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Two- and three-dimensional pa
kings with orthogonalrotations�F. K. Miyazawayand Y. WakabayashizAbstra
tWe present approximation algorithms for the following pa
king problems: the two-dimensional strip pa
king problem, the two-dimensional bin pa
king problem, the three-dimensional strip pa
king problem, and the three-dimensional bin pa
king problem. Forall these problems, we 
onsider orthogonal pa
kings where ninety-degree rotations areallowed. The algorithms we show for these problems have asymptoti
 performan
ebounds 1:613, 2:64, 2:76 and 4:89, respe
tively. We also present an algorithm for thez-oriented three-dimensional strip pa
king problem with asymptoti
 performan
e bound2:64. To our knowledge, these are the best bounds known for ea
h problem.1 Introdu
tionWe fo
us on orthogonal pa
king problems where ninety-degree rotations are allowed. Theseproblems have many real-world appli
ations [5, 16℄: job s
heduling, 
ontainer loading, 
ut-ting of hardboard, glass, foam, et
.We present approximation algorithms for the 2-dimensional and the 3-dimensional ver-sions of the strip pa
king and the bin pa
king problems. In the d-dimensional version ofboth problems, d � 1, the input 
onsists of a list of d-dimensional items (not ne
essarily ofequal sizes) and a d-dimensional bin B. In the strip pa
king problem (dSP), de�ned onlyfor d � 2, one of the dimensions of the bin B, say height, is unlimited, and the goal is topa
k the list of items into B so as to minimize the height of the pa
king. In the bin pa
kingproblem (dBP), the dimensions of the bin B are limited, and the goal is to pa
k the list ofitems into a minimum number of bins.These problems and others of this nature have been more investigated in the versionin whi
h the pa
king is required to be oriented. In this version, the items and the binsare given with some orientation with respe
t to a 
oordinate system, and the items mustbe pa
ked into the bins in this given orientation. In this paper, we 
onsider pa
kings thatallow orthogonal rotations (that is, the items to be pa
ked may be rotated by ninety degrees�This resear
h was partially supported by MCT/CNPq through PRONEX program (Pro
. 664107/97-4)and CNPq (Pro
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around any of the axes); to distinguish them we may refer to them as r-pa
kings or pa
kingswith rotations (instead of saying non-oriented pa
king). In the 3-dimensional 
ase, we also
onsider a restri
ted variant of r-pa
king, 
alled here z-oriented pa
king. In this variant,ninety-degree rotations are allowed only around the z-axis.To di�erentiate from the 
lassi
al oriented versions, the problems to be 
onsidered herewill be denoted 2SPr (2-dimensional strip pa
king with rotation), 2BPr (2-dimensional binpa
king with rotation), 3SPr (3-dimensional strip pa
king with rotation), and 3BPr (3-dimensional bin pa
king with rotation). We also 
onsider the z-oriented 3-dimensionalstrip pa
king problem (3SPz), a variant of 3SP in whi
h the pa
king has to be z-oriented,where z is the height dire
tion.We present approximation algorithms with asymptoti
 performan
e bounds 1:613, 2:64,2:76, 4:89 and 2:64 for the problems 2SPr, 2BPr, 3SPr, 3BPr and 3SPz, respe
tively. Toour knowledge, these are the best bounds known for these problems.Approximation algorithms for the oriented versions of these pa
king problems have beenextensively 
onsidered. The most studied 
ase is the 1-dimensional bin pa
king problem(1BP), for whi
h the work of Johnson [12℄ in the early 1970s pioneered the approa
h ofdesigning eÆ
ient approximation algorithms with worst-
ase performan
e guarantee forpa
king problems. Sin
e 1BP is NP-hard and it is a parti
ular 
ase of all problems 
onsideredin this paper, it follows that ea
h problem 
onsidered here is NP-hard. Moreover, 1BP
annot be approximated |in the absolute sense| within 3=2; thus, this negative resultalso holds for the problems 
onsidered here.In what follows we only mention some previous results 
losely related to the problems wefo
us in this paper. For the problem 2SP, Kenyon and R�emila [13℄ obtained an asymptoti
polynomial time approximation s
heme (APTAS). For the problem 2BP, Chung, Garey andJohnson [4℄ proved that the algorithm HFF (Hybrid First Fit) has asymptoti
 performan
ebound 2:125. In 2001, Caprara [3℄ proved that this algorithm has asymptoti
 performan
ebound 2:077; and also presented an algorithm with asymptoti
 performan
e bound 1:691,the best bound known for the problem 2BP. Re
ently, Bansal and Sviridenko [2℄ provedthat there is no APTAS for 2BP, unless P = NP. In the same paper, they showed anAPTAS for a spe
ial version of 2BP in whi
h the items and the bins are squares; this resultwas also obtained by Correa and Kenyon [8℄. For the problem 3BP, Li and Cheng [14℄ andCsirik and van Vliet [9℄ designed algorithms with asymptoti
 performan
e bound 4:84. Theiralgorithms generalize to the problem dBP, giving an algorithm with asymptoti
 performan
ebound 
lose to 1:691d. For the problem 3SP, the best asymptoti
 performan
e boundpreviously known is 2:67, a
hieved by an algorithm we presented in [17℄.When rotations are allowed, the bounds of some algorithms for the oriented versionsmay also hold; this happens when the proofs are based only on area arguments. Ex
eptfor this type of results, very few approximation algorithms for r-pa
king problems haveappeared in the literature.In 2000, we presented in [19℄ an approximation algorithm for the problem 3SPz withasymptoti
 performan
e bound 2:67. We also showed an algorithm with bound 2:53 for thespe
ial 
ase of 3SPz in whi
h the bin has square bottom, and also for a more spe
ializedversion for pa
king boxes with square bottom. To our knowledge, [19℄ is the �rst paper topresent approximation algorithms for r-pa
king problems where rotations are exploited in2



a non-trivial way.As the problem 2BPr 
an be seen as a parti
ular 
ase of 3SPz, the algorithms presentedin [19℄ also lead to algorithms with asymptoti
 performan
e bound 2:67 for 2BPr, and 2:53for the spe
ial 
ase of 2BPr in whi
h the bins are squares. Re
ently, Epstein [10℄ improvedthe bound for this spe
ial 
ase of 2BPr, presenting an online algorithm with asymptoti
performan
e bound 2:45.Using the fa
t that there is no APTAS for 2BP (a result of Bansal and Sviridenko thatwe mentioned before), we may easily 
on
lude that there is no APTAS for the problem 3SP,unless P = NP. From the latter statement, we may also 
on
lude that there is no APTASfor the problem 3SPz, unless P = NP, sin
e the existen
e of su
h an APTAS for 3SPz wouldlead to an APTAS for 3SP (see 
omments on this in Se
tion 2).For a survey on approximation algorithms for pa
king problems, we refer the readerto [5, 6℄.This paper is organized as follows. In Se
tion 2, we de�ne the problems, give some basi
de�nitions and state some results. Ea
h of the Se
tions 3 to 7 are devoted to ea
h of theseproblems. In Se
tion 8 we present some 
on
luding remarks.An extended abstra
t 
ontaining early versions of the results of this paper appearedin [20℄, without the des
ription of all the algorithms and their analyses. The algorithmSPR we present in Se
tion 3 is slightly di�erent from its early version.2 PreliminariesIn this se
tion, we �rst de�ne the problems we fo
us in this paper, then give some basi
de�nitions, establish the notation, and mention some known results that we use in thispaper. We also dis
uss some relations (redu
tions) between algorithms for the orientedversion and the version with rotations.The two-dimensional strip pa
king problem with rotation, 2SPr, is the following: givena list of re
tangles L = (r1; : : : ; rn), where ri = (xi; yi), and a bin B = (a;1), �nd an r-pa
king of the re
tangles of L into B that minimizes the size of the pa
king in the unlimiteddire
tion of B.In the two-dimensional bin pa
king problem with rotation, 2BPr, we are given a list ofre
tangles L = (r1; : : : ; rn), where ri = (xi; yi), and two-dimensional bins B = (a; b), andwe are asked to �nd an r-pa
king of the re
tangles of L into a minimum number of bins B.The three-dimensional strip pa
king problem with rotation, 3SPr, is de�ned as follows:given a list of boxes L = (e1; : : : ; en), where ei = (xi; yi; zi), and a bin B = (a; b;1), �nd anr-pa
king of the boxes of L into B, that minimizes the size of the pa
king in the unlimiteddire
tion of B.In the three-dimensional bin pa
king problem with rotation, 3BPr, we are given a list ofboxes L = (e1; : : : ; en), where ei = (xi; yi; zi), and three-dimensional bins B = (a; b; 
), andwe are asked to �nd an r-pa
king of the boxes of L into a minimum number of bins B.We also 
onsider a spe
ial version of 3SPr, 
alled z-oriented three-dimensional strippa
king problem, 3SPz, de�ned analogously, ex
ept that, instead of an r-pa
king we requirea z-oriented pa
king, where the z-axis is the unlimited dire
tion of bin B.3



We denote by 2SPr(a), 2BPr(a; b), 3SPr(a; b), 3SPz(a; b) and 3BPr(a; b; 
) the 
orre-sponding problems versions with the bin sizes de�ned by values a, b and 
.2.1 De�nitions and NotationIn all problems 
onsidered in this paper, the given list L of items (re
tangles or boxes) mustbe pa
ked orthogonally into bins B (strips, re
tangles, boxes) in su
h a way that no twoitems overlap.For all algorithms we assume that every item e in the input list L is given in a feasibleorientation, that is, in an orientation that allows it to be pa
ked into B without the needof any rotation (there is no loss of generality in assuming this, as the items 
an be rotatedpreviously if needed). Moreover, we 
onsider that the items have ea
h of its dimensions notgreater than a 
onstant Z.To refer to the pa
kings we 
onsider the Eu
lidean spa
e R3 , with the xyz 
oordinatesystem. An item e in L has its dimensions de�ned as x(e), y(e) and z(e), also 
alledits length, width and height, respe
tively. Ea
h of these dimensions is the measure in the
orresponding axis of the xyz system. For the one- and the two-dimensional 
ases, some ofthese values are not de�ned.If e is a re
tangle then we denote by S(e) its area. If e is a box then the bottom area of eis the area of the re
tangle (x(e); y(e)), and V (e) denotes the volume of e. Given a fun
tionf : C ! R and a subset C 0 � C, we denote by f(C 0) the sum Pe2C0 f(e).Although a list of items is given as an ordered n-tuple, when the order of the items isirrelevant we 
onsider the 
orresponding list as a set. Therefore, if L is a list of items, werefer to the total area, respe
tively volume, of the items in L as S(L), respe
tively V (L).If L1; L2; : : : ; Lk are lists, where Li = (e1i ; e2i ; : : : ; enii ), the 
on
atenation of these lists,denoted by L1kL2k : : : kLk, is the list (e11; : : : ; en11 ; e12; : : : ; en22 ; : : : ; e1k; : : : ; enkk ).The following is a 
onvenient notation to de�ne and restri
t the input list of items.X [p; q℄ := fe : p � a < x(e) � q � ag ;Y [p; q℄ := fe : p � b < y(e) � q � bg ;Z [p; q℄ := fe : p � 
 < z(e) � q � 
g ;Cxy [p1; q1 ; p2; q2℄ := X [p1; q1℄ \ Y [p2; q2℄;Cyz [p1; q1 ; p2; q2℄ := Y [p1; q1℄ \ Z [p2; q2℄;Czx [p1; q1 ; p2; q2℄ := Z [p1; q1℄ \ X [p2; q2℄;Cxyz [p1; q1 ; p2; q2 ; p3; q3℄ := X [p1; q1℄ \ Y [p2; q2℄ \ Z [p3; q3℄;Cm := Cxyz �0; 1m ; 0; 1m ; 0; 1m�;Cxym := Cxy �0; 1m ; 0; 1m�;}1 := Cxy �0; 12 ; 0; 12�; }2 := Cxy �0; 12 ; 12 ; 1�;4



}3 := Cxy �12 ; 1 ; 0; 12�; }4 := Cxy �12 ; 1 ; 12 ; 1�;Cxy [a; b℄ := fe : x(e) � y(e) � ab g; Cyx [a; b℄ := fe : x(e) < y(e) � ab g:Given an item e = (s1; : : : ; st), we denote by �xy(e) the t-uple obtained from e byex
hanging only the x and y 
oordinates. That is, if e = (s1; s2; s3) then �xy(e) = (s2; s1; s3);and if e = (s1; s2) then �xy(e) = (s2; s1). Analogously, the notation �xz and �yz are used torefer to the ex
hange of the 
oordinates x and z and the 
oordinates y and z, respe
tively.When the two axes are 
lear, or when we refer to any two axes, we use simply the notation�. If T is a set of items, then we say that an item e in L is of type T if e0 2 T for somepermutation e0 of e. For pairs (L0;T ), where L0 is a list and T is a set of items, we de�nethe following fun
tions:rtype (L0;T ) := fe 2 L0 : some permutation of e belongs to T g;xy-type (L0;T ) := fe 2 L0 : e 2 T or �xy(e) 2 T g:If A is an algorithm (for one of the pa
king problems), and L is a list of items to bepa
ked, then A(L) denotes the size of the pa
king generated by algorithm A when appliedto list L, and OPT(L) denotes the size of an optimal pa
king of L. The size 
an be theheight of the pa
king or the number of bins used in the pa
king, depending on the problemwe are 
onsidering. Although OPT will be used for distin
t problems, its meaning will be
lear from the 
ontext. We say that an algorithm A has asymptoti
 performan
e bound �if there exists a 
onstant � su
h thatA(L) � �OPT(L) + �; for all input list L:If � = 0 than we say that algorithm A has absolute performan
e bound �.2.2 Relations between algorithms for oriented pa
kings and r-pa
kingsOne way to solve r-pa
king problems is to adapt algorithms developed for the oriented 
ase.In [19℄ we mention that, for the problem 3SPz, a simple algorithm that (rotates �rst all itemsso as to have them in a feasible orientation and) applies an algorithm for 3SP must have anasymptoti
 bound at least 3. It 
an be shown, using the same strategy, that no algorithm for2SPr, designed as we des
ribed above, 
an have asymptoti
 performan
e bound smaller than2. Similar results also hold for the problems 2BPr and 3BPr: no algorithm with asymptoti
performan
e bound smaller than 3 
an be obtained as des
ribed above (for more details see[19℄).Most of the results 
on
erning approximation results do not 
onsider rotations. Inthe early 1980s, Co�man, Garey and Johnson [5℄ dis
ussing the 
ase where ninety-degreerotations are allowed, mentioned that \no algorithm has been found (for the problem 2BP)5



that attains improved guarantees by a
tually using su
h rotations itself." Chung, Gareyand Johnson [4℄ also dis
ussed this matter and raised the question about the possibility ofobtaining algorithms with better worst-
ase bounds. For other papers that raise questionsabout rotations the reader may refer to [7, 13℄.We 
an show that when s
aling does not a�e
t the problem, for any of the generalpa
king problems 
onsidered, the version allowing rotations is as hard to approximate asthe oriented version. More pre
isely, we 
an show the following result.Theorem 2.1 Let PROBr be one of the problems de�ned previously, for whi
h orthogonalrotations around some of the axes x or y or z (possibly several axes) are allowed; andlet PROB be a variant of PROBr, obtained by �xing the orientation of the pa
king withrespe
t to some axis. Let � and � be 
onstants and Ar an algorithm for PROBr su
h thatAr(L) � �OPT(L) + � for any input list L of PROBr. Then, there is an algorithm A forPROB su
h that the following holds:A(L) � �OPT0(L) + � for any input list L of PROB:Moreover, the redu
tion is polynomial, if we 
onsider a 
onvenient representation for theinstan
e.We omit the proof of this theorem, and refer the reader to [19℄ for a proof for the problem3SPz.2.3 One-Dimensional Bin Pa
king ProblemMany algorithms we shall des
ribe use one-dimensional bin pa
king problem algorithms assubroutines. This se
tion is devoted to these algorithms and related results (see Co�man,Garey and Johnson [6℄).The one-dimensional bin pa
king problem, 1BP, 
onsists in pa
king a list L of one-dimensional items into a minimum number of one-dimensional bins B, of length a. Manyalgorithms have been designed for this problem. In what follows we des
ribe the following:NF (Next Fit), FF (First Fit) and FFD (First Fit De
reasing).The algorithm NF 
an be des
ribed as follows. Given a list of items L, it pa
ks the itemsin the order given by L. The �rst item is pa
ked into a bin whi
h be
omes the 
urrent bin;then as long as there are items to be pa
ked, the next item is tested. If possible, it is pa
kedinto the 
urrent bin; if it does not �t in the 
urrent bin, then it is pa
ked into a new bin,whi
h be
omes the 
urrent bin.The algorithm FF also pa
ks the items in the order given by L. It tries to pa
k ea
hnew item into one of the previous bins, 
onsidering the order they were generated. If it isnot possible to pa
k an item in any of the previous bins, the algorithm pa
ks it into a newbin.The algorithm FFD �rst sorts the items of L in de
reasing order of their length, andthen applies the algorithm FF.We also use the asymptoti
 polynomial time s
heme designed by Fernandez de la Vegaand Lu
ker [11℄, whi
h we denote by FL�. 6
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Figure 1: A pa
king generated by COLUMN(s)Theorem 2.2 [11, 6℄ For any rational � > 0, there exists a linear-time algorithm FL�for the one-dimensional bin pa
king problem su
h that, for any input list L, FL�(L) �(1 + �)OPT(L) + ��, where �� is a 
onstant that depends on �.3 Two-dimensional Strip Pa
king ProblemIn this se
tion we fo
us on the two-dimensional strip pa
king problem with rotation (2SPr).For the problem 2SP, Co�man, Garey, Johnson and Tarjan [7℄ presented the algorithmsNFDH(s) (Next Fit De
reasing Height) and FFDH(s) (First Fit De
reasing Height) andproved that their asymptoti
 performan
e bounds are 2 and 1.7, respe
tively. Baker, Co�-man and Rivest [1℄ presented another algorithm for 2SP, also with asymptoti
 performan
ebound 2, 
alled BLDW (Bottom Leftmost De
reasing Width). More re
ently, Kenyon andR�emila [13℄ obtained an asymptoti
 approximation s
heme for 2SP whi
h we denote byKR�. The following holds for this algorithm.Theorem 3.1 [13℄. For any rational � > 0, there exists a polynomial-time algorithm KR�for 2SP su
h that KR�(L) � (1 + �)OPT(L) + Z=�2, for any list L of re
tangles withdimensions at most Z.We note that for the problem 2SPr, the bound 2 of the algorithms BLDW and NFDH(s)is also valid, sin
e the proofs of the bounds are based only in area arguments.The algorithm we present for 2SPr in this se
tion is 
alled SPR (Strip Pa
king withRotation). Before presenting this algorithm, we des
ribe an algorithm used as subroutine
alled COLUMN(s). This algorithms builds a pa
king 
onsisting of two 
olumns, ea
h ofwhi
h is a sta
k of re
tangles pa
ked one on top of the other (see �gure 1). Ea
h 
olumn isasso
iated with a set of items (
alled 
riti
al sets), and the two sets are 
hosen 
arefully soas to guarantee a `good' pa
king. This algorithm 
ombines items of types that, if 
onsideredseparately, do not lead to good spa
e �lling. 7



The algorithm COLUMN(s) is 
alled with parameters (L1; L2; x1; x2), where L1 and L2are two 
riti
al sublists and x1 and x2 are positions where the 
olumns are built aligned tothe left, from the bottom of the strip. Ea
h sublist is asso
iated with one of the 
olumns.We 
all the height of the 
olumn the sum of the heights of the re
tangles in the 
orresponding
olumn.To pa
k a re
tangle, the algorithm 
hooses a 
olumn with the smallest height. Let hbe the height of this 
olumn and Li the list asso
iated with this 
olumn. In 
ase not allre
tangles of Li have been pa
ked, the next re
tangle is pa
ked in the position (xi; h). Then,the algorithm updates the list Li by removing the re
tangle r. This pro
ess is repeated untilone of the lists, L1 or L2 is totally pa
ked. The algorithm returns a pair (P 0; L0), whereP 0 is the pa
king generated and L0 is the set of the re
tangles pa
ked in P 0. We assumethat the positions x1 and x2 and the lists L1 and L2 are su
h that they do not generateinfeasible pa
kings.The following result holds for this algorithm.Lemma 3.2 Let P 0 be a pa
king of L0 � L1 [ L2 generated by the algorithm COLUMN(s)when applied to lists L1 and L2 for 2SP(a). If x(r) � li a and no re
tangle r 2 Li, i = 1; 2has height greater than Z, then H(P 0) � 1l1+l2 S(L0)a + Z:Proof. Consider the two 
olumns of the pa
king P 0. Note that ea
h 
olumn has height atleast H(P 0) � Z. Sin
e ea
h re
tangle of Li has width at least li a the total area of there
tangles is at least S(L) � (l1 + l2) a (H(P 0)� Z). Therefore, H(P 0) � 1l1+l2 S(L0)a + Z:We say that the value s in inequalities of the formH(P) � 1s S(L)a +Z is an area guaranteeof the pa
king P. The idea used in the algorithm SPR is to generate a pa
king 
onsistingof two parts. One part is asso
iated with a partial optimum pa
king generated with `large're
tangles (those with width greater than a=2) and the other part is asso
iated with apa
king with better area guarantee.The algorithm COLUMN(s) pa
ks together some large re
tangles with some `thin' re
t-angles. After this step, the pa
king of the remaining non-pa
ked re
tangles is done usingNFDH(s) strategy: �rst the re
tangles are sorted in de
reasing order of their height andthen they are pa
ked in this order, side by side generating levels. When a re
tangle 
annotbe pa
ked in a level, then a new level is 
reated parallel to the last one (and starting atthe top of the highest re
tangle of the previous level), and the pro
ess is repeated. Thefollowing result holds for the algorithm NFDH(s) [7℄.Lemma 3.3 For a list L, let N1; : : : ; Nv be the levels generated (in this order) by NFDH(s)(L).If w(Ni) is the total sum of the width of the re
tangles in Ni, and there exists a 
onstant ssu
h that w(Ni) � s a, for 1 � i � v � 1, then we have NFDH(s)(L) � 1s S(L)a + Z:Before we present the algorithm SPR, we state a result that will be useful in this se
tionand in the others. The proof of this result 
an be found in [18℄.8



Lemma 3.4 Suppose X;Y; x; y are real numbers su
h that x > 0 and 0 < X < Y < 1.Then x+ ymaxfx; X x+ Y yg � 1 + 1�XY :Algorithm SPR(L)Input: List of re
tangles L and a bin B = (a;1) (instan
e of 2SPr(a)))Output: Pa
king P of L into B.Subroutines: COLUMN(s) and NFDH(s).1 Rotate all re
tangles r 2 L with x(r) > a2 and y(r) � a2 .2 Rotate all re
tangles r 2 L with x(r) > a2 and x(r) < y(r) � a./* ea
h large re
tangle is rotated so as to have the lowest possible height. */3 Let p 1=p6.4 Let LA  L \ X [12 ; (1 � p)℄; LB  L \ X [1� 2p; p℄.5 (PAB ; LAB) COLUMN(s)(LA; LB ; 0; 1 � p).6 Let L L n LAB; L1  L \ X [12 ; 1℄; L2  L \ X [13 ; 12 ℄; L3  L \ X [0; 13 ℄:7 Pi  NFDH(s)(Li); i = 1; 2; 3.8 Popt  P1kPAB .9 Paux  P2kP3.10 Return PoptkPaux.End Algorithm.Theorem 3.5 For any input list L for the 2SPr(a), where the re
tangles of L have dimen-sions at most Z, we have SPR(L) � �SPROPT(L) + 3Z;where �SPR = 1 + p64 = 1:613 : : :.Proof. Let us �rst show that the pa
king PAB of the sublist LAB has area guarantees = 1=2 + (1 � 2p). Sin
e ea
h re
tangle of LA has width at least a2 and ea
h re
tangle ofLB has width at least (1� 2p)a, from Lemma 3.2 we have the following inequality.H(PAB) � 11=2 + (1� 2p) S(LAB)a + Z :Sin
e 1=2 + (1� 2p) � 1� p, we haveH(PAB) � 11� p S(LAB)a + Z: (1)9



Let Lopt be the set of re
tangles pa
ked in Popt. It is easy to see that Popt is an asymptoti
optimum pa
king of Lopt sin
e the large re
tangles (with x(r) > a2 ) of L1 [ L2 [ L3 [ LAB
annot be rotated, or if they 
an, they remain in the set de�ned as L1. Moreover, the largere
tangles of Lopt are pa
ked with the smallest height possible. Therefore, we haveH(Popt) � OPT(L) + Z: (2)Now, we analyse two 
ases.Case 1. LA � LAB . (All re
tangles of LA are totally pa
ked in PAB .)In this 
ase, all re
tangles of L1 have width greater than (1 � p)a . Thus, H(P1) �11�p S(L1)a : Sin
e H(Popt) = H(P1) +H(PAB), using (1), we obtainH(Popt) � 11� p S(Lopt)a + Z: (3)For the lists L2 and L3 the o

upied area in ea
h level of Pi, ex
ept perhaps in the last,is at least 23 a. So, from Lemma 3.3 we haveH(Pi) � 12=3 S(Li)a + Z; i = 2; 3: (4)Sin
e the pa
king Paux is the 
on
atenation of pa
kings P2 and P3, setting Laux := L1[L2,we have H(Paux) � 12=3 S(Laux)a + 2Z: (5)De�ning h1 and h2 as h1 := H(Popt)� Z and h2 := H(Paux)� 2Z, we haveOPT(L) � S(L)a � S(Lopt)a + S(Laux)a � (1� p)h1 + 23 h2 : (6)From (6) and (2) we have OPT(L) � maxfh1; (1� p)h1 + 23 h2g, and therefore, we obtainH(P) � �1OPT(L) + 3Z;where �1 = (h1 + h2)=maxfh1; (1� p)h1 + 23 h2g.Case 2. LB � LAB. (All re
tangles of LB are totally pa
ked in PAB .)The analysis of this 
ase is based on the same arguments used in Case 1; therefore, wepresent only the inequalities that 
an be obtained.H(Popt) � 11=2 S(Lopt)a + Z;H(Paux) � 12 p S(Laux)a + 2Z;OPT(L) � maxfh1; 12 h1 + 2 p h2g:From these inequalities and pro
eeding as in the previous 
ase, we haveH(P) � �2OPT(L) + 3Z;10



where �2 = (h1 + h2)=maxfh1; 12 h1 + 2 p h2g.Now 
onsider �1 and �2 obtained in Case 1 and Case 2, respe
tively. Using Lemma 3.4we 
an 
on
lude that �1 � 1+32 p and �2 � 1+ 14 p . Sin
e p = 1p6 , we have that 1+3 p2 = 1+ 14 p(in fa
t, the value of p de�ned in step 3 of the algorithm was obtained by imposing thisequality). Thus 
ombining 
ases 1 and 2 we 
an 
on
lude that H(P) � �OPT(L) + 3Z,where � = 1 + 32 p = 1:6123 : : : This 
ompletes the proof of the theorem.4 Two-Dimensional Bin Pa
king ProblemAs we mentioned in the introdu
tion, Caprara [3℄ presented a 1:691-approximation algo-rithm for 2BP; to our knowledge, this is the algorithm with the best asymptoti
 perfor-man
e bound that is known for this problem. In this se
tion, we present an algorithm forthe problem 2BPr, denoted by BIk;�. We show that the asymptoti
 performan
e bound ofthis algorithm does not ex
eed a value that 
an be made as 
lose to 2:64 as desired.The te
hniques we used to design algorithm BIk;� are very similar to the ones we usedfor the algorithm SPR: they are based on 
riti
al sets and 
ombination of them.Before presenting the algorithm, we des
ribe four algorithms whi
h will be used assubroutines: NFDH(2), BIm, FFC, and COMBINE-ABxyk . The algorithm BIm is used topa
k small re
tangles (and is based on NFDH(2)). The algorithm FFC is a spe
i�
 routinefor 2BPr used to 
ombine 
riti
al sets. The algorithm COMBINE-ABxyk is also used to
ombine 
riti
al sets, but as it is used in other algorithms for three-dimensional pa
kingproblems, it will be des
ribed in a more general way.The algorithm NFDH(2) (Next Fit De
reasing Height), �rst sorts the input list L inde
reasing order of height, then pa
ks the re
tangles side by side generating levels. Formore details on this algorithm the reader may refer to [16℄, where the proof of the followingresult may be found.Lemma 4.1 If L is a list of re
tangles L � Cxym and S(L) � �1� 1m�2 ab, then NFDH(2)pa
ks L into one bin (a; b).We denote by NFDH(2x), respe
tively NFDH(2y), the variant of NFDH(2) that 
reateslevels parallel to x-axis, repe
tively y-axis.The design of the next algorithm, BIm, is based on the above lemma, and a partitioningof the input list into sublists for whi
h we 
an guarantee an area o

upation of at least� mm+1�2 ab in ea
h bin, ex
ept perhaps in a 
onstant number of them.Algorithm BImInput: List of re
tangles L � Cxym .Output: Pa
king of L into bins R = (a; b).1 Partition the list L into sublists L1; : : : ; L6 as follows:11



L1  L \ Cxy h 1m+1 ; 1m ; 1m+1 ; 1mi; L2  L \ Cxy h0; 1m+1 ; 1m+1 ; 1mi;L3  L \ Cxy h 1m+1 ; 1m ; 0; 1m+1i; L4  L \ Cxy h0; 1m+1 ; 1m+2 ; 1m+1i \ Cxy ;L5  L \ Cxy h 1m+2 ; 1m+1 ; 0; 1m+1i \ Cyx; L6  L \ Cxy h0; 1m+2 ; 0; 1m+2i:3 Pi  NFDH(2y)(Li); i = 3; 5.4 Generate a pa
king P6 of L6 as follows:Partition the list L6 into sublists L16; : : : ; Lv6 su
h thatS(Li6) � �� mm+2�+ � 1m+2�2� ab; for i = 1; : : : ; v;S(Li6) + S(�rst(Li+16 )) > �� mm+2�+ � 1m+2�2� ab; for i = 1; : : : ; v � 1;where �rst(Li+16 ) returns the �rst item of the list Li+16 .Pi6  NFDH(2)(Li6) for i = 1; : : : ; v;P6  P16k : : : kPv6 .5 P  P1k : : : kP6.6 Return P.end algorithm.It is not diÆ
ult to see that, for i = 1; : : : ; 6 the area o

upied by the re
tangles of Liin the bins is at least �m+1m �2, ex
ept perhaps in 1 bin. Thus, the following result follows.Lemma 4.2 For any list of re
tangles L � Cxym we haveBIm(L) � �m+ 1m �2 S(L)ab + 6:In fa
t, the following generalization also holds.Lemma 4.3 Let A be an algorithm for 2BPr to pa
k re
tangles into a bin B = (a; b). IfA guarantees an area o

upation of at least s a b, s > 0, in ea
h bin, ex
ept perhaps in a
onstant number C of them, then the following holds for any input list L.A(L) � 1s S(L)a b + C � 1sOPT(L) + C: (7)We 
all the value s in the above lemma an area guarantee of the pa
king generated byA. Now, let us des
ribe the algorithm FFC, First Fit Column. The input parameters of thisalgorithm are a list of re
tangles L, two sets (types) of re
tangles T1 and T2 and two listsof 
oordinates p1 and p2 (
orresponding to positions in the bin B). The list pi is asso
iated12



with Ti and is 
omposed by ni points, i = 1; 2. This algorithm generates a pa
king whereea
h bin has n1 + n2 re
tangles, ex
ept perhaps the last.Algorithm FFC.Input: (L;T1;T2; p1; p2)Output: A pair (P; L0), where P is a pa
king su
h that all re
tangles in L of type T1or all re
tangles of type T2 are totally pa
ked; and L0 is the set of re
tanglesin the pa
king P.1 Repeat1.1 Let q 2 pi, for some i 2 f1; 2g, be a free position in the 
urrent bin (if there is nofree position, 
onsider a position in a new bin, whi
h be
omes the 
urrent bin).The positions in the bin where no re
tangles were pa
ked are 
onsidered free.1.2 Take an unpa
ked re
tangle r0 of type Ti (without loss of generality, 
onsiderr0 2 Ti, otherwise, rotate r0 previously).1.3 If there is no su
h a re
tangle in step 1.2 go to step 2.1.4 Pa
k r0 at the position q.2 Let L0 be the set of re
tangles pa
ked in P.3 Return (P; L0).End algorithm.In what follows we present the algorithm COMBINE-ABxyk . To des
ribe this algorithmwe have to de�ne some numbers whi
h are used to de�ne spe
ial 
riti
al sets. These numbershave already been used in [19, 17℄. For 
ompleteness, we present them, as well as the 
riti
alsets and related results.De�nition 4.4 Let r(k)1 ; r(k)2 ; : : : ; r(k)k+15 and s(k)1 ; s(k)2 ; : : : ; s(k)k+14 be real numbers de�ned asfollows:� r(k)1 ; r(k)2 ; : : : ; r(k)k are su
h thatr(k)1 12 = r(k)2 (1�r(k)1 ) = r(k)3 (1�r(k)2 ) = : : : = r(k)k (1�r(k)k�1) = 13 (1�r(k)k ) and r(k)1 < 49 ;� r(k)k+1 = 13 ; r(k)k+2 = 14 ; : : : ; r(k)k+15 = 117 ;� s(k)i = 1� r(k)i for i = 1; : : : ; k;� s(k)k+i = 1��2i+4�b i+23 
4i+10 � for i = 1; : : : ; 14;The following result 
an be proved using a 
ontinuity argument.Claim 4.5 The numbers r(k)1 ; r(k)2 ; : : : ; r(k)k are su
h that r(k)1 > r(k)2 > � � � > r(k)k > 13 andr(k)1 ! 49 as k !1. 13



For simpli
ity, we omit the supers
ripts (k) of the notation r(k)i ; s(k)i when k is 
lear fromthe 
ontext.Using the numbers in De�nition 4.4, we de�ne the following 
riti
al sets (see �gure 2).Axyi = Cxy �ri+1; ri ; 12 ; si�; Bxyi = Cxy �12 ; si ; ri+1; ri�;Axy = k+14[i=1 Axyi ; Bxy = k+14[i=1 Bxyi ; Axy[1�k℄ = k[i=1Axyi ; Bxy[1�k℄ = k[i=1Bxyi :The next de�nition refers to the lists of positions pi;j; qi;j; p0j ; q0j; p00j and q00j to be 
on-sidered when applying the algorithm FFC. To use in this 
ontext, we have to 
onsider aproportional s
aling for a bin B = (a; b).De�nition 4.6 Positions to 
ombine sublists of Axyi and Bxyj . We de�ne here thepositions only for i � j (the 
ase i > j is symmetri
); and these are relative to a bin (1; 1).� To 
ombine the lists Axyi (1 � i � k) and Bxyj (i � j � k), takepi;j = �(0; 0); � 12 ; 0�� and qi;j = [(0; si)℄ .(In this 
ase we 
an obtain a pa
king with an area guarantee of at least 12 .)� To 
ombine the list Axy[1�k℄ := Axy1 [: : :[Axyk with Bxyj (k+1 � j � k+14), we 
onsidertwo phases. We divide Axy[1�k℄ into A0xyj and A00xyj taking A0xyj := fb 2 Axy[1�k℄ : x(b) �1� sjg and A00xyj := Axy[1�k℄ n A0xy.? To 
ombine A0xyj with Bxyj takep0j = [(sj ; 0)℄ andq0j = h(0; 0) ;�0; 1j�k+2� ;�0; 2j�k+2� ; : : : ;�0; j�k+1j�k+2�i .(In this 
ase we 
an obtain a pa
king with an area guarantee of at least 1324 . Thisminimum is attained when j = k + 1.)? To 
ombine A00xyj with Bxyj takep00j = �(0; 0); (12 ; 0)� andq00j = h�0; 23�;�0; 23 + 1j�k+2�;�0; 23 + 2j�k+2�; : : : ;�0; 23 + �b j�k+23 
 � 1� 1j�k+2�i .(Here we 
an obtain a pa
king with an area guarantee of at least 2756 .)� To 
ombine the lists Axyi (k + 1 � i � k + 14) and Bxyj (i � j � k + 14), takepi;j = h(sj; 0) ;�sj + 1i�k+2 ; 0� ;�sj + 2i�k+2 ; 0� ; : : : ;�sj + (b(1� sj) � (i� k + 2)
 � 1) 1i�k+2 ; 0�i andqi;j = h(0; 0) ;�0; 1j�k+2� ;�0; 2j�k+2� ; : : : ;�0; j�k+1j�k+2�i .(In this 
ase we 
an also obtain an area guarantee of at least 2756 .)14



The proof of the next result follows from the areas guarantee we mentioned in thede�nition given above.Lemma 4.7 The following statements hold for the list of positions pi;j; qi;j; p0j ; q0j; p00j andq00j :(a) If P is a pa
king into a bin B = (a; b) generated by the algorithm FFC with parameters(L;Axyi ;Bxyj ; pi;j; qi;j), 1 � i; j � k or k+1 � i; j � k+14, then #(P) � 5627 S(L0)a b +Z,where L0 is the set of re
tangles pa
ked in P.(b) There is a partition of Axy[1�k℄ into sets A0xyj and A00xyj su
h that a pa
king P 0 generatedby the algorithm FFC with parameters (L;A0xyj ;Bxyj ; p0j ; q0j), k+1 � j � k+14, is su
hthat #(P 0) � 5627 S(P 00)a b + Z; and a pa
king P 00 generated by the algorithm FFC withparameters (L;A00xyj ;Bxyj ; p00j ; q00j ), k+1 � j � k+14, is su
h that #(P 00) � 5627 S(P 00)a b +Z.(
) De�ning positions symmetri
 to pi;j; qi;j; p0j ; q0j; p00j and q00j , analogous results hold whenthe sets Axy and Bxy are ex
hanged in the items above.Now, let us give an idea on how the 
ombination of items of types Axyk and Bxyk isdone by the algorithm COMBINE-ABxyk (see �gure 2). This algorithm is 
alled with �veparameters: (L; ftype ;TA;TB; COMBINE). The �rst parameter L is a list of items, ftypeis a fun
tion that is either rtype or xy-type ; TA and TB are sets used to restri
t the inputitems; and COMBINE is a subroutine 
alled to generate partial pa
kings by 
ombining twotypes of items. In the present se
tion, COMBINE will be the algorithm FFC and ftype willbe the fun
tion xy-type .For the informal des
ription, we refer to the des
ription in steps given in the sequel.The routine UPDATE re
eives a sequen
e of lists as input parameters, L1; : : : ; Lm. Thisfun
tion removes from the lists Li, 1 � i � m, all items that have already been pa
ked upto the moment of its 
all, and returns the updated lists.In step 3, the algorithm COMBINE-ABxyk 
alls the subroutine COMBINE to pa
k allitems of ftype (L;TA \ Axyk ) or all items of ftype (L;TB \ Bxyk ). For that, it 
ombines theitems of ftype (L;TA \ Axyk;i) with ftype (L;TB \ Bxyk;j), 1 � i; j � k. It starts 
ombiningitems of ftype (L;TA \ Axyk;1) with ftype (L;TB \ Bxyk;1). If all items of ftype (L;TA \ Axyk;i)have been pa
ked, then the algorithm pro
eeds 
ombining items of ftype (L;TA \ Axyk;i+1)with ftype (L;TB \ Bxyk;j); otherwise, of ftype (L;TA \Axyk;i) with ftype (L;TB \ Bxyk;j+1).After performing step 3, either all items of ftype (L;TA \ Axy[1�k℄) are pa
ked (go tostep 4) or all items of ftype (L;TB \ Bxy[1�k℄) are pa
ked (go to step 5). The steps 4 and5 are symmetri
, therefore, w.l.o.g., 
onsider that all items of ftype (L;TB \ Bxy[1�k℄) werepa
ked (step 4). In this 
ase, the set ftype (L;TA \ Axy[1�k℄) is divided in two parts: thesets ftype (L;TA \ Axy0j ) and ftype (L;TA \ Axy00j ). After this, the items of ea
h part are
ombined with the items of ftype (L;TB \ Bxyk;j). At the end of step 4, we have that allitems of ftype (L;TA \Axy[1�k℄) or all items of ftype (L;TB \Bxyk ) were pa
ked. In 
ase there15



are unpa
ked items of ftype (L;TB \ Bxyk ), they are pa
ked with the remaining items offtype (L;TA \Axyk ) in the same way as done in step 3.Algorithm COMBINE-ABxyk (L; ftype ;TA;TB ;COMBINE)Input: A list of items L; sets TA and TB and a subroutine COMBINE.Output: Partial pa
king PAB of L, su
h that all items of ftype (L;TA\Axyk ) or all items of ftype (L;TB\Bxyk ) are pa
ked.1 Let pi;j; qi;j , (1 � i; j � k + 14), and p0j; p00j ; q0j; q00j , (k + 1 � j � k + 14), be the positionsgiven in De�nition 4.6.2 i 1; j  1; PAB  ;:3 While (i � k and j � k) do3.1 P 0  COMBINE (L;TA \Axyk;i;TB \ Bxyk;j; pij ; qij).3.2 UPDATE (L).3.3 PAB  PAB [ P 0.3.4 if ftype (L;TA \Axyk;i) = ; then i i+ 1 else j  j + 1.4 if ftype (L;TB \ Bxy[1�k℄) = ; then4.1 While (j � k + 14 and ftype (L;TA \Axyk;i) 6= ;) do4.1.1 P 0  COMBINE (L;TA \A0xyj ;TB \ Bxyk;j; p0j ; q0j);4.1.2 P 00  COMBINE (L;TA \A00xyj ;TB \ Bxyk;j; p00j ; q00j );4.1.3 PAB  PABkP 0kP 00.4.1.4 UPDATE (L).4.1.5 if ftype (L;TB \ Bxyk;j) = ; then j  j + 1.4.2 i k + 1.5 else (all items of ftype (L;TA\Axy[1�k℄) were pa
ked) pro
eed as in step 4, in a symmetri
alway.6 While (i � k + 14 and j � k + 14) do6.1 P 0  COMBINE (L;TA \Axyk;i;TB \ Bxyk;j; pij ; qij).6.2 UPDATE (L).6.3 PAB  PAB [ P 0.6.4 if ftype (L;TA \Axyk;i) = ; then i i+ 1 else j  j + 1.7 Return PAB .End algorithm.The algorithms we des
ribed above is for the plane xy. We denote by COMBINE-AByzkand COMBINE-ABzxk the analogous algorithms using planes yz and zx, respe
tively. Thesealgorithms are also used in the algorithm we designed for the problem 3BPr (see Se
tion 7).Now, we are ready to des
ribe the algorithm BIk;�. This algorithm performs two 
om-bination steps. One for 
ombining 
riti
al items of types Axyk and Bxyk , and the other for16




ombining 
riti
al items of types TC and TD. The set Axyk is de�ned as the union of the setsAxyk;1; : : : ;Axyk;14 and the set Bxyk as the union of the sets Bxyk;1; : : : ;Bxyk;14 (see �gure 2). The
ombination is generated by the algorithm COMBINE-ABxyk and the items of one of thesetypes are totally pa
ked (see �gures 2 and 3). Denote by PAB the pa
king generated by thealgorithm COMBINE-ABxyk and by LAB the items pa
ked in PAB . The pa
king PAB hasan area guarantee of at least 17=36.After step 3, suppose that all re
tangles of type B were pa
ked. Consider the listsL1; : : : ; L23, de�ned in step 4.5 of the algorithm BIk;�. The pa
king of lists L1 and L18,generated by the algorithm NFDH, has an area guarantee 
lose to 49 ; but for the sublistsL2; : : : ; L17; L19; : : : ; L23 the NFDH strategy generates pa
kings with area guarantee at least17=36. The pa
kings with this area guarantee are pa
kings with good area guarantee. Theset of re
tangles in L1 and L18 give pa
kings with area guarantee 49 , if pa
ked by NextFit De
reasing strategy. Therefore, we use the set TD := T 0D [ T 00D (see step 4.3) to de�nethe 
riti
al re
tangles in L1 [ L18 that give pa
kings with area guarantee 
lose to 49 (there
tangles in (L1 [ L18) n TD give pa
kings with good area guarantee).Another 
riti
al set 
omes from the items in L \ (}2 [ }4) n LAB . These items givepa
kings with area guarantee 14 . So, we use the set TC to obtain the 
riti
al re
tangles ofL \ (}2 [ }4) n LAB that give pa
kings with area guarantee 
lose to 14 .We use the algorithm FFC to 
ombine the items of type TC and TD. The pa
king thatis generated has bins with one re
tangle of type TC and one re
tangle of type T 0D, or onere
tangle of type TC and two re
tangles of type T 00D. If PCD is a pa
king generated byFFC, and LCD is the set of re
tangles pa
ked in PCD, then all re
tangles of type TC orall re
tangles of type TD are totally pa
ked in the pa
king PCD. The pa
king PCD alsohas area guarantee 
lose to 1736 . Depending on whi
h set is totally pa
ked in PCD, we 
animprove either the area guarantee of 14 , of L\ (}2 [}4) n (LAB [LCD) pa
king, or the areaguarantee of 49 , of the L \ (}1 [ }3) n (LAB [ LCD) pa
king.Algorithm BIk;�(L)Input: List of re
tangles L (instan
e of 2BPr(a; b)).Output: Pa
king P of L into bins R = (a; b).1 Rotate all re
tangles r 2 L \ }4 where �(r) 2 }1 [ }2 [ }3./* Let R1  fr 2 L \ }4 : �(r) 2 }1 [ }2 [ }3g; L (L nR1)S �(R1). */2 t (p33� 3)=6.3 PAB  COMBINE-ABxyk (L; xy-type ; }2; }3;FFC):UPDATE (L):4 If all re
tangles of xy-type(L;Bxyk ) were pa
ked then4.1 Rotate the re
tangles of L \ }2 that �ts in }1 [ }3.4.2 Rotate the re
tangles b of L \ (}2 [ }4) so as to have b 2 C1 and x(b) minimum./* The items in L \ (}2 [ }4) will be 
onsidered in step 4.8. */17



4.3 Let TC = Cxy �12 ; 1 ; 12 ; 1� t�; T 0D = Cxy [0; t ; 0; 1℄;T 00D = Cxy [0; t ; 0; 1℄; TD = T 0DST 00D;LC  xy-type (L;TC); LD  xy-type (L;TD):4.4 Generate pa
king PCD as follows.(PCD0 ; LCD0) FFC (L;TC ;T 0D; [(0; 0)℄; [(0; 1 � t)℄).(PCD00 ; LCD00) FFC (L;TC n LCD0 ;T 00D; [(0; 0)℄; [(0; 1 � t); (12 ; 1� t)℄).PCD  PCD0kPCD00 ;LCD  LCD0 SLCD00 . /* LC or LD is totally pa
ked in LCD. */4.5 Partition the list L \ (}1 [ }3) into sublists L1; : : : ; L23 as follows (see �gure 3).Li  LT Cxy h12 ; 1 ; 1i+2 ; 1i+1i; i = 1; : : : ; 16; L17  LT Cxy �12 ; 1 ; 0; 118�;L18  LT Cxy �13 ; 12 ; 13 ; 12�; L19  LT Cxy �13 ; 12 ; 14 ; 13�;L20  LT Cxy �13 ; 12 ; 0; 14�; L21  LT Cxy �14 ; 13 ; 13 ; 12�;L22  LT Cxy �0; 14 ; 13 ; 12�; L23  LT Cxy �0; 13 ; 0; 13�:4.6 Generate pa
kings P1; : : : ;P23 as follows.Pi  NFDH(2y)(Li) for i = 1; : : : ; 21;Pi  NFDH(2x)(Li) for i = 22;P23  BI3(L23).4.7 UPDATE (L). /* Note that L � }2 [ }4. */4.8 Consider ea
h re
tangle of L as a one-dimensional item of length x(r) and ea
htwo-dimensional bin as a one-dimensional bin of length a.Apply the algorithm FL� into L; let PFL� be this pa
king.Let PFFD be the pa
king FFD (L\X [0; 13 ℄)kFFD (L\X [13 ; 12 ℄)kFFD (L\X [12 ; 1℄).Let PUNI be the smallest pa
king in fPFL� ;PFFDg.4.9 Paux  PABkPCDkP1k : : : kP23;4.10 P  PUNIkPaux.5 If all re
tangles of xy-type(L;Axyk ) were pa
ked, then generate a pa
king P of L as instep 4 (in a symmetri
 way).6 Return P.End algorithm.The next theorem gives an asymptoti
 performan
e bound of the algorithm BIk;�.Theorem 4.8 For any instan
e L of 2BPr, we haveBIk;�(L) � �k;�OPT(L) +O�k + 1�� ;where �k;� ! (25 + 3p33)=16 = 2:639 : : : as k !1 and �! 0.18
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Figure 2: Sublists Ai := Axyi and Bj := Bxyj .Proof. We present the proof for the 
ase in whi
h all re
tangles of xy-type (L;Bxyk ) werepa
ked in step 4. The proof for the other 
ase (step 5) is analogous. This proof is dividedin two 
ases, a

ording to step 4.4 (LC � LCD).Ea
h pa
king Pi, i 2 f1; : : : ; 23g n f1; 18g, has an area guarantee of at least 1736 a b, thisminimum being attained when i 2 f16; 17g. Therefore, applying Lemma 4.3 and 4.2 we 
an
on
lude that #(Pi) � 3617 S(Li)ab + 1; for i 2 f1; : : : ; 23g n f1; 18g: (8)Now, for ea
h partial pa
king Q of PAB generated by the algorithm COMBINE-ABxyk ,we have #(Q) � 5627 S(Q)ab + 1. To see this, use Lemma 4.7 to 
on
lude that in ea
h one ofthese pa
kings, the area guarantee in ea
h bin, ex
ept perhaps in the last, is at least 2756ab.Sin
e there exists a maximum of (2k � 1) + 28 + 14 = 2k + 41 pa
kings generated by LAand LB, we have #(PAB) � 5627 S(LAB)ab + (2k + 41). So, the following holds.#(PAB) � 3617 S(LAB)ab + (2k + 41): (9)For pa
kings PCD0 and PCD00 (in step 4.4), the 
ombined area in ea
h bin is at least19
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Figure 3: Sublist after the pa
king of list LB = (B1 [ : : : [Bk+14).(14 + r12 )ab, then it follows from Lemma 4.3 that#(PCD) � 1�14 + r12 � S(LCD)ab + 2: (10)Let us analyze the two possibilities: LC � LCD or LD � LCD (see step 4.4).Case 1. LC � LCD.For pa
kings P1 and P18 we have:#(P1) � 1r1 S(L1)ab + 1; (11)#(P18) � 149 S(L18)ab + 1: (12)By Theorem 2.2, #(PUNI) � #(PFL�) � (1 + �)OPT(LUNI) + ��; (13)20



where LUNI is the set of items pa
ked in PUNI. Note that to derive the last inequality weused the fa
t the items in LUNI 
annot be pa
ked side by side in the y-dire
tion. Also notethat with the algorithm FFD applied to list LUNI we obtain the following inequality#(PUNI) � #(PFFD) � 1(1� t)12 S(LUNI)ab + 3: (14)Now, for the pa
king Paux = PABkP1k : : : kP23, using the inequalities (9),...,(12) andthe fa
t that r1 � min�1736 ; 14 + r12 ; 49	, we obtain#(Paux) � 1r1 S(Laux)ab + (2k + 68); (15)where Laux denotes the set of re
tangles in the pa
king Paux.Let n1 := #(PUNI)� ��; (16)n2 := #(Paux)� (2k + 68): (17)From inequality (13) we have n1 � (1 + �)OPT(LUNI) and therefore,OPT(L) � OPT(LUNI) � n1(1 + �) : (18)From (15) and (17) we 
an 
on
lude thatS(Laux)ab � r1n2; (19)and from (14) and (16), we have S(LUNI)ab � (1� t)2 n1: (20)Sin
e S(L) = S(Laux) + S(LUNI), using (19) and (20) we obtain S(L)ab � r1n2 + (1�t)2 n1.So, OPT(L) � S(L)ab � r1n2 + (1� t)2 n1:Combining (18) and the above inequality, it follows thatOPT(L) � max� 11 + �n1; 1� t2 n1 + r1n2� :Sin
e #(P) = #(Paux) + #(PUNI); using (16) and (17), we have#(P) = (n2 + (2k + 68) + n1 + ��) = n1 + n2 + �2k + �0�� ;where �0� = �� + 68. Therefore,BIk;�(L) � �0k;�(r1)OPT(L) + �2k + �0�� ;21



where �0k;�(r1) = (n1 + n2)=maxn 11+�n1; (1�t)2 n1 + r1n2o. Now using Lemma 3.4, we 
an
on
lude that �0k;�(r1) � h 1r1 � (1�t)(1+�)2r1 + (1 + �)i.Case 2. LD � LCD.The proof of this 
ase is analogous. Therefore, the proof is shortened. Sin
e all re
tanglesof L0D were pa
ked in PCD, we have an area guarantee of at least t for bins of P1, ex
eptperhaps the last. The same 
an be veri�ed for the pa
king P18. Thus, the following holds.#(Pi) � 1t S(Li)ab + 1 for i 2 f1; 18g: (21)Sin
e t � min�14 + r12 ; 1736	, from (21), (9) and (10) we have#(Paux) � 1t S(Laux)ab + (2k + 68): (22)By Theorem 2.2, #(PUNI) � #(PFL�) � (1 + �)OPT(LUNI) + ��: (23)The pa
king PFFD has an area guarantee of at least 14 in all bins, ex
ept perhaps in threeof them; and sin
e #(PUNI) � #(PFFD), we have#(PUNI) � 11=4 S(LUNI)ab + 3: (24)Let n1 := #(PUNI)� ��; andn2 := #(Paux)� (2k + 68):Then, from (23) we 
an 
on
lude thatOPT(L) � OPT(LUNI) � 11 + �n1:Now, from (22) and (24), we haveS(Laux)ab � t n2 and S(LUNI)ab � 14n1;and therefore, OPT(L) � S(L)ab � t n2 + 14n1 :So, OPT(L) � max� 11 + �n1; 14n1 + t n2� :Thus, BIk;�(L) � �00k;�(r1)OPT(L) + (2k + �0�), where �00k;�(r1) � h1t � (1+�)4t + (1 + �)i. Thelast inequality follows by taking �00k;�(r1) = (n1 + n2)=maxn 11+�n1; 14n1 + tn2o and usingLemma 3.4.From both 
ases above, we 
an 
on
lude that for k ! 1 and � ! 0 the statement ofthe theorem holds. 22



5 Three-Dimensional Strip Pa
kingIn this se
tion, we present an algorithm for 3SPr, 
alled TRIk, with asymptoti
 performan
ebound 
lose to 2:75. This algorithm uses many other algorithms as subroutines, whi
h wedes
ribe in what follows. For them, the following result will be useful (see [17, 19℄).Lemma 5.1 Let L be an instan
e of 3SPr and P be a pa
king of L 
onsisting of levelsN1; : : : ; Nv su
h that minfz(b) : b 2 Nig � maxfz(b) : b 2 Ni+1g, and S(Ni) � s a b for agiven 
onstant s > 0, i = 1; : : : ; v � 1. Then H(P) � 1s V (L)a b + Z.The value s in the above lemma is 
alled volume guarantee of the pa
king P.First we des
ribe the algorithm NFDH (Next Fit De
reasing Height) presented by Liand Cheng in [15℄. The algorithm has two variants: NFDHx and NFDHy. The notationNFDH is used to refer to any of these variants.The algorithm NFDHx �rst sorts the boxes of L in de
reasing order of their height,say L = (e1; e2; : : : ; en). The �rst box e1 is pa
ked in the position (0; 0; 0), the next one ispa
ked in the position (x(e1); 0; 0) and so on, side by side, until a box is found that doesnot �t in this layer. At this moment the next box ek is pa
ked in the position (0; y(e�); 0),where y(e�) = maxfy(ei); i = 1; : : : ; k � 1g. The pro
ess 
ontinues in this way until a boxel is found that does not �t in the �rst level. Then the algorithm pa
ks this box in a newlevel at the height z(e1). The algorithm pro
eeds in this way until all boxes of L have beenpa
ked.The algorithm NFDHy is analogous to the algorithm NFDHx, ex
ept that it generatesthe layers in the y-axis dire
tion (for a more detailed des
ription see [15℄).Another algorithm we use is the algorithm LLm, presented by Li and Cheng [15℄. Thisalgorithm generates a level oriented pa
king for lists L � Cxym , satisfying the 
onditionsof Lemma 5.1, and with volume guarantee at least m�2m . So, the following holds for thisalgorithm (see [15℄).Lemma 5.2 If P is a pa
king generated by the algorithm LLm for an instan
e L � Cxym ,then H(P) � � mm�2�V (L) + Z.We des
ribe now the algorithm BI(t)m , whi
h is used to pa
k small items. This algorithmis a 3-dimensional version of the algorithm BIm for 2BPr.Algorithm BI(t)mInput: List of boxes L � Cxym .Output: Pa
king of L into a box B = (a; b;1).1 Partition the list L into sublists L1; : : : ; L6 as follows.L1  L \ Cxy h 1m+1 ; 1m ; 1m+1 ; 1mi; L2  L \ Cxy h0; 1m+1 ; 1m+1 ; 1mi;L3  L \ Cxy h 1m+1 ; 1m ; 0; 1m+1i; L4  L \ Cxy h0; 1m+1 ; 1m+2 ; 1m+1i \ Cxy ;L5  L \ Cxy h 1m+2 ; 1m+1 ; 0; 1m+1i \ Cyx; L6  L \ Cxy h0; 1m+2 ; 0; 1m+2i:23



2 Pi  NFDHx(Li); i = 1; 2; 4;3 Pi  NFDHy(Li); i = 3; 5.4 P6  LLm(L6).5 P  P1k : : : kP6.6 return P.end algorithm.Lemma 5.3 For any list of boxes L � Cxym , m � 2, where ea
h box has height at most Z,we have BI(t)m (L) � �m+ 1m �2 V (L)ab + 6Z:Proof. The proof is similar to the one given for Lemma 4.2. It follows from the fa
t thatea
h partial pa
king Pi satis�es the 
onditions of Lemma 5.1 with volume guarantee at least�m+1m �2.Finally, we des
ribe the algorithm COL, whi
h is similar to the algorithm FFC for theproblem 2BPr. This algorithm has parameters (L;T1;T2; p1; p2), where ea
h Ti is a set ofboxes and pi is a list of 
oordinates in the plane xy, where the boxes of type Ti 
an bepa
ked, i = 1; 2. Boxes in the same 
oordinate p 2 pi in the plane xy, are pla
ed one on topof the other, generating a 
olumn at position p. At ea
h iteration, the algorithm 
hoosesa 
olumn with the smallest height, say a 
oordinate in pi and pa
ks the next box b 2 Li,of type Ti, on the top of that 
olumn (if needed, rotate box b so as to have b 2 Ti). Thepro
ess terminates when all boxes in L of type T1 or of type T2 are pa
ked. The algorithmreturns a pair (P; L0) where P is the pa
king generated by the algorithm, and L0 is the setof boxes in L1 [ L2 that were pa
ked in P.Algorithm TRIkInput: List of boxes L (an instan
e of 3SPr(a; b)).Output: Pa
king P of L into B = (a; b;1).1 Rotate all possible boxes e 2 L \ }4 to an orientation e0 2 }2 [ }3.2 Rotate all possible boxes e 2 L \ (}2 [ }3) to an orientation e0 2 }1.3 PAB  COMBINE�ABxyk (L; rtype ; Cxy1 ; Cxy1 ;COL).4 UPDATE (L).5 If all boxes of rtype(L;Bxyk ) have been pa
ked then5.1 Rotate all possible boxes e 2 L \ }2 to a box e0 2 }3.5.2 Rotate ea
h box e 2 }4 so as to have e 2 }4 and z(e) minimum.24



5.3 Let t 17=36 ;TC = Cxy �12 ; 1 ; 12 ; 1� t�; T 0D = Cxy [0; t ; 0; 1℄;T 00D = Cxy [0; t ; 0; 1℄; TD = T 0DS T 00D;LC = rtype(L;TC); LD = rtype(L;TD):5.4 Generate a pa
king PCD as follows.(PCD0 ; LCD0) COL(L;TC ;T 0D; [(0; 0)℄; [(0; 1 � t)℄).(PCD00 ; LCD00) COL(L;TC n LCD0 ;T 00D ; [(0; 0)℄; [(0; 1 � t); (12 ; 1� t)℄).PCD  PCD0kPCD00 .LCD  LCD0 SLCD00 . /* LC or LD is totally pa
ked in LCD. */UPDATE(L).5.5 Partition the list L into sublists L1; : : : ; L23 as follows (see �gure 3).Li  LT Cxy h12 ; 1 ; 1i+2 ; 1i+1i; i = 1; : : : ; 16; L17  LT Cxy �12 ; 1 ; 0; 118�;L18  LT Cxy �13 ; 12 ; 13 ; 12�; L19  LT Cxy �13 ; 12 ; 14 ; 13�;L20  LT Cxy �13 ; 12 ; 0; 14�; L21  LT Cxy �14 ; 13 ; 13 ; 12�;L22  LT Cxy �0; 14 ; 13 ; 12�; L23  LT Cxy �0; 13 ; 0; 13�:5.6 Generate pa
kings P1; : : : ;P23 as follows.Pi  NFDHy(Li), for i = 1; : : : ; 21.P22  NFDHx(L22).P23  BI(t)3 (L23).5.7 UPDATE (L). /* Note that L � }2 [ }4. */5.8 If LC � LCDthen /* (Case 1) LC is totally pa
ked, see �gure 4, Cases 1.1 and 1.2.*/p ��36 + 3p6 +p11078 + 2216p6� / �38 �4 +p6��else /* (Case 2) LD � LCD is totally pa
ked see �gure 4, Cases 2.1 and 2.2.*/p ��72 +p6 +q6 �3313 + 588p6�� / �36 �4 +p6��.5.9 Generate a pa
king PEF as follows.TE  Cxy �12 ; 1� p ; 12 ; 1�; T 0F  Cxy �17 ; p ; 12 ; 1�;T 00F  Cxy � 118 ; 17 ; 12 ; 1�; TF  T 0F [ T 00F ;LE  rtype(L;TE); LF  rtype(L;TF ):(PEF 0 ; LEF 0) COL(L;TE ;T 0F ; [(0; 0)℄; [(1 � p; 0)℄).(PEF 00 ; LEF 00) COL(L;TE n LEF 0;T 00F ; [(0; 0)℄; [(0; 1 � p);(0; 1 � p+ 17); : : : ; (0; 1 � p+ (b p1=7
 � 1)17 )℄):PEF  PEF 0kPEF 00 .LEF  LEF 0 [ LEF 00 . /* LE or LF is totally pa
ked in LEF . */5.10 If LE � LEF /* (Sub
ase 1) LE is totally pa
ked */25



thenRotate (if possible) ea
h box e 2 L \ (}2 [ }4) to a box e0 2 Cxy1 so as tohave x(e0)z(e0) minimum.Considering the fa
e of ea
h box in the plane xz as a re
tangle, use thealgorithm SPR to generate a pa
king PSPR of L.POC  NFDHx((L n LEF ) \ }4).P2e  NFDHx((L n LEF ) \ Cxy �0; 13 ; 12 ; 1�).P2d  NFDHx((L n LEF ) \ Cxy �13 ; 12 ; 12 ; 1�).P 0  POCkP2ekP2dkPEF .P 00  (a pa
king P 2 fPSPR;P 0g su
h that H(P) is minimum).Paux  PABkPCDkP1k : : : kP23.Let L00 and Laux be the lists of boxes pa
ked in P 00 and Paux, resp.P  PauxkP 00.5.11 If LF � LEF /* (Sub
ase 2) LF is totally pa
ked */thenPOC  NFDHx((L n LEF ) \ }4).P2e  NFDHx((L n LEF ) \ Cxy �0; 118 ; 12 ; 1�).P2d  NFDHx((L n LEF ) \ Cxy �p; 12 ; 12 ; 1�).P 0  POCkPEF .Paux  PABkPCDkP2ekP2dkP1k : : : kP23.Let L0 and Laux be the lists of boxes pa
ked in P 0 and Paux, resp.P  PauxkP 0.6 If all boxes of rtype(L;Axyk ) have been pa
ked then generate a pa
king P of L as in step5 (in a symmetri
 way).7 Return P.end algorithm.The next theorem gives an asymptoti
 performan
e bound of the algorithm TRIk whenk !1.Theorem 5.4 For any instan
e L for the problem 3SPr we haveTRIk(L) � �kOPT(L) + �kZ ;where limk!1 �k � 2:76 and �k = O(k).Proof. We present the proof for the 
ase in whi
h all boxes of rtype(L;Bxyk ) have beenpa
ked (see step 5). The proof for the other 
ase (step 6) is analogous. We 
onsider 4 
ases,a

ording to step 5.8 (LC � LCD) or (LD � LCD), step 5.10 (LE � LEF ) and step 5.11(LF � LEF ).Sin
e many steps of the algorithm TRIk are similar to the ones of the algorithm Ak,presented in [17℄ for the problem 3SP, many of the inequalities obtained in the analysis ofAk are valid, mainly the ones that present volume guarantee. We present the inequalitieswe need, but omit the proofs, as they 
an be found in [17℄.26
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king the 
riti
al sets.Claim: H(Pi) � 117=36 V (Li)ab + Z for i 2 f1; : : : ; 22g n f1; 18g ; (25)H(P23) � 117=36 V (L23)ab + 3Z ; (26)H(PAB) � 117=36 V (LAB)ab + (2k + 41)Z ; (27)27



H(PCD) � 1�14 + r12 � V (LCD)ab + 2Z ; (28)H(PEF ) � 11=4 + 1=14 V (LEF )ab + 2Z : (29)To distinguish the value of p in 
ases 1 and 2, we denote by p1 and p2 the values of p inthese 
ases, respe
tively.Case 1.1 (LC � LCD) and (LE � LEF ).In this 
ase, the following inequalities hold:H(POC) � 1(1� p1)(1� t) V (LOC)ab ; (30)H(P2ekP2d) � 11=3 V (L2e [ L2d)ab + 2Z; (31)H(P1) � 1r1 V (L1)ab + Z; (32)H(P18) � 14=9 V (L18)ab + Z: (33)Sin
e (1� p1)(1 � t) � minf1=3; 1=4 + 1=14g, and P 0 = POCkP2ekP2dkPEF , we haveH(P 00) � H(P 0) � 1(1� p1)(1 � t) V (L0)ab + 4Z : (34)Considering pa
king PSPR, from Theorem 3.5 and the fa
t thatH(P 00) = minfH(P 0);H(PSPR)g,we have H(P 00) � H(PSPR) � �SPROPT(L00) + 3Z ; (35)where �SPR = 1 + p64 .Sin
e r1 � minf4=9; 17=36; 1=4 + r1=2g, and Paux = PABkPCDkP1k : : : kP23, we haveH(Paux) � 1r1 V (Laux)ab + (2k + 68)Z : (36)From inequalities (34), (36) and (35) we haveH(P) � �0k(r1)OPT(L) + (2k + 72)Z;where �0k(r1) = (h1 + h2)=maxf 1�SPR h1; (1 � p)(1� t)h1 + r1h2g:Case 1.2 (LC � LCD) and (LF � LEF ).In this 
ase, the following inequalities hold:H(POC) � 1(1� t)=2 V (LOC)ab ; (37)H(P2ekP2d) � 1p1 V (L2e [ L2d)ab + 2Z; (38)H(P1) � 1r1 V (L1)ab + Z; (39)H(P18) � 14=9 V (L18)ab + Z: (40)28



Sin
e (1� p1)=2 � 1=4 + 1=14, and P 0 = POCkPEF , we haveH(P 0) � 1(1� p1)=2 V (L0)ab + 4Z : (41)Moreover, from steps 1, 2, 5.1 and 5.2 the pa
king of P 0 has a 
olumn of big boxes of }4 forwhi
h the only possible pa
king is to pla
e one box on top of the other. Therefore,H(P 0) � OPT(L0) + 2Z : (42)Sin
e p1 � minfr1; 4=9; 17=36; 1=4+r1=2g, and Paux = PABkPCDkP2ekP2dkP1k : : : kP23,we have H(Paux) � 1p1 V (Laux)ab + (2k + 70)Z : (43)From inequalities (41){(43) we haveH(P) � �00k(r1)OPT(L) + (2k + 74)Z;where �00k(r1) = (h1 + h2)=maxfh1; (1� p1)=2h1 + p1h2g:Case 2.1 (LD � LCD) and (LE � LEF ).In this 
ase, the following inequalities hold:H(POC) � 1(1� p2)=2 V (LOC)ab ; (44)H(P2ekP2d) � 11=3 V (L2e [ L2d)ab + 2Z; (45)H(P1) � 1t V (L1)ab + Z; (46)H(P18) � 14t=3 V (L18)ab + Z: (47)Sin
e (1� p2)=2 � minf1=3; 1=4 + 1=14g, and P 0 = POCkP2ekP2dkPEF , we haveH(P 0) � 1(1� p2)=2 V (L0)ab + 4Z : (48)Considering pa
king PSPR, from Theorem 3.5 and the fa
t thatH(P 00) = minfH(P 0);H(PSPR)g,we have H(P 00) � �SPROPT(L00) + 3Z : (49)Sin
e 1=4 + r1=2 � minf4t=3; t; 17=36g, and Paux = PABkPCDkP1k : : : kP23, we haveH(Paux) � 11=4 + r1=2 V (Laux)ab + (2k + 68)Z: (50)From inequalities (48), (50) and (49) we haveH(P) � �0k(r1)OPT(L) + (2k + 72)Z;29



where �0k(r1) = (h1 + h2)=maxf 1�SPR h1; (1� p2)=2h1 + (1=4 + r1=2)h2g:Case 2.2 (LD � LCD) and (LF � LEF ).In this 
ase, the following inequalities are valid:H(POC) � 11=4 V (LOC)ab ; (51)H(P2ekP2d) � 1p2 V (L2e [ L2d)ab + 2Z; (52)H(P1) � 1t V (L1)ab + Z; (53)H(P18) � 14t=3 V (L18)ab + Z: (54)Sin
e 1=4 � 1=4 + 1=14, and P 0 = POCkPEF , we haveH(P 0) � 11=4 V (L0)ab + 4Z : (55)Moreover, from steps 1, 2, 5.1 and 5.2 the pa
king of P 0 has a 
olumn of big boxes of }4,where the only possible pa
king is to pla
e one box over the other. Therefore,H(P 0) � OPT(L0) + 2Z : (56)Sin
e p2 = minf4t=3; t; 17=36; 1=4+r1=2g, and Paux = PABkPCDkP2ekP2dkP1k : : : kP23,we have H(Paux) � 1p2 V (Laux)ab + (2k + 70)Z : (57)From inequalities (55){(57) we haveH(P) � �00k (r1)OPT(L) + (2k + 74) Z ;where �00k (r1) = (h1 + h2)=maxfh1; (1=4)h1 + p2h2g:Now let �k(r1) := maxf�0k(r1); �00k(r1)g and �k(r1) := maxf�0k(r1); �00k (r1)g, where �0k(r1),�00k(r1), �0k(r1) and �00k (r1) are the values obtained in the 
ases 1.1, 1.2, 2.1 and 2.2.Sin
e r1 ! 49 as k !1, applying Lemma 3.4 we 
an 
on
lude that �0k(r1)! 2:727558 : : :and �00k(r1)! 2:753151 : : :. This 
ompletes the proof of the theorem.6 z-Oriented Three-Dimensional Strip Pa
king ProblemIn this se
tion we 
onsider the problem 3SPz, for whi
h we exhibit an algorithm withasymptoti
 performan
e bound 2:64 �.�In [19℄ this problem is 
alled \z-oriented three-dimensional pa
king problem". We 
onsidered 
onvenientto add the term \strip" to di�erentiate it from the bin pa
king version.30



The algorithm follows the algorithm BIk;�, presented for the two-dimensional bin pa
kingproblem. It uses the algorithm COLz, whi
h is similar to the algorithm COL, ex
ept thatthe boxes are 
onsidered with the fun
tion xy-type, instead of the fun
tion rtype.Algorithm TRIzk;�(L)Input: List of boxes L (instan
e of 3SPz(a; b)).Output: Pa
king P of L into a bin B = (a; b;1), allowing orthogonal rotations aroundthe z axis.1 Rotate all boxes r 2 }4 where �(r) 2 }1 [ }2 [ }3./* Let R1  fr 2 L \ }4 : �(r) 2 }1 [ }2 [ }3g; L (L nR1)S �(R1). */2 t (p33� 3)=6.3 PAB  COMBINE�ABxyk (L; xy-type ; }4; }4;COLz):UPDATE (L):4 If all boxes of xy-type(L;Bxyk ) were pa
ked then4.1 Rotate the boxes of L \ }2 that �ts in }1 [ }3.4.2 Rotate the boxes of L\ (}2 [}4) in su
h that if e 2 L\ (}2 [}4) then x(e) � y(e)or �(e) =2 C1.4.3 Let TC = Cxy �12 ; 1 ; 12 ; 1� t�; T 0D = Cxy [0; t ; 0; 1℄;T 00D = Cxy [0; t ; 0; 1℄; TD = T 0DS T 00D:4.4 Generate pa
king PCD as follows.(PCD0 ; LCD0) COLz(L;TC ;T 0D; [(0; 0)℄; [(0; 1 � t)℄).(PCD00 ; LCD00) COLz(L;TC n LCD0 ;T 00D; [(0; 0)℄; [(0; 1 � t); (12 ; 1� t)℄).PCD  PCD0kPCD00 ;LCD  LCD0 SLCD00 ;4.5 Subdivide the list L in sublists L1; : : : ; L23 as follows (see �gure 3).Li  LT Cxy h12 ; 1 ; 1i+2 ; 1i+1i; i = 1; : : : ; 16; L17  LT Cxy �12 ; 1 ; 0; 118�;L18  LT Cxy �13 ; 12 ; 13 ; 12�; L19  LT Cxy �13 ; 12 ; 14 ; 13�;L20  LT Cxy �13 ; 12 ; 0; 14�; L21  LT Cxy �14 ; 13 ; 13 ; 12�;L22  LT Cxy �0; 14 ; 13 ; 12�; L23  LT Cxy �0; 13 ; 0; 13�:4.6 Generate pa
kings P1; : : : ;P23 as follows.Pi  NFDHy(Li) for i = 1; : : : ; 21;Pi  NFDHx(Li) for i = 22;P23  BI(t)3 (L23).4.7 UPDATE (L). /* Note that L � }2 [ }4. */4.8 Considering ea
h box of L as an re
tangle of length x(r) and height y(r) and thebox B = (a; b;1) as a re
tangular strip of length a and unlimited height. Applythe algorithm of KR� in L; Let PKR be this pa
king. Let PNFDH be the pa
king31



NFDHx(L \ X [0; 13 ℄)kNFDHx(L \ X [13 ; 12 ℄)kNFDHx(L \ X [12 ; 1℄).Let PSTRIP be the smallest pa
king in fPKR;PNFDHg.4.9 Paux  PABkPCDkP1k : : : kP23;4.10 P  PSTRIPkPaux.5 If all boxes of xy-type(L;Axyk ) were pa
ked, then generate a pa
king P of L as in step 4(in a symmetri
 way).6 Return P.End algorithm.Theorem 6.1 For any instan
e L for the problem 3SPz, we haveTRIzk;�(L) � �k;�OPT(L) +O�k + 1��Z;where �k;� ! (25 + 3p33)=16 = 2:639 : : : as k !1 and �! 0.Proof. The proof follows the one given for Theorem 4.8 with minor alterations. The in-equalities involving area are substituted by inequalities involving volume and the additive
onstants are multiplied by the value Z. The inequality analogous to (13), whi
h followedfrom Theorem 2.2, follows now from Theorem 3.1.7 Three-Dimensional Bin Pa
king ProblemIn this se
tion, we 
onsider the three-dimensional bin pa
king problem with rotation (3BPr).For the problem 3BP, the best performan
e bound known is 4:84, of algorithms presentedby Li and Cheng [14℄ and Csirik and van Vliet [9℄.We present for 3BPr an algorithm whose asymptoti
 performan
e bound may 
onvergeto a value smaller than 4:89. We denote the algorithm of this se
tion by BOXk;�. Beforepresenting the algorithm, we need some pro
edures used as subroutines. We use the sames
heme of the algorithm FFC used for 2BPr. For that, we �rst modify the algorithm FFCfor the bin pa
king version. We denote this algorithm as FFCxy (First Fit COLUMN for xand y axes). The algorithm FFCxy 
ombines the strategy of the algorithm FFC with thestrategy of the algorithm FF (First Fit) to pa
k boxes into 
olumns.The input parameters are: a list of boxes L, two set of boxes T1 and T2 and two
oordinate lists p1 and p2 asso
iated with these sets. Ea
h 
olumn starts at the bottom of abox B in a 
oordinate p 2 p1 [ p2. The 
olumns lo
ated in 
oordinates of list [pi℄ have onlyboxes of type Ti, i = 1; 2 and start in the plane xy growing in the dire
tion of the z-axis.Algorithm FFCxyInput: (L;T1;T2; p1; p2) // ea
h pi is a list of 
oordinates in the plane xy.Output: Partial pa
king of L into B, in whi
h or all boxes of type T1 or all boxes oftype T2 are totally pa
ked. 32



1 While there are non-pa
ked boxes of type T1 and T2 do1.1 Let P1;P2; : : : ;Pi be the pa
kings in the bins B1; : : : ; Bi, respe
tively, generatedso far.1.2 Take the next box e0 of type T1. If possible, pa
k e0 in a 
olumn of boxes 
orre-sponding to T1 in P1; : : : ;Pi, without violating the limits of the 
orrespondingbin. If ne
essary, rotate the box e0 so as to have e0 2 T1.1.3 If it is not possible to pa
k a box in step 1.2, pa
k (if possible) the next box e00,of type T2, using the same strategy used in step 1.2, but with 
olumns of boxesof type T2.1.4 If no pa
king was possible in steps 1.2 and 1.3, generate a new empty pa
kingPi+1 (that starts with empty 
olumns in positions p1 [ p2) in a new bin Bi+1.2 Return P1;P2; : : : ;Pi.end algorithm.Another algorithm used as subroutine is the algorithm H3D (Hybrid 3D). This algorithmuses the same strategy used in the algorithm HFF (Hybrid First Fit) presented by Chung,Garey and Johnson [4℄. The algorithm H3D generate a pa
king in two main steps. First itgenerates a three-dimensional strip pa
king of L, subdivided in levels, and then pa
ks thelevels into bins, using a one-dimensional bin pa
king algorithm.Algorithm H3Dz(L;Atpp;Auni)Input: List of boxes L (instan
e of 3BPr(a; b; 
)).Output: Pa
king of L into bins B = (a; b; 
).Subroutines: An algorithm Atpp for the 3SPr, that generates a level oriented pa
king,and an algorithm Auni for the one-dimensional bin pa
king problem.1 P  Atpp(L) .2 Let N be the set of levels in P .3 Apply algorithm Auni to pa
k the levels N into bins B. Ea
h level N 2 N , of heightzN , is seen as an one-dimensional item of height zN , and ea
h bin B is seen as anone-dimensional bin of height 
. Let Ph3d be the resulting pa
king.4 Return Ph3d .end algorithm.We denote by H3Dx and H3Dy the variants of this algorithm where the generation oflevels is done in the x and y dire
tion, respe
tively.Depending on the algorithms used as subroutines, the resulting algorithm H3D 
angenerate good pa
kings for spe
ial instan
es of 3BPr. Two of these algorithms are thealgorithm BI(t)m , we have presented in se
tion 5, and the algorithm NFDH, presented by Liand Cheng [15℄.Denote by H3Dm the algorithm H3Dz, where Atpp = BI(t)m and Auni = FFD. Thefollowing results 
an be easily proved for the algorithm H3Dm.33



Lemma 7.1 If L � Cm thenH3Dm(L) � �m+ 1m �3 V (L)ab
 + 14:Proof. First 
onsider the bins that have levels with heigth in Z[ 1m+1 ; 1m ℄. Let P 0 and L0be the pa
king and the list of boxes in these bins, respe
tively. The algorithm FFD pa
ksm levels in ea
h bin, ex
ept perhaps in the last. Sin
e ea
h level has an area guarantee ofat least � mm+1�2, ex
ept perhaps in 6 levels, we have a volume guarantee in ea
h bin of atleast � mm+1�3, ex
ept perhaps in 7 bins. Therefore,#(P 0) � �m+ 1m �3 V (L0)ab
 + 7: (58)Denote by L00 and P 00 the set of remaining boxes and the pa
king in the remaining bins.All bins in P 00 have been �lled with levels up to the height �1� 1m+1� 
, ex
ept perhaps thelast. Therefore, BI(t)m (L00) � (#(P 00)� 1)�1� 1m+ 1� 
:Sin
e BI(t)m (L00) � �m+1m �2 V (L00)ab + 6Z, and Z � 
m+1 , we have�m+ 1m �2 V (L00)ab + 6
m+ 1 � BI(t)m (L00) � (#(P 00)� 1)�1� 1m+ 1� 
;and therefore, #(P 00)� 1 � �m+ 1m �"�m+ 1m �2 V (L00)ab
 + 6m+ 1#= �m+ 1m �3 V (L00)ab
 + 6m� �m+ 1m �3 V (L00)ab
 + 6:Thus, #(P 00) � �m+ 1m �3 V (L00)ab
 + 7: (59)The result follows from inequalities (58) and (59).Now, we present the ideas behind the algorithm BOXk;�. To understand this algorithm,we �rst 
onsider the volume guarantee one 
ould obtain if only list partition and the next �tde
reasing algorithms were used. Suppose we partition the items of the input list L into setsSijk := L\Tijk, for i; j; k 2 f0; 1g, where Tijk are de�ned in step 1 of the algorithm BOXk;�.34



In the set S111 we have the larger items, whi
h lead to the very poor volume guaranteeof 12 12 12 = 18 = 0:125. For the boxes in Sijk, with i + j + k = 2, we 
an obtain a volumeguarantee of 12 12 23 = 16 = 0:166 : : :. For the sets Sijk, with i + j + k = 1, we 
an obtain avolume guarantee of 12 23 23 = 29 = 0:222 : : :. For the set S000, we 
an obtain a pa
king with avolume guarantee of 23 23 23 = 827 = 0:296 : : :.The 
riti
al sets are de�ned for items whi
h lead to pa
kings with volume guarantee
lose to 18 (in set S111), 16 (in sets S011, S101 and S110) and 29 (in sets S001, S010 and S100).The algorithm �rst 
ombines 
riti
al sets de�ned for sets Sijk, with i+j+k = 2. First it
ombines S011 and S101 using the algorithm COMBINE-ABxyk , obtaining a 
ombined pa
kingwith a good volume guarantee (that is better than 29 ). Suppose that all 
riti
al boxes fromS011 are totally pa
ked. The remaining boxes in S011 give pa
kings with volume guarantee
lose to 29 . Now, we perform another 
ombination step with the algorithm COMBINE-AByzkwith the remaining boxes of S101 and the set S110. Suppose that all 
riti
al items of theset S101 have been totally pa
ked. In this 
ase, the 
ombined pa
king has a good volumeguarantee and the remaining items of S101 give pa
kings with volume guarantee 
lose to 29 .In this 
ase, if we perform 
areful rotations before these 
ombinations, the remainingitems of S110 and the items of S111 
annot be pa
ked side by side in the x and y axes.Therefore, we 
an pa
k these items with good algorithms for the problem 1BP. In this 
ase,we 
an obtain almost optimum pa
kings with a volume guarantee of 18 .Now, the set of items 
an be partitioned into three parts. In one part we 
an obtain analmost optimum pa
king with volume guarantee of 18 (remaining items of S110 and the setS111). In a se
ond part, with the remaining items of S011 [S101 [S001 [S010 [S100, we 
anobtain pa
kings with volume guarantee 
lose to 29 . In the third part, for the items of theset S000 we 
an obtain a good volume guarantee.At last, the algorithm performs various 
ombinations of items that give pa
kings withvolume guarantee 
lose to 18 and 29 . In this 
ase, we 
an improve the volume guarantee of18 or the volume guarantee of 29 .Algorithm BOXk;�(L)Input: List of boxes L (instan
e of 3BPr(a; b; 
)).Output: Pa
king P of L into bins B = (a; b; 
).1 Let X0  X [0; 12 ℄; X1  X [12 ; 1℄;Y0  Y[0; 12 ℄; Y1  Y[12 ; 1℄;Z0  Z[0; 12 ℄; Z1  Z[12 ; 1℄;Tijk  Xi \ Yj \Zk; ijk 2 f0; 1g ;2 p p137�96 .3 Rotate all possible boxes e 2 L \ T111 in su
h a way that e �ts in one of the sets Tijk,ijk 6= 111. Ties 
an be de
ided arbitrarily.4 PxyAB  COMBINE-ABxyk (L; rtype ;T011;T101;FFCxy).UPDATE (L); 35
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Figure 5: Lists Lijk.If rtype (L;T011 \Axyk ) = ; thenPyzAB  COMBINE-AByzk (L; rtype ;T101;T110;FFCyz).UPDATE (L);PAB  PxyAB [ PyzAB.Otherwise // all boxes of rtype (T101 \ Bxyk ) were pa
ked. //PxzAB  COMBINE-ABxzk (L; rtype ;T110;T011;FFCxz).UPDATE (L).PAB  PxyAB [ PxzAB.5 Consider that all boxes of type (T011 \Axyk ) and (T101 \Ayzk ) were totally pa
ked.5.1 Rotate all possible boxes e 2 L of type T110 in su
h a way that e �ts in one ofthe sets Tijk, ijk =2 f111; 110g.5.2 Rotate all possible boxes e 2 L of type T110 [ T111 in su
h a way that z(b) isminimum.5.3 Let Lijk  L \ Tijk for i; j; k 2 f0; 1g (see �gure 5).5.4 P000  H3D2(L000).5.5 Generate a pa
king PCD in the following manner.P011CD  FFCxy(L011 [ L111; L011 \ X [13 ; p℄; L111 \ X [12 ; 1� p℄; [(0; 0)℄; [(0; p)℄);UPDATE (L011; L111);P101CD  FFCyz(L101 [ L111; L101 \ Y[13 ; p℄; L111 \ Y[12 ; 1� p℄; [(0; 0)℄; [(0; p)℄);36



UPDATE (L101; L111);P001CD  FFCxy(L001[L111; L001\X [13 ; 12 ℄\Y[13 ; p℄; L111\Y[12 ; 1�p℄; [(0; 0); (0; 12 )℄; [(0; p)℄);UPDATE (L001; L111);P010CD  FFCzx(L010[L111; L010\Z[13 ; 12 ℄\X [13 ; p℄; L111\X [12 ; 1�p℄; [(0; 0); (0; 12)℄; [(0; p)℄);UPDATE (L010; L111);P100CD  FFCyz(L100[L111; L100\Y[13 ; 12 ℄\Z[13 ; p℄; L111\Z[12 ; 1�p℄; [(0; 0); (0; 12)℄; [(0; p)℄);UPDATE (L100; L111);PCD  P011CD [ P101CD [ P001CD [ P010CD [ P100CD.5.6 Generate pa
kings of the remaining boxes of the sublists Lijk with i+ j + k = 1.5.6.1 Generate pa
king P001 of the remaining boxes in L001 in the followingmanner.Let L18001; : : : ; L23001 be a partition of L001 su
h that (see �gure 3).L18001  L001 \ Cxy �13 ; 12 ; 13 ; 12�; L19001  L001 \ Cxy �13 ; 12 ; 14 ; 13�;L20001  L001 \ Cxy �13 ; 12 ; 0; 14�; L21001  L001 \ Cxy �14 ; 13 ; 13 ; 12�;L22001  L001 \ Cxy �0; 14 ; 13 ; 12�; L23001  L001 \ Cxy �0; 13 ; 0; 13�:Pi001  H3Dz(NFDHy; Li001;NF); i = 18; : : : ; 21;P22001  H3Dz(NFDHx; L22001;NF);P23001  H3Dz(BI(t)3 ; L23001;NF);P001  P18001 [ : : : [ P25001.5.6.2 Generate a pa
king P010 of the remaining boxes of L010 in a way analogousto step 5.6.1, generating the levels in the y-axis dire
tion.5.6.3 Generate a pa
king P100 of the remaining boxes of L100 in a way analogousto step 5.6.1, generating the levels in the x-axis dire
tion.5.7 Generate a pa
king of the remaining boxes of L011 and L101.5.7.1 Generate pa
king P011 of the remaining boxes of L011.Let (L1011; : : : ; L17011) be a partition of L011 de�ned as follows (see �gure 3).Li011  L011 \ Y[ 1i+2 ; 1i+1 ℄; i = 1; : : : ; 16;L17011  L011 \ Y[0; 118 ℄;Pi011  H3Dxy(NFDHy; Li011;NF); i = 1; : : : ; 17;P011  P1011 [ : : : [ P17011.5.7.2 Generate pa
king P101 of the remaining boxes of L101 in a way analogousto step 5.7.1, 
onsidering the plane yz instead of xy.5.8 Generate a pa
king of the remaining boxes of L110 and L111 as follows.5.8.1 LUNI  L110 [ L111;5.8.2 Consider ea
h box e of LUNI as a one-dimensional item of length z(e) andea
h bin B as a one-dimensional bin with length 
.5.8.3 P 0UNI  FFDz(LUNI);5.8.4 P 00UNI  FLz� (LUNI);5.8.5 PUNI  (P 2 fP 0UNI;P 00UNIgj#(P) is minimum).5.9 Paux  PAB [ PCD [ P000 [ P001 [ P010 [ P100 [ P011 [ P101;37



5.10 P  PUNI [ Paux.6 For the other 
ases, the steps are analogous to step 5, di�ering only in the planes anddire
tions the pa
king is generated.7 Return P.end algorithm.Theorem 7.2 For any list of boxes L for 3BPr, we haveBOXk;�(L) � �k;�OPT(L) + �k;�;where �k;� ! (43 + 3p137)=16 = 4:882 : : : as k ! 1 and � ! 0 and �k;� is 
onstant for
onstant values of k and �.Proof. First, denote by L0ijk the boxes pa
ked in the pa
king Pijk, for i; j; k 2 f0; 1g. Wedivide the proof in two 
ases, 
onsidering the set M , de�ned asM := L111 \ X [12 ; 1� p℄ \ Y[12 ; 1� p℄ \ Z[12 ; 1� p℄;after step 5.5.In what follows, for a pa
king Q we denote by b area(Q) the fra
tion of the bottom areaof the bin B that is o

upied by the pa
king Q.Case 1. M 6= ; after step 5.5.By Lemma 7.1 we have #(P000) � 18=27 V (L0000)ab
 + 14: (60)For the pa
king PAB , note we have a b area(PAB) � 1736 , ex
ept perhaps in 2(2k + 41)bins. Sin
e ea
h box of LAB has height greater than 
2 , we have#(PAB) � 117=72 V (LAB)ab
 + 4k + 82: (61)For the pa
king PCD, note that for ea
h bin B of PiCD, i 2 f011; 101; 001; 010; 100g, wehave b area(PiCD) � 14 + r12 , ex
ept perhaps for the last bin of ea
h pa
king PiCD. Also
onsidering that ea
h box has height greater than 
2 , we have#(PCD) � 118 + r14 V (LCD)ab
 + 6: (62)For the pa
king P001, for ea
h bin B of Pi001, we have a b area(Pi001) � 1736 and ea
hbox has height at least 12 of the 
orresponding dimension. Note that the boxes with smallarea guarantee in L18001 were totally pa
ked in PCD, otherwise we will not have M 6= ;.Therefore, pro
eeding in the same way as before, we have#(P001) � 117=72 V (L0001)ab
 + 8: (63)38



The same analysis we have made for pa
king P001 
an be made for the pa
kings P010and P100. So, the following inequalities holds.#(P010) � 117=72 V (L0010)ab
 + 8; (64)#(P100) � 117=72 V (L0100)ab
 + 8: (65)Now, 
onsider the pa
king P011. Note that for ea
h pa
king Pi011 we have b area(Pi001) �p (this minimum being attained for list L1011), ex
ept perhaps in the last bin of the pa
kingPi011. Therefore, #(P011) � 1p=2 V (L0011)ab
 + 17: (66)In the same way, we have the following inequality for pa
king P101.#(P101) � 1p=2 V (L0101)ab
 + 17: (67)From inequalities (60)|(67) and 
onsidering that p2 = minfp2 ; 1772 ; 18 + r14 g, we have#(Paux) � 1p=2 V (Laux)ab
 + Ckaux: (68)Finally, 
onsider the pa
king PUNI generated for boxes of L110 and L111 in step 5.8.The minimum volume in ea
h bin B of P 0UNI, ex
ept perhaps in the last bin, is at least ab
8 .Therefore, #(P 0UNI) � 11=8 V (LUNI)ab
 + 1:Note that after the rotation of boxes made in step 5.1, there is no box e in LUNI that 
an berotated su
h that e �ts in one of types Tijk, ijk =2 f110; 111g. So, after step 5.2, all boxesof LUNI will have the smallest height possible, without leaving T110 [ T111. Therefore, afterapplying algorithm FLz� in step 5.8.4, we have#(P 00UNI) � (1 + �)OPT(LUNI) + C�UNI:Sin
e #(PUNI) � maxf#(P 0UNI);#(P 00UNI)g, we have#(PUNI) � 11=8 V (LUNI)ab
 + 1; (69)#(PUNI) � (1 + �)OPT(LUNI) + C�UNI: (70)From inequalities (68)|(70) we 
an 
on
lude that#(P) � �0k;�OPT(L) + �k;�;where �0k;� = (h1 + h2)=maxf 11+�h1; 18h1 + p2h2g and �k;� = Ckaux + C�UNI.39



Case 2. M = ; after step 5.5.The analysis is analogous to Case 1, and the details will be omitted. We 
an 
on
ludethat #(P000) � 18=27 V (L000)ab
 + 14;#(PAB) � 117=72 V (LAB)ab
 + 4k + 82;#(PCD) � 118 + r14 V (LCD)ab
 + 6:Furthermore, for ea
h pa
king Pi001 we have b area(Pr001) � 49 . This also holds for thepa
kings P010 and P100. Therefore, we have#(P001) � 12=9 V (L0001)ab
 + 8;#(P010) � 12=9 V (L0010)ab
 + 8;#(P100) � 12=9 V (L0100)ab
 + 8:For the pa
kings Pi011 we have b area(Pi011) � r1. The same also holds for pa
king P101.Therefore, #(P011) � 1r1=2 V (L0011)ab
 + 17;#(P101) � 1r1=2 V (L0101)ab
 + 17:From the above inequalities, we have#(Paux) � 1r1=2 V (Laux)ab
 + Ckaux:Sin
e the boxes of M , M � L111, were totaly pa
ked, we have that the minimum volumeof any box in L111 is at least 1�p4 . Therefore, 
onsidering the pa
kings of P110 and P111, wehave #(PUNI) � 1(1� p)=4 V (LUNI)ab
 + 1:#(PUNI) � (1 + �)OPT(LUNI) + C�UNI:So, we obtain #(P) � �00k;�OPT(L) + �k;�;where �00k;� = (h1 + h2)=maxf 11+�h1; 1�p4 h1 + r12 h2g and �k;� = Ckaux +C�UNI.Let �k;� := maxf�0k;�; �00k;�g. As for k !1 we have r1 ! 49 , we 
an 
on
lude from both
ases above that limk!1;�!0�k;� � 4:8821 : : :40



8 Con
luding RemarksWe presented several approximation algorithms for pa
king problems where orthogonalrotations are allowed. These problems have been less investigated in the literature. To ourknowledge, the bounds presented here are the best known for ea
h problem. All algorithmspresented in this paper 
an be implemented to run in time polynomial in the number ofitems.The algorithm presented for the problem 3SPr uses as subroutine the algorithm for theproblem 2SPr. We note that if one obtains a better algorithm for 2SPr, one 
an obtaina better algorithm for the problem 3SPr. We would like to thank David Johnson for his
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