usy — o (ujo : j € {4,151 UAdj({4,15})) <1
urt +uisy — D (uje 1 j ¢ {7,151 UAdj({7,15})) < L.
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10 Concluding Remarks

We have given a mixed integer programming formulation of the VS problem, and a partial
polyhedral description of the convex hull P(G) of feasible points. In the process, we have
identified several classes of valid inequalities and derived conditions under which they are
facet defining, sometimes using novel proof techniques.

In a companion paper [1], we describe a branch-and-cut algorithm for the VSP, using
several of the inequalities developed here, based on efficient separation routines and bound-
ing heuristics. The algorithm was tested on a large variety of VSP instances. One of the
highlights of our computational experiments is the major role of cut density (as distinct
from cut strength) in the overall efficiency of the algorithm.
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