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Abstract

We present approximation algorithms for the following packing problems: the two-
dimensional strip packing problem, the two-dimensional bin packing problem, the three-
dimensional strip packing problem, and the three-dimensional bin packing problem. For
all these problems, we consider orthogonal packings where ninety-degree rotations are
allowed. The algorithms we show for these problems have asymptotic performance
bounds 1.613, 2.64, 2.76 and 4.89, respectively. We also present an algorithm for the
z-oriented three-dimensional strip packing problem with asymptotic performance bound
2.64. To our knowledge, these are the best bounds known for each problem.

1 Introduction

We focus on orthogonal packing problems where ninety-degree rotations are allowed. These
problems have many real-world applications [5, 16]: job scheduling, container loading, cut-
ting of hardboard, glass, foam, etc.

We present approximation algorithms for the 2-dimensional and the 3-dimensional ver-
sions of the strip packing and the bin packing problems. In the d-dimensional version of
both problems, d > 1, the input consists of a list of d-dimensional items (not necessarily of
equal sizes) and a d-dimensional bin B. In the strip packing problem (dSP), defined only
for d > 2, one of the dimensions of the bin B, say height, is unlimited, and the goal is to
pack the list of items into B so as to minimize the height of the packing. In the bin packing
problem (dBP), the dimensions of the bin B are limited, and the goal is to pack the list of
items into a minimum number of bins.

These problems and others of this nature have been more investigated in the version
in which the packing is required to be oriented. In this version, the items and the bins
are given with some orientation with respect to a coordinate system, and the items must
be packed into the bins in this given orientation. In this paper, we consider packings that
allow orthogonal rotations (that is, the items to be packed may be rotated by ninety degrees
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around any of the axes); to distinguish them we may refer to them as r-packings or packings
with rotations (instead of saying non-oriented packing). In the 3-dimensional case, we also
consider a restricted variant of r-packing, called here z-oriented packing. In this variant,
ninety-degree rotations are allowed only around the z-axis.

To differentiate from the classical oriented versions, the problems to be considered here
will be denoted 2SP" (2-dimensional strip packing with rotation), 2BP" (2-dimensional bin
packing with rotation), 3SP* (3-dimensional strip packing with rotation), and 3BP" (3-
dimensional bin packing with rotation). We also counsider the z-oriented 3-dimensional
strip packing problem (3SP?), a variant of 3SP in which the packing has to be z-oriented,
where z is the height direction.

We present approximation algorithms with asymptotic performance bounds 1.613, 2.64,
2.76, 4.89 and 2.64 for the problems 2SP", 2BP", 3SP", 3BP" and 3SP?, respectively. To
our knowledge, these are the best bounds known for these problems.

Approximation algorithms for the oriented versions of these packing problems have been
extensively considered. The most studied case is the 1-dimensional bin packing problem
(1BP), for which the work of Johnson [12] in the early 1970s pioneered the approach of
designing efficient approximation algorithms with worst-case performance guarantee for
packing problems. Since 1BP is NP-hard and it is a particular case of all problems considered
in this paper, it follows that each problem considered here is NP-hard. Moreover, 1BP
cannot be approximated —in the absolute sense— within 3/2; thus, this negative result
also holds for the problems considered here.

In what follows we only mention some previous results closely related to the problems we
focus in this paper. For the problem 2SP, Kenyon and Rémila [13] obtained an asymptotic
polynomial time approximation scheme (APTAS). For the problem 2BP, Chung, Garey and
Johnson [4] proved that the algorithm HFF (Hybrid First Fit) has asymptotic performance
bound 2.125. In 2001, Caprara [3] proved that this algorithm has asymptotic performance
bound 2.077; and also presented an algorithm with asymptotic performance bound 1.691,
the best bound known for the problem 2BP. Recently, Bansal and Sviridenko [2] proved
that there is no APTAS for 2BP, unless P = NP. In the same paper, they showed an
APTAS for a special version of 2BP in which the items and the bins are squares; this result
was also obtained by Correa and Kenyon [8]. For the problem 3BP, Li and Cheng [14] and
Csirik and van Vliet [9] designed algorithms with asymptotic performance bound 4.84. Their
algorithms generalize to the problem dBP, giving an algorithm with asymptotic performance
bound close to 1.691¢. For the problem 3SP, the best asymptotic performance bound
previously known is 2.67, achieved by an algorithm we presented in [17].

When rotations are allowed, the bounds of some algorithms for the oriented versions
may also hold; this happens when the proofs are based only on area arguments. Except
for this type of results, very few approximation algorithms for r-packing problems have
appeared in the literature.

In 2000, we presented in [19] an approximation algorithm for the problem 3SP* with
asymptotic performance bound 2.67. We also showed an algorithm with bound 2.53 for the
special case of 3SP* in which the bin has square bottom, and also for a more specialized
version for packing boxes with square bottom. To our knowledge, [19] is the first paper to
present approximation algorithms for r-packing problems where rotations are exploited in



a non-trivial way.

As the problem 2BP" can be seen as a particular case of 3SP?, the algorithms presented
in [19] also lead to algorithms with asymptotic performance bound 2.67 for 2BP*, and 2.53
for the special case of 2BP" in which the bins are squares. Recently, Epstein [10] improved
the bound for this special case of 2BP", presenting an online algorithm with asymptotic
performance bound 2.45.

Using the fact that there is no APTAS for 2BP (a result of Bansal and Sviridenko that
we mentioned before), we may easily conclude that there is no APTAS for the problem 3SP,
unless P = NP. From the latter statement, we may also conclude that there is no APTAS
for the problem 3SP?, unless P = NP, since the existence of such an APTAS for 3SP? would
lead to an APTAS for 3SP (see comments on this in Section 2).

For a survey on approximation algorithms for packing problems, we refer the reader
to [5, 6].

This paper is organized as follows. In Section 2, we define the problems, give some basic
definitions and state some results. Each of the Sections 3 to 7 are devoted to each of these
problems. In Section 8 we present some concluding remarks.

An extended abstract containing early versions of the results of this paper appeared
in [20], without the description of all the algorithms and their analyses. The algorithm
SPR we present in Section 3 is slightly different from its early version.

2 Preliminaries

In this section, we first define the problems we focus in this paper, then give some basic
definitions, establish the notation, and mention some known results that we use in this
paper. We also discuss some relations (reductions) between algorithms for the oriented
version and the version with rotations.

The two-dimensional strip packing problem with rotation, 2SP", is the following: given
a list of rectangles L = (r1,...,7,), where r; = (2;,9;), and a bin B = (a,0), find an r-
packing of the rectangles of L into B that minimizes the size of the packing in the unlimited
direction of B.

In the two-dimensional bin packing problem with rotation, 2BP*, we are given a list of
rectangles L = (ry,...,ry,), where r; = (z;,v;), and two-dimensional bins B = (a,b), and
we are asked to find an r-packing of the rectangles of L into a minimum number of bins B.

The three-dimensional strip packing problem with rotation, 3SP', is defined as follows:
given a list of boxes L = (ey,...,e,), where ¢; = (x4, 9, 2i), and a bin B = (a, b, 00), find an
r-packing of the boxes of L into B, that minimizes the size of the packing in the unlimited
direction of B.

In the three-dimensional bin packing problem with rotation, 3BP", we are given a list of
boxes L = (ey,...,e,), where ¢; = (z;,y;, 2z;), and three-dimensional bins B = (a, b, ¢), and
we are asked to find an r-packing of the boxes of L into a minimum number of bins B.

We also consider a special version of 3SP', called z-oriented three-dimensional strip
packing problem, 3SP?, defined analogously, except that, instead of an r-packing we require
a z-oriented packing, where the z-axis is the unlimited direction of bin B.



We denote by 2SP"(a), 2BP*(a,b), 3SP*(a,b), 3SP*(a,b) and 3BP*(a,b,c) the corre-
sponding problems versions with the bin sizes defined by values a, b and c.

2.1 Definitions and Notation

In all problems considered in this paper, the given list L of items (rectangles or boxes) must
be packed orthogonally into bins B (strips, rectangles, boxes) in such a way that no two
items overlap.

For all algorithms we assume that every item e in the input list L is given in a feasible
orientation, that is, in an orientation that allows it to be packed into B without the need
of any rotation (there is no loss of generality in assuming this, as the items can be rotated
previously if needed). Moreover, we consider that the items have each of its dimensions not
greater than a constant Z.

To refer to the packings we consider the Euclidean space R?, with the zyz coordinate
system. An item e in L has its dimensions defined as z(e), y(e) and z(e), also called
its length, width and height, respectively. Each of these dimensions is the measure in the
corresponding axis of the zyz system. For the one- and the two-dimensional cases, some of
these values are not defined.

If e is a rectangle then we denote by S(e) its area. If e is a box then the bottom area of e
is the area of the rectangle (z(e),y(e)), and V (e) denotes the volume of e. Given a function
f:C = R and a subset C' C C, we denote by f(C") the sum ), . f(e).

Although a list of items is given as an ordered n-tuple, when the order of the items is
irrelevant we counsider the corresponding list as a set. Therefore, if L is a list of items, we
refer to the total area, respectively volume, of the items in L as S(L), respectively V(L).

If Ly, Ly, ..., Ly are lists, where L; = (e},e?,...,el'"), the concatenation of these lists,
denoted by L1.||L2‘|| .|| Lg, is the list (fa%, coeftel ,6727'2,'. .. ,e}c,.. . ,ezk‘). .
The following is a convenient notation to define and restrict the input list of items.
X[paq] = {6: p-a<az(e)§q-a},
VIp,ql = {e: p-b<yle) <q-b},
Zlp,q] = {e: p-ec<zle)<q-c},
Cp,q1 5 P22l == Xp, @] NY[p2, g2,

Yip1, @] N Z[pz, ¢2],
Z[Pl;‘]l] N X[p2;q2];

cv: [p1;Q1 5 pz;fh]
= [p1;Q1 5 pz;fh]

C% Ipi,qr ;5 p2,q2 ;5 p3,q3) = X[pr, ] N Y[p2, 2] N Z[ps3, qs],
1 1 1
Cm = Cwyz |:07_ 5 07_ 5 07 _:|7
m m m
1 1
czvo= 0™ |0, — ; 0,—
m { m’ ’m]’
1 1 1 1
Qo .— CTrY Z . £ = CTY — - -1
1 C |:072507 :|7 2 C |:072527:|7



1 1
0y :=C |15 0, <
3 |:27 ) 72

1 1
£ =C"|=,1; =,1
:|7 4 |:27 527:|7

Cila,bli={e: () 2y(e)- 3}, Cllabl:={e: a(e) <yle)- 7).

Given an item e = (s1,...,s;), we denote by pgy(e) the t-uple obtained from e by
exchanging only the = and y coordinates. That is, if e = (s1, s, s3) then pyy(e) = (52,51, 53);
and if e = (s1, s2) then pyy(€e) = (s2,s1). Analogously, the notation p,, and p,, are used to
refer to the exchange of the coordinates x and z and the coordinates y and z, respectively.
When the two axes are clear, or when we refer to any two axes, we use simply the notation
p.

If 7 is a set of items, then we say that an item e in L is of type T if ¢ € T for some
permutation €’ of e. For pairs (L', 7T), where L' is a list and 7 is a set of items, we define
the following functions:

rtype (L', T) := {e € L': some permutation of e belongs to T };
zy-type (L', T) = {ee€ L' : eeT or pyle) e T}

If A is an algorithm (for one of the packing problems), and L is a list of items to be
packed, then A(L) denotes the size of the packing generated by algorithm A when applied
to list L, and OPT(L) denotes the size of an optimal packing of L. The size can be the
height of the packing or the number of bins used in the packing, depending on the problem
we are considering. Although OPT will be used for distinct problems, its meaning will be
clear from the context. We say that an algorithm A has asymptotic performance bound o
if there exists a constant 3 such that

A(L) < «OPT(L) + 5, for all input list L.

If 5 = 0 than we say that algorithm A has absolute performance bound a.

2.2 Relations between algorithms for oriented packings and r-packings

One way to solve r-packing problems is to adapt algorithms developed for the oriented case.
In [19] we mention that, for the problem 3SP?, a simple algorithm that (rotates first all items
o0 as to have them in a feasible orientation and) applies an algorithm for 3SP must have an
asymptotic bound at least 3. It can be shown, using the same strategy, that no algorithm for
2SP", designed as we described above, can have asymptotic performance bound smaller than
2. Similar results also hold for the problems 2BP" and 3BP*: no algorithm with asymptotic
performance bound smaller than 3 can be obtained as described above (for more details see
[19)).

Most of the results concerning approximation results do not counsider rotations. In
the early 1980s, Coffman, Garey and Johnson [5] discussing the case where ninety-degree
rotations are allowed, mentioned that “no algorithm has been found (for the problem 2BP)



that attains improved guarantees by actually using such rotations itself.” Chung, Garey

and Johnson [4] also discussed this matter and raised the question about the possibility of
obtaining algorithms with better worst-case bounds. For other papers that raise questions
about rotations the reader may refer to [7, 13].

We can show that when scaling does not affect the problem, for any of the general
packing problems considered, the version allowing rotations is as hard to approximate as
the oriented version. More precisely, we can show the following result.

Theorem 2.1 Let PROB' be one of the problems defined previously, for which orthogonal
rotations around some of the axes x or y or z (possibly several azes) are allowed; and
let PROB be a wvariant of PROBY, obtained by fizing the orientation of the packing with
respect to some axis. Let o and B be constants and A" an algorithm for PROB' such that
A"(L) < a« OPT(L) + B for any input list L of PROB'. Then, there is an algorithm A for
PROB such that the following holds:

A(L) < a«OPT/(L) + B for any input list L of PROB.

Moreover, the reduction is polynomial, if we consider a convenient representation for the
instance.

We omit the proof of this theorem, and refer the reader to [19] for a proof for the problem
3SP~.

2.3 One-Dimensional Bin Packing Problem

Many algorithms we shall describe use one-dimensional bin packing problem algorithms as
subroutines. This section is devoted to these algorithms and related results (see Coffman,
Garey and Johnson [6]).

The one-dimensional bin packing problem, 1BP, counsists in packing a list L of one-
dimensional items into a minimum number of one-dimensional bins B, of length a. Many
algorithms have been designed for this problem. In what follows we describe the following:
NF (Next Fit), FF (First Fit) and FFD (First Fit Decreasing).

The algorithm NF can be described as follows. Given a list of items L, it packs the items
in the order given by L. The first item is packed into a bin which becomes the current bin;
then as long as there are items to be packed, the next item is tested. If possible, it is packed
into the current bin; if it does not fit in the current bin, then it is packed into a new bin,
which becomes the current bin.

The algorithm FF also packs the items in the order given by L. It tries to pack each
new item into one of the previous bins, considering the order they were generated. If it is
not possible to pack an item in any of the previous bins, the algorithmn packs it into a new
bin.

The algorithm FFD first sorts the items of L in decreasing order of their length, and
then applies the algorithm FF.

We also use the asymptotic polynomial time scheme designed by Fernandez de la Vega
and Lucker [11], which we denote by FL..
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Figure 1: A packing generated by COLUMN(®)

Theorem 2.2 [11, 6] For any rational € > 0, there ezists a linear-time algorithm FL,
for the one-dimensional bin packing problem such that, for any input list L, FL(L) <
(1 +€) OPT(L) + B¢, where B¢ is a constant that depends on e.

3 Two-dimensional Strip Packing Problem

In this section we focus on the two-dimensional strip packing problem with rotation (2SP").
For the problem 2SP, Coffman, Garey, Johnson and Tarjan [7] presented the algorithms
NFDH) (Next Fit Decreasing Height) and FFDH®) (First Fit Decreasing Height) and
proved that their asymptotic performance bounds are 2 and 1.7, respectively. Baker, Coff-
man and Rivest [1] presented another algorithm for 2SP, also with asymptotic performance
bound 2, called BLDW (Bottom Leftmost Decreasing Width). More recently, Kenyon and
Rémila [13] obtained an asymptotic approximation scheme for 2SP which we denote by
KRe. The following holds for this algorithm.

Theorem 3.1 [13]. For any rational € > 0, there exists a polynomial-time algorithm KR,
for 2SP such that KR(L) < (1 + €)OPT(L) + Z/€?, for any list L of rectangles with
dimensions at most Z.

We note that for the problem 2SP", the bound 2 of the algorithms BLDW and NFDH®)
is also valid, since the proofs of the bounds are based only in area arguments.

The algorithm we present for 2SP" in this section is called SPR (Strip Packing with
Rotation). Before presenting this algorithm, we describe an algorithm used as subroutine
called COLUMN(). This algorithms builds a packing consisting of two columns, each of
which is a stack of rectangles packed one on top of the other (see figure 1). Each column is
associated with a set of items (called critical sets), and the two sets are chosen carefully so
as to guarantee a ‘good’ packing. This algorithm combines items of types that, if considered
separately, do not lead to good space filling.



The algorithm COLUMN®) s called with parameters (L1, Lo, x1,x9), where Ly and Ly
are two critical sublists and x; and z9 are positions where the columns are built aligned to
the left, from the bottom of the strip. Each sublist is associated with one of the columns.
We call the height of the column the sum of the heights of the rectangles in the corresponding
column.

To pack a rectangle, the algorithm chooses a column with the smallest height. Let h
be the height of this column and L; the list associated with this column. In case not all
rectangles of L; have been packed, the next rectangle is packed in the position (z;, h). Then,
the algorithm updates the list L; by removing the rectangle r. This process is repeated until
one of the lists, Ly or Ly is totally packed. The algorithm returns a pair (P, L"), where
P’ is the packing generated and L’ is the set of the rectangles packed in P’. We assume
that the positions z; and zy and the lists L; and Lo are such that they do not generate
infeasible packings.

The following result holds for this algorithm.

Lemma 3.2 Let P’ be a packing of L' C L1 U Ly generated by the algorithm COLUMN()
when applied to lists Ly and Lo for 2SP(a). If x(r) > l;a and no rectangle r € L;, i = 1,2

has height greater than Z, then H(P') < llib S(aL’) + 7.

Proof. Consider the two columns of the packing P’. Note that each column has height at
least H(P') — Z. Since each rectangle of L; has width at least [; a the total area of the

rectangles is at least S(L) > (I1 + l2) a (H(P') — Z). Therefore, H(P') < l1-1H2 S(aL’) +Z. 0

We say that the value s in inequalities of the form H(P) < %% +Z is an area guarantee

of the packing P. The idea used in the algorithm SPR is to generate a packing consisting
of two parts. One part is associated with a partial optimum packing generated with ‘large’
rectangles (those with width greater than a/2) and the other part is associated with a
packing with better area guarantee.

The algorithm COLUMN(®) packs together some large rectangles with some ‘thin’ rect-
angles. After this step, the packing of the remaining non-packed rectangles is done using
NFDH®) strategy: first the rectangles are sorted in decreasing order of their height and
then they are packed in this order, side by side generating levels. When a rectangle cannot
be packed in a level, then a new level is created parallel to the last one (and starting at
the top of the highest rectangle of the previous level), and the process is repeated. The
following result holds for the algorithm NFDH®) [7].

Lemma 3.3 Foralist L, let Ny,..., N, be the levels generated (in this order) by NFDH(S)(L).
If w(N;) is the total sum of the width of the rectangles in N;, and there exists a constant s
such that w(N;) > sa, for 1 <i <wv—1, then we have NFDH(®) (L) < %% + Z.

Before we present the algorithm SPR, we state a result that will be useful in this section
and in the others. The proof of this result can be found in [18].



Lemma 3.4 Suppose X,Y,x,y are real numbers such that x > 0 and 0 < X <Y < 1.

Then L x
Tty <14 ——.
max{z, Xz +Y y} Y

Algorithm SPR(L)
Input: List of rectangles L and a bin B = (a,00) (instance of 2S5P"(a)))
Output: Packing P of L into B.
Subroutines: COLUMN() and NFDH(®),

[y

Rotate all rectangles r € L with z(r) > ¢ and y(r) < 3.

Rotate all rectangles r € L with z(r) > % and z(r) < y(r) < a.
/* each large rectangle is rotated so as to have the lowest possible height. */

3 Letp%l/\/g.

4 Let Ly« LNX[L (1-p), Lp+ LNX[1-2p,pl.
5

6

[\

a
2
a
2

(Pag, Lap) < COLUMNG) (L4, Ly, 0,1 — p).
Let L+ L\ Lap, L1« LNX[}1], Ly« LNX[},1], L3+ LNX[0, 3]
7 P; «— NFDHO)(L;), i=1,2,3.
Popt — P1||Pap.
Pouz < Pol|Ps.
10 Return Pypt|| Paua-
End Algorithm.

©

Theorem 3.5 For any input list L for the 2SP"(a), where the rectangles of L have dimen-
stons at most Z, we have

SPR(L) < agpr OPT(L) + 37,
where agpr = 1 + % =1.613....

Proof. Let us first show that the packing Pap of the sublist L4p has area guarantee
5 =1/2+ (1 — 2p). Since each rectangle of L, has width at least § and each rectangle of
Lp has width at least (1 — 2p)a, from Lemma 3.2 we have the following inequality.

1 S(Lag)
H < Z .
(Pap) < 2+(0=2) a
Since 1/2 + (1 — 2p) > 1 — p, we have
1 S(Lap)
< 2=AB) L g
H(Pap) < 2040 4 (1



Let L,y be the set of rectangles packed in P,;. It is easy to see that P, is an asymptotic
a

optimum packing of L,y since the large rectangles (with x(r) > §) of L1 ULy U L3 U Lap
cannot be rotated, or if they can, they remain in the set defined as L. Moreover, the large

rectangles of L,,; are packed with the smallest height possible. Therefore, we have
H(Pup) < OPT(L) + Z. (2)

Now, we analyse two cases.
Case 1. Ly C Lyp. (All rectangles of Ly are totally packed in Pyp.)
In this case, all rectangles of L; have width greater than (1 — p)a. Thus, H(P;) <

ﬁ@' Since H(Pop) = H(P1) + H(Pap), using (1), we obtain

1 S(Lopt)
H < ——2 4 Z 3
(Pa) € T2 + 3)
For the lists Ly and L3 the occupied area in each level of P;, except perhaps in the last,
is at least %a. So, from Lemma 3.3 we have

H(P) < 5720

<33 a +Z, i=2,3. (4)

Since the packing Py, is the concatenation of packings Py and Ps, setting Ly, := L1 U Lo,
we have

1 S(Lauz)
<
H(Poua) < 2/3  a

Defining hy and ho as hy := H(Pop) — Z and ho := H(Paus) — 2 Z, we have
S(L S(L, S(Laus 2
(L) 5 o) | Slawe) 5 1 _pypy 42y (©

a a a 3

+22. (5)

OPT(L) >

From (6) and (2) we have OPT(L) > max{h1, (1 — p) h1 + 2 ho}, and therefore, we obtain
H(P) < a; OPT(L) + 3 Z,

where a; = (h1 + hy)/max{h1, (1 — p) hi + 3 hy}.
Case 2. L C Lap. (All rectangles of Lp are totally packed in Pag.)

The analysis of this case is based on the same arguments used in Case 1; therefore, we
present only the inequalities that can be obtained.

1 S(L
1 S(L
HPus) < -2 4z,

1
OPT(L) Z max{hl, 5 hl + 2p hg}
From these inequalities and proceeding as in the previous case, we have

H(P) < ay OPT(L) + 3 Z,

10



where ay = (hy + ho)/max{hq, %hl +2phso}.

Now consider «; and «g obtained in Case 1 and Case 2, respectively. Using Lemma 3.4
we can conclude that a; < 1+%p and ay < 1—1—&. Sincep = Lﬁ, we have that 1+37p = 1—1—4%7
(in fact, the value of p defined in step 3 of the algorithm was obtained by imposing this
equality). Thus combining cases 1 and 2 we can conclude that H(P) < o OPT(L) + 3 Z,
where a =1 + %p = 1.6123 ... This completes the proof of the theorem. a

4 Two-Dimensional Bin Packing Problem

As we mentioned in the introduction, Caprara [3] presented a 1.691-approximation algo-
rithm for 2BP; to our knowledge, this is the algorithm with the best asymptotic perfor-
mance bound that is known for this problem. In this section, we present an algorithm for
the problem 2BP*, denoted by Bl .. We show that the asymptotic performance bound of
this algorithm does not exceed a value that can be made as close to 2.64 as desired.

The techniques we used to design algorithm Bl . are very similar to the ones we used
for the algorithm SPR: they are based on critical sets and combination of them.

Before presenting the algorithm, we describe four algorithms which will be used as
subroutines: NFDH®)| BI,,,, FFC, and COMBINE-AB}”. The algorithm BL,, is used to
pack small rectangles (and is based on NFDH(2)). The algorithm FFC is a specific routine
for 2BP" used to combine critical sets. The algorithm COMBINE-AB;" is also used to
combine critical sets, but as it is used in other algorithms for three-dimensional packing
problems, it will be described in a more general way.

The algorithm NFDH® (Next Fit Decreasing Height), first sorts the input list L in
decreasing order of height, then packs the rectangles side by side generating levels. For
more details on this algorithm the reader may refer to [16], where the proof of the following
result may be found.

Lemma 4.1 If L is a list of rectangles L C Cy/ and S(L) < (1— %)2 ab, then NFDH®
packs L into one bin (a,b).

We denote by NFDH (2?) respectively NFDH®), the variant of NFDH®) that creates
levels parallel to z-axis, repectively y-axis.

The design of the next algorithm, Bl,,, is based on the above lemma, and a partitioning
of the input list into sublists for which we can guarantee an area occupation of at least

2
(%) ab in each bin, except perhaps in a constant number of them.

Algorithm BI,,
Input: List of rectangles L C Cyy .
Output: Packing of L into bins R = (a, b).

1 Partition the list L into sublists Lq,..., Ls as follows:

11



1 1 . 1 1 1 1

Ly e Lnew [ Ly o], Ly Lnew fo, by 2 L],

Ly Lnew |l Lo, L], Lyernew |0, 2 sl ne,
1 1. 1 Y 1

Ly LNew s ol 0,5 0, Lo Lnew (0,545 0,55 ].

3 P; «+ NFDH®)(L;), i=3,5.

4 Generate a packing Pg of Lg as follows:

Partition the list Lg into sublists Lé, ..., Lg such that

. 2
S(LE) < [(mﬂﬂw(#ﬁ) ]ab, for i=1,...,0;
. . 2
S(L) + S(fust(LEY)) > [(m%z) + (7%2) ]ab, for i=1,...,0—1;
where first(L5™) returns the first item of the list L.

Pi« NFDH®(LL)  for i=1,...,v;
P «— Pell-.. |PE.

5 P« P1H ||P6
6 Return P.

end algorithm.

It is not difficult to see that for © = 1,...,6 the area occupied by the rectangles of L;
in the bins is at least (m‘H) except perhaps in 1 bin. Thus, the following result follows.

Lemma 4.2 For any list of rectangles L C Cpy we have

+ 6.

m_+1>2 S(L)

Bl (L) < ( u

m

In fact, the following generalization also holds.

Lemma 4.3 Let A be an algorithm for 2BP" to pack rectangles into a bin B = (a,b). If
A guarantees an area occupation of at least sab, s > 0, in each bin, except perhaps in a
constant number C of them, then the following holds for any input list L.

15(L)

S a

A(L) < +C< OPT() +C. (7)

We call the value s in the above lemma an area guarantee of the packing generated by
A.

Now, let us describe the algorithm FFC, First Fit Column. The input parameters of this
algorithm are a list of rectangles L, two sets (types) of rectangles 77 and 75 and two lists
of coordinates p; and ps (corresponding to positions in the bin B). The list p; is associated

12



with 7; and is composed by n; points, 2 = 1,2. This algorithm generates a packing where
each bin has n; + ny rectangles, except perhaps the last.
Algorithm FFC.
Input: (L,T1,72,p1,p2)
Output: A pair (P, L"), where P is a packing such that all rectangles in L of type T;
or all rectangles of type 7z are totally packed; and L’ is the set of rectangles
in the packing P.

1 Repeat

1.1 Let g € p;, for some i € {1,2}, be a free position in the current bin (if there is no
free position, consider a position in a new bin, which becomes the current bin).
The positions in the bin where no rectangles were packed are considered free.

1.2 Take an unpacked rectangle r' of type 7; (without loss of generality, consider
r" € T;, otherwise, rotate r' previously).

1.3 If there is no such a rectangle in step 1.2 go to step 2.
1.4 Pack 7’ at the position g.

2 Let L' be the set of rectangles packed in P.
3 Return (P, L’).
End algorithm.

In what follows we present the algorithm COMBINE-AB;?. To describe this algorithm
we have to define some numbers which are used to define special critical sets. These numbers
have already been used in [19, 17]. For completeness, we present them, as well as the critical
sets and related results.

Definition 4.4 Let rgk),rék), . ,7“,(215 and sgk),sgk), . 731(;214 be real numbers defined as
follows:
° rgk),rék), e ,r,gk) are such that
rgk)% = rék)(l —rgk)) = rék)(l —rék)) =...= r,(ck)(l —r,(ck_)l) = %(1 —r](ck)) and Tgk) < %,’
° 7”1?21 =3 7”1?22 =1 ’ 7”1&?15 = 1

The following result can be proved using a continuity argument.

Claim 4.5 The numbers rgk),rék),...,r,(ck) are such that rgk) > rék) > e > r,(ck) > % and

k
TE)%%ask—)oo.

13



For simplicity, we omit the superscripts (¥) of the notation rgk), sz(-k) when £ is clear from

the context.
Using the numbers in Definition 4.4, we define the following critical sets (see figure 2).

1 1
Aiy =C" |:Ti+lari ) 273i:|7 Biy =C" |: 813 Ti+1,7"i:|,

2
k+14 k+14 k k
AT — U ATV B = U B, Aﬁy,k} — UAZ«’@/, Bﬁlik] - Ulgzvy_
i=1 i=1 i=1 i=1

The next definition refers to the lists of positions p; ;, ¢, pj, ¢}, pj and ¢j to be con-
sidered when applying the algorithm FFC. To use in this context, we have to counsider a
proportional scaling for a bin B = (a, b).

Definition 4.6 Positions to combine sublists of Aj¥ and BjY. We define here the
positions only for i < j (the case i > j is symmetric); and these are relative to a bin (1,1).

o To combine the lists A7Y (1 <i<k) and ny (1 <j<k), take
pij =1[00,0),(3,0)] and g; =[(0,s:)] .

(In this case we can obtain a packing with an area guarantee of at least %)

e To combine the list Aflyfk] =AU UALY with ny (k+1 < j < k+14), we consider
two phases. We divide .A:[vly_k} into A;.xy and A;.’l’y taking .A;.xy ={be Aﬁy_k] :x(b) <
1—s;} and A;-’wy = Afly,k] \ AV,

* To combine A;-‘Ty with ny take
p;' = [(Sj,O)] and
_ 1 2 —k+1
Q; - [(070) ) (07 j,k+2) ) (07 j,k+2) LR (07 ;*T‘FZ)} .

(In this case we can obtain a packing with an area guarantee of at least %. This
minimum is attained when j =k +1.)

x To combine A;-’xy with B;-Cy take
p_,jl = [(070)7 (%70)] and
_ 2 2 1 2 2 2 i k+2 1
q = [(0,5)»(0»§+m)v(0’§+m)v---»<0»§+ (V el —1) m)} :

(Here we can obtain a packing with an area guarantee of at least g—g.

o To combine the lists A7V (k+1<i<k+14) and B;-vy (1 <j<k+14), take

pi= [(5:0), (55 + =0 s (55 =52,0) oo
(3j+(L(1—3j)-(i—k+2)J 4)@,0)} and

— 1 2 j—k+1
43,5 _|:(07 )’<0’.7*T+2)’(0’.7*T+2)”(0’;*T+2>:| .

(In this case we can also obtain an area guarantee of at least g—g}

14



The proof of the next result follows from the areas guarantee we mentioned in the
definition given above.

Lemma 4.7 The following statements hold for the list of positions p; j, i j, P}, q;, P and
"
q;-

(a) If P is a packing into a bin B = (a,b) generated by the algorithm FFC with parameters
(LvA;pyalg;'cyap’i,jaqi,jL 1 < 7’7] < kork+1 < la] < k+ 147 then #( ) < gg Sgb) +Z
where L' 1s the set of rectangles packed in P.

(b) There is a partition of A:[clyfk} into sets A;-xy and .A;.'xy such that a packing P’ generated
by the algorithm FFC with parameters (L, Alwy Bwy,pg,q;) k+1<j<k+14, is such
that #(P') < 3 56 S( ) + Z; and a packing P" generated by the algorithm FFC with
parameters (L, .A"xy Bzy,pj,qj), k+1 < j < k+14, is such that #(P") < 58 S( )—i-Z

(¢) Defining positions symmetric to p ;, i j, P, q;,Pj and q;, analogous results hold when
the sets A and B*Y are exchanged in the items above.

Now, let us give an idea on how the combination of items of types A;Y and B, is
done by the algorithm COMBINE—ABzy (see figure 2). This algorithm is called with five
parameters: (L, ftype,Ta,Tp, COMBINE). The first parameter L is a list of items, ftype
is a function that is either rtype or zy-type; 74 and Tp are sets used to restrict the input
items; and COMBINE is a subroutine called to generate partial packings by combining two
types of items. In the present section, COMBINE will be the algorithm FFC and ftype will
be the function xy-type.

For the informal description, we refer to the description in steps given in the sequel.
The routine UPDATE receives a sequence of lists as input parameters, Ly, ..., Ly,,. This
function removes from the lists L;, 1 <1 < m, all items that have already been packed up
to the moment of its call, and returns the updated lists.

In step 3, the algorithm COMBINE-AB;” calls the subroutine COMBINE to pack all
items of ftype (L, 74 N AY) or all items of ftype (L, Tp N B;”). For that, it combines the
items of ftype (L, 74 N A‘Ef’l) with ftype (L, Tp N B,f;yj), 1 < 14,7 < k. It starts combining
items of ftype (L,Ta N Axy) with ftype (L, T N Bzyl) If all items of ftype (L, T4 N Axy)
have been packed, then the algorithm proceeds combining items of ftype (L, Ta N A}Y, Y +1)
with ftype (L, T N Bk,j)’ otherwise, of ftype (L, T4 N Ak, ) with ftype (L, Tg N B}, y+1)

After performing step 3, either all items of ftype (L, 74 N A[l_k]) are packed (go to
step 4) or all items of ftype (L, T N B oY }) are packed (go to step 5). The steps 4 and
5 are symmetric, therefore, w.l.o.g., cons1der that all items of ftype (L, Tp N B‘ﬁy_k}) were

packed (step 4). In this case, the set ftype (L, 74 N A‘Flyik]) is divided in two parts: the

sets ftype (L, T4 N Azyl) and ftype (L, T4 N fgy ). After this, the items of each part are
combined with the 1tems of ftype (L, Tp N B y) At the end of step 4, we have that all
items of ftype (L, T4 N A7’ e k]) or all items of ftype (L, Te N B.Y) were packed. In case there
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are unpacked items of ftype (L, Tg N B;Y), they are packed with the remaining items of
ftype (L, Ta N A;Y) in the same way as done in step 3.

Algorithm COMBINE-AB,”(L, ftype, T4, Tg, COMBINE)
Input: A list of items L; sets T4 and Tp and a subroutine COMBINE.
Output: Partial packing Pap of L, such that all items of ftype (L, TANA,Y) or all items of ftype (L, TgN
B,Y) are packed.

1 Let pij, qig, (1 < i, < k+14), and p},p], 4}, q], (k+1 < j < k + 14), be the positions
given in Definition 4.6.

2 i< 1; 5 1; Pap < 0.

3 While (i <k and j <k) do

3.1 P' - COMBINE (L, Ta N ALY, Tis 0 ByY, pij, aig)-

3.2 UPDATE (L).

3.3 Pap < PapUP.

3.4 if ftype (L, T4 N A%) =0 theni<«+i+1elsej<«+ j+1.

4 if ftype (L, Tp N B[wly_k]) = () then

4.1 While (5 < k+ 14 and ftype (L, T4 N Aiyl) # ) do
4.1.1 P' < COMBINE (L, T4 N A}, Tp 0 B, 1, 4));
4.1.2 P" < COMBINE (L, Ta N A", T3 N B.Y, 1, d));
4.1.3 Pap + 'PABH'PIHP".

4.1.4 UPDATE (L).
4.1.5 if ftype (L, Tg N ByY) = 0 then j + j + 1.

4.2 i+ k+ 1.

5 else (all items of ftype (L, T4 N Aﬁy—k]) were packed) proceed as in step 4, in a symmetrical
way.

6 While (i <k + 14 and j < k+ 14) do

6.1 P’ < COMBINE (L, Ta N A%, Ts N B, pij, 4i)-

6.2 UPDATE (L).

6.3 Pap + PapUP.

6.4 if ftype (L, T4 N Aiyl) = theni<«+ i+ 1elsej+ j+1.

7 Return Pyp.
End algorithm.

The algorithms we described above is for the plane zy. We denote by COMBINE-AB;”
and COMBINE-ABZ* the analogous algorithms using planes yz and zx, respectively. These
algorithms are also used in the algorithm we designed for the problem 3BP" (see Section 7).

Now, we are ready to describe the algorithm BIj .. This algorithm performs two com-
bination steps. One for combining critical items of types A;Y and B,Y, and the other for

16



combining critical items of types T and Tp. The set Aiy is defined as the union of the sets
Aif’l, . ,Aif’M and the set B;Y as the union of the sets B,”g;yl, . ,B,‘ff’u (see figure 2). The
combination is generated by the algorithm COMBINE-AB;Y and the items of one of these
types are totally packed (see figures 2 and 3). Denote by P4p the packing generated by the
algorithm COMBINE—AB?’ and by Lap the items packed in Pop. The packing P4p has
an area guarantee of at least 17/36.

After step 3, suppose that all rectangles of type B were packed. Consider the lists
Ly, ..., La3, defined in step 4.5 of the algorithm Bl .. The packing of lists L; and Lys,
generated by the algorithm NFDH, has an area guarantee close to %; but for the sublists
Lo, ..., Li7,Lyg,..., Ly the NFDH strategy generates packings with area guarantee at least
17/36. The packings with this area guarantee are packings with good area guarantee. The
set of rectangles in L; and L;g give packings with area guarantee %, if packed by Next
Fit Decreasing strategy. Therefore, we use the set Tp := T/, U T} (see step 4.3) to define
the critical rectangles in L; U Ljg that give packings with area guarantee close to % (the

rectangles in (L; U Lig) \ Tp give packings with good area guarantee).

Another critical set comes from the items in L N (& U #) \ Lap. These items give
packings with area guarantee i. So, we use the set 7o to obtain the critical rectangles of
LN (8 U#y) \ Lap that give packings with area guarantee close to %.

We use the algorithm FFC to combine the items of type T¢ and Tp. The packing that
is generated has bins with one rectangle of type 7¢ and one rectangle of type 7}, or one
rectangle of type T¢ and two rectangles of type 7;5. If Pop is a packing generated by
FFC, and L¢p is the set of rectangles packed in Pep, then all rectangles of type 7 or
all rectangles of type Tp are totally packed in the packing Pop. The packing Pop also
has area guarantee close to é—g. Depending on which set is totally packed in Pcp, we can
improve either the area guarantee of i, of LN (% U&)\ (Lap U Lep) packing, or the area
guarantee of %, of the LN (#, U &)\ (Lap U Lop) packing.

Algorithm BI; (L)
Input: List of rectangles L (instance of 2BP"(a, b)).
Output: Packing P of L into bins R = (a,b).

1 Rotate all rectangles r € L N ¢, where p(r) € #, U6, U 6.
/*Let Ry «~{re LN&:p(r) e QUK USY L+ (L\R)Jp(Ry). */
2 ¢« (V33 — 3)/6.

8 Pap +COMBINE-ABY(L, zy-type , %, 8, FFC).
UPDATE (L).

4 If all rectangles of zy-type(L, B;”) were packed then

4.1 Rotate the rectangles of L N §, that fits in £ U 6.

4.2 Rotate the rectangles b of L N (§ U &) so as to have b € C; and z(b) minimum.
/* The items in L N (# U #) will be considered in step 4.8. */
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4.3 Let
To=C"[i1; 111,
7-D =C" [Ovt ) 07 1]7

Lo + zy-type (L, Te),

T, =C"[0,t;
o =TpUTp
Lp + zy-type (L, Tp).

0,1],

4.4 Generate packing Pop as follows.
(Pcprs Lepr) <= FFC (L, Te, T, [(0,0)],[(0,1 = 2)]).
(PCD” LCD”) < FFC (L Tc \ LCD’aTDa [( 70)]7 [(07 1 -
Pcp < Pep|Pepr;

Lep < LopJLepr. [* Le or Lp is totally packed in Lop. */

4.5 Partition the list L N (& U #%) into sublists Ly, ...,

t)v (%7 1- t)])

Log as follows (see figure 3).

L; < LN C™ [%, : %Z%} i=1,...,16, Lz« LNC%[L1;0,4],
Lis < LOC™Y [3,5 5 3.3); Lig < LOC™ [3,5 5 135
Ly < LNC™ [3,5 5 0,1], Ly < LNC™ (3,55 53],
Loy < LOC™ 0,7 ; 3,3, Los < LOC™ [0,% ; 0,3]

Pa3 as follows.
21;

4.6 Generate packings Py, ...,
P; + NFDH®) (L) for i=1,...,
P; « NFDH")(L;) for =22
Pas < Bl3(Las).
4.7 UPDATE (L). /* Note that L C & U&. */
4.8 Consider each rectangle of L as a one-dimensional item of length x(r) and each
two-dimensional bin as a one-dimensional bin of length a.
Apply the algorithm FL, into L; let PFL be this packing.
Let Pprp be the packing FFD (LNX|0, 5))[|[FFD (LNX[3, 5))|FFD (LNX[L
Let Pyni be the smallest packing in {PFLE,PFFD}
4.9 Puuz < PaplPep||Pill - - | Pos;
4.10 P < Puntl|Pauz-

1))

5 If all rectangles of a;y—type(L,Aiy) were packed, then generate a packing P of L as in

step 4 (in a symmetric way).

6 Return P.
End algorithm.

The next theorem gives an asymptotic performance bound of the algorithm Bl .

Theorem 4.8 For any instance L of 2BP", we have

Bl (L) < ay OPT(L) + O <k + 1) ,
€

where oy —

(25 + 3v/33)/16 = 2.639. ..
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Figure 2: Sublists A; := A} and B; := B}".

Proof. We present the proof for the case in which all rectangles of zy-type (L, B,Y) were
packed in step 4. The proof for the other case (step 5) is analogous. This proof is divided
in two cases, according to step 4.4 (Lo C Lep).

Each packing P;, i € {1,...,23} \ {1, 18}, has an area guarantee of at least é—g a b, this
minimum being attained when ¢ € {16,17}. Therefore, applying Lemma 4.3 and 4.2 we can
conclude that
< 365(Li)

<2201 for i {1,231\ {118}, (®)

#(P:)

Now, for each partial packing Q of Pap generated by the algorithm COMBINE—AB;’;y,

we have #(Q) < g—?sgbg) + 1. To see this, use Lemma 4.7 to conclude that in each one of
these packings, the area guarantee in each bin, except perhaps in the last, is at least %ab.
Since there exists a maximum of (2k — 1) + 28 + 14 = 2k + 41 packings generated by L4

and L, we have #(Pap) < g—?% + (2k 4 41). So, the following holds.

< 36 S(Lap)

< T 4 (2k + 41). 9)

#(Pag)

For packings Pcpr and Peopr (in step 4.4), the combined area in each bin is at least

19



1t o

1/2
¢ ~Lyg--jzr-mm e Ly=-========1
L L ‘L‘j
22 21 7 _ L,
1/3 _
Lo EMPTY | i,
1/4 | o
1/5 R . L
1/6 Lo | ‘ ]_;
1/7 LZ(J :
[ - Lis
i — 1
0 /4 1/3 1/2 2/3 1 P

Figure 3: Sublist after the packing of list Lp = (By U ... U Bg414)-

(3 + I)ab, then it follows from Lemma 4.3 that

1 S(Lep)
(1+%) ab
Let us analyze the two possibilities: Lo C Lop or Lp C Lep (see step 4.4).

Case 1. LC g LCD-
For packings P; and Pis we have:

#(Pcp) < +2.

1 S(Ly)
#(Pl) S E ab + ]-a

1 S(Lys)
#(Pls) < g ab + 1.

By Theorem 2.2,
#(Punt) < #(Prr.) < (14 €)OPT(Lunt) + fe,

20
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where Lynr is the set of items packed in Pyni. Note that to derive the last inequality we
used the fact the items in Lynp cannot be packed side by side in the y-direction. Also note
that with the algorithm FFD applied to list Lyn; we obtain the following inequality

1 S(LUNI)

RO (14)

#(Puni) < #(Prrp) <

Now, for the packing Puuz = Papl|Pi]| ... || P23, using the inequalities (9),...,(12) and
the fact that 71 < min {%, % + 5, %}, we obtain

1 S(Lguz)
—— +
ry  ab

#(Paua) < (2k +68), (15)

where Lg,, denotes the set of rectangles in the packing Pgys-

Le
t ny = F#(Puni) — B, (16)
o = #(Pase) — (2K + 68). (17)

From inequality (13) we have n; < (1 + €)OPT(Lyni) and therefore,

OPT(L) > OPT(Lyni) > (111 5 (18)

From (15) and (17) we can conclude that
S(IC;ZM) 2> TN, (19)

and from (14) and (16), we have
S(I;IéNI) > (1 ;t)nl. (20)
Since S(L) = S(Lguz) + S(Luni), using (19) and (20) we obtain % > ring + @nl.
So,
OPT(L) > % > ring + (17;75)77,1.

Combining (18) and the above inequality, it follows that
OPT(L) > ! Lt
<~ max 1+ Enl, 2 s rng .

Since #(P) = #(Pauz) + #(Puni); using (16) and (17), we have
#(P) = (n2 + (2k + 68) + ny + B) =n1 +no + (2k+ 6L ,
where . = (. 4+ 68. Therefore,

Bli,(L) < o, (r1)OPT(L) + (2k + 5) ,
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where oy (1) = (n1 + n2)/max {%ﬁnl, @nl + rlng}. Now using Lemma 3.4, we can
conclude that o, (r1) < [% — % + (1 + e)]

Case 2. Lp C L¢op.

The proof of this case is analogous. Therefore, the proof is shortened. Since all rectangles
of L', were packed in Pcp, we have an area guarantee of at least ¢ for bins of P;, except
perhaps the last. The same can be verified for the packing Pig. Thus, the following holds.

1.5(L;
#(Pi) < —SgbZ) +1 for e{1,18}. (21)
Since ¢ < min {1 + 2, 3L}, from (21), (9) and (10) we have
1S (Lguz
#(Paue) < 7 L) | (2k + 68). (22)
t ab
By Theorem 2.2,
#(Punt) < #(Prr.) < (14 ¢)OPT(Lunt) + L. (23)

The packing Pprp has an area guarantee of at least i in all bins, except perhaps in three
of them; and since #(Puni) < #(Prrp), we have

1 S(LUNI)
< s 24
#(Pun1) < T +3 (24)
Let
¢ ny = #(Puni) — Be, and
nz = #(Pau:c) - (Zk + 68)'
Then, from (23) we can conclude that
1
PT(L) > OPT(L >
OPT(L) > OPT( UNI)_1+€7L1
Now, from (22) and (24), we have
S(Lauw) S(LUNI) 1
> > —
2 tny and " 2 M
and therefore,
S(L)
PT(L) > >t -
O ()_ ab_n2+4n1

So,

1 1
OPT(L) > max{l n L, +tn2} .

Thus, Bl (L) < af (r1)OPT(L) + (2k + ), where o (r1) < [% ~ 09 L 4 e)}. The

last inequality follows by taking agye(rl) = (n1 + ng)/max {%ﬁnl, %nl + tng} and using

Lemma 3.4.
From both cases above, we can conclude that for ¥ — oo and ¢ — 0 the statement of
the theorem holds. O



5 Three-Dimensional Strip Packing

In this section, we present an algorithm for 3SP*, called TRI, with asymptotic performance
bound close to 2.75. This algorithm uses many other algorithms as subroutines, which we
describe in what follows. For them, the following result will be useful (see [17, 19]).

Lemma 5.1 Let L be an instance of 3SP' and P be a packing of L consisting of levels
Ni,..., Ny, such that min{z(b) : b € N;} > max{z(b) : b € Nj11}, and S(N;) > sab for a
given constant s > 0,4 =1,...,0 —1. Then H(P) < * V(b) +Z.

The value s in the above lemma is called volume guarantee of the packing P.

First we describe the algorithm NFDH (Next Fit Decreasing Height) presented by Li
and Cheng in [15]. The algorithm has two variants: NFDH® and NFDHY. The notation
NFDH is used to refer to any of these variants.

The algorithm NFDH?® first sorts the boxes of L in decreasing order of their height,
say L = (e1,e9,...,e,). The first box e; is packed in the position (0,0,0), the next one is
packed in the position (z(e1),0,0) and so on, side by side, until a box is found that does
not fit in this layer. At this moment the next box ey is packed in the position (0,y(e*),0),
where y(e*) = max{y(e;),i = 1,...,k — 1}. The process continues in this way until a box
e; is found that does not fit in the first level. Then the algorithm packs this box in a new
level at the height z(e;). The algorithm proceeds in this way until all boxes of L have been
packed.

The algorithm NFDHY is analogous to the algorithm NFDH?®, except that it generates
the layers in the y-axis direction (for a more detailed description see [15]).

Another algorithm we use is the algorithm LL,,, presented by Li and Cheng [15]. This
algorithm generates a level oriented packing for lists L C Cyy, satisfying the conditions
of Lemma 5.1, and with volume guarantee at least %72 So, the following holds for this
algorithm (see [15]).

Lemma 5.2 If P is a packing generated by the algorithm LL,, for an instance L C Cpy
then H(P) < () V(L) + Z.

We describe now the algorithm BI%), which is used to pack small items. This algorithm
is a 3-dimensional version of the algorithm BI,,, for 2BP*.
Algorithm BISQ

Input: List of boxes L C Cyy.

Output: Packing of L into a box B = (a, b, ).

1 Partition the list L into sublists Lq,..., Lg as follows.

i Lnew [ ks ohe b, Ly LOC 0,5k 5 ke ).
1 1. 1
Ly« LNC* T O’m——l—l}’ Ly LNC™% O’m-i-l ) m+27m+1}mcw
1 1. 1 Yy L
L5<—mewy m+2) m+1 0,m+1:|ﬂcxa L6<_mewy 0 +2’0’m—+2:|'
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2 P; «+ NFDH*(L;), i=1,2,4;
3 P; + NFDHY(L;), i=3,5.

4 Pg < LL,,(Lg).

5 P« Pif...||Ps.

6 return P.

end algorithm.

Lemma 5.3 For any list of bowes L C Cy, m > 2, where each box has height at most Z,
we have

BIY(L) < ( +62.

m

m ab

Proof. The proof is similar to the one given for Lemma 4.2. It follows from the fact that
each p%rtial packing P; satisfies the conditions of Lemma 5.1 with volume guarantee at least
(%) L

Finally, we describe the algorithm COL, which is similar to the algorithm FFC for the
problem 2BP". This algorithm has parameters (L, 71, T2, p1,p2), where each 7; is a set of
boxes and p; is a list of coordinates in the plane xy, where the boxes of type 7; can be
packed, + = 1,2. Boxes in the same coordinate p € p; in the plane zy, are placed one on top
of the other, generating a column at position p. At each iteration, the algorithm chooses
a column with the smallest height, say a coordinate in p; and packs the next box b € L;,
of type 7;, on the top of that column (if needed, rotate box b so as to have b € T;). The
process terminates when all boxes in L of type 77 or of type T, are packed. The algorithm
returns a pair (P, L’) where P is the packing generated by the algorithm, and L' is the set
of boxes in L1 U Ly that were packed in P.

Algorithm TRI,

Input: List of boxes L (an instance of 3SP(a, b)).

Output: Packing P of L into B = (a, b, o0).
1 Rotate all possible boxes e € L N &, to an orientation e’ € & U §3.
2 Rotate all possible boxes e € L N (§ U §%) to an orientation e’ € §.
8 Pap + COMBINE—-AB}Y(L,rtype,Ci?,C¥, COL).
4 UPDATE (L).
5 If all boxes of rtype(L, B.”) have been packed then

5.1 Rotate all possible boxes e € L N, to a box e’ € 6.

5.2 Rotate each box e € # so as to have e € & and z(e) minimum.
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5.3 Let

t < 17/36 ,

Te=C%I[i1; L 1-¢], T,=Cc%[0,t; 0,1],
T, =C*[0,t; 0,1], To =TLUTS,,

L¢ = rtype(L, Te), Lp = rtype(L, Tp).

5.4 Generate a packing Pop as follows.
(PCD’a LCD’) — COL(La TCa ba [(07 0)]7 [(07 1 - t)])
(PCD”a LCD”) — COL(LaTC \ LCD’? ga [( 70)]7 [(07 1 - t)a (%7 1- t)])
Pcp + Pepl|Pepr-
Lep < LopJLepr. [* Le or Lp is totally packed in Lop. */
UPDATE(L).

5.5 Partition the list L into sublists Ly, ..., Ly3 as follows (see figure 3).

B B [515 ih] 1= 116, L LY (15 0,4,
Lo LNC 5 5] Lo L0V (155 L3)
O L) L e 0C 145 3]
Loy < LOC™ 0,7 ; 3,3, Log < LOC™ (0,5 ; 0,3].

5.6 Generate packings Pi,...,Pog as follows.
P; « NFDHY(L;), for i = 1,...,21.
P22 < NFDH"(Lsgs).
Pas  BIY (La).
5.7 UPDATE (L). /* Note that L C U . */
5.8 If Lo C Lep
then /* (Case 1) L¢ is totally packed, see figure 4, Cases 1.1 and 1.2.*%/
p (=36+3V6+ V11078 + 2216 V) / (38 (4+ V)
else /* (Case 2) Lp C Lep is totally packed see figure 4, Cases 2.1 and 2.2.%/

b <_72+\/6+ \/6 (3313+588\/6)> / (36 (4+ V6)).

5.9 Generate a packing Ppr as follows.

TE — C% [%71 —P; %7 ]7 T}é‘ — Y [%JP ; %7 :|7

Th—Ccwlk s 31], Tp+ TRUTH,

L + rtype(L, Tg), Lp < rtype(L, Tr).
(PE‘FHLEF’) — COL(L,TE, lfﬂ, [(0,0)], [(1 —p,O)]).
(PEF”vLEF”) — COL(LvTE \ LEF’vT}é‘lv [(070)]7 [(071 —p),
PEF <—PEFI“PEFN.

Lyp < Lpp U Lgpn. /4< Ly or Ly is totally packed in Lgp. */

5.10 If Ly C Lgr /* (Subcase 1) Lg is totally packed */
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then
Rotate (if possible) each box e € LN (§ U &) to a box ¢’ € C{¥ so as to
have z(e’)z(e’) minimum.
Considering the face of each box in the plane zz as a rectangle, use the
algorithm SPR to generate a packing Pspgr of L.
Poc < NFDH*((L\ Lgr) N &y).

P <+ Poc||P2ell P2l Per-

P" « (a packing P € {Pspr,P'} such that H(P) is minimum).
Pauz < PaslPeplPill - .. [ Pas.

Let L" and Ly, be the lists of boxes packed in P" and Py, resp.

P < Pauz||P".
5.11 If Ly C Lgp /* (Subcase 2) Ly is totally packed */
then

Poc < NFDH*((L\ Lgr) N &y).

Pae < NFDH*((L\ Lp) NC™ [0, 5 L1
Paq < NFDH*((L\ Lgr) NC% [p,5 5 3,1]).
P' « PoclPer-

Pauz < PalPcp||Pael|Paal| Pl - - - || Po3.
Let L' and Ly, be the lists of boxes packed in P’ and Py, resp.

P < Pouzl|P'.

6 If all boxes of rtype(L,.A;Y) have been packed then generate a packing P of L as in step
5 (in a symmetric way).

7 Return P.
end algorithm.

The next theorem gives an asymptotic performance bound of the algorithm TRI; when
k — oc.

Theorem 5.4 For any instance L for the problem 3SP* we have
TRI,(L) < ayOPT(L) + B Z ,
where limy_, o a < 2.76 and By, = O(k).

Proof. We present the proof for the case in which all boxes of rtype(L, B.Y) have been
packed (see step 5). The proof for the other case (step 6) is analogous. We consider 4 cases,
according to step 5.8 (Lc € Lep) or (Lp C Lep), step 5.10 (Lg C Lgp) and step 5.11
(Lr C Lgr).

Since many steps of the algorithm TRI; are similar to the ones of the algorithm A,
presented in [17] for the problem 3SP, many of the inequalities obtained in the analysis of
Ay are valid, mainly the ones that present volume guarantee. We present the inequalities
we need, but omit the proofs, as they can be found in [17].
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Figure 4: The four cases in the proof of Theorem 5.4, after packing the critical sets.

Claim:
H(P;) < ﬁvﬁi) +Z for ie{l,...,22}\{1,18} , (25)
H(Py3) < ﬁv(f;?’) +37, (26)
H(Pap) < ﬁ%ﬁ—(%-ﬂll)z, (27)
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1 V(Lep)
+3
< 1 V(Lgr)
- 1/4+1/14  ab
To distinguish the value of p in cases 1 and 2, we denote by p; and ps the values of p in
these cases, respectively.
Case 1.1 (LC C LCD) and (LE C LEF)
In this case, the following inequalities hold:

H(Pcp) <

+27 (28)

H(Pgr) + 27 . (29)

H(Poc) < = p11)(1 =5 V(sgC), (30)
H(PaellPag) < %W +27, (31)
H(P) < %V;Lbl) + Z, (32)
H(Pig) < ﬁ V(fbls) (33)
Since (1 —p1)(1 —¢) < min{1/3,1/4 +1/14}, and P' = Poc||P2el|Padl|PEF, we have
H(P"Y<H(P') < L V(L) +47Z . (34)

T (A=p)(1—t) ab
Considering packing Pspr, from Theorem 3.5 and the fact that H(P") = min{ H(P'), H(Pspr)},

we have

H(P") < H(Pspr) < agpr OPT(L") + 37 , (35)
where agpr =1 + @.
Since r1 < min{4/9,17/36,1/4 +r1/2}, and Pauz = Pap||Pep||Pil| - .. | P23, we have
- n ab
From inequalities (34), (36) and (35) we have
H(P) < a)(r1) OPT(L) + (2k + 72) Z,
where o, (r1) = (b1 + hy)/max{——hy, (1 — p)(1 — t)h1 + r1h2}.

QASPR

Case 1.2 (LC C LCD) and (LF C LEF)
In this case, the following inequalities hold:

H(Pous) +(2k +68)Z . (36)

HPoc) < oy o (37)
H(Pae||P2a) < ]%sz, (38)
apy s X g (39)
H(Pis) < ﬁv(j;g) (40)
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Since (1 —p1)/2 < 1/4+1/14, and P’ = Poc||Per, we have
1 V(L)
(1-p1)/2 ab

Moreover, from steps 1, 2, 5.1 and 5.2 the packing of P’ has a column of big boxes of & for
which the only possible packing is to place one box on top of the other. Therefore,

H(P') +47 . (41)

H(P") < OPT(L) +2Z . (42)
Since p; < min{ry,4/9,17/36,1/4+r1/2}, and Pyuz = Pasl|Pepl|Pael|PodllPil| - - - || P2s,
we have
1 Laua}
H(Puuz) < —M + (2k+70)Z . (43)
pL ab

From inequalities (41)-(43) we have
H(P) < ol'(r) OPT(L) + (2k + T4)Z,

where o (r1) = (h1 + hg)/max{hy, (1 — p1)/2h1 + p1h2}.
Case 2.1 (LD g LCD) and (LE Q LEF)
In this case, the following inequalities hold:

H(Poc) < 7= ;2)/2 V(stC), (44)
H(Pe|P2g) < %W + 22, (45)
H(P)) < %Vg;l) + Z, (46)
H(Pis) < ﬁ V(j)ls) + Z. (47)
Since (1 = pz)/2 < min{1/3,1/4 +1/14}, and P’ = Poc||Pze||P2al|Per, we have
'
H(P") a _;2)/2 Vij;) +4Z . (48)

Considering packing Pspr, from Theorem 3.5 and the fact that H(P") = min{H(P'), H(Pspr)},
we have

H(P") < aspr OPT(L") +3Z . (49)
Since 1/4 4+ r1/2 < min{4t/3,¢,17/36}, and Pauz = Pa||Pcpl|Pill - - - | P23, we have
1 V(L
H(Pauc) (Laa) | (2k + 68)Z. (50)

<
- 1/4: + 7"1/2 ab
From inequalities (48), (50) and (49) we have

H(P) < Bl.(r1)OPT(L) + (2k + 72)Z,
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where 3, (r1) = (h1 + hy) /max{Z— hy, (1 = pa)/2h1 + (1/4 + r1/2)hs}.
Case 2.2 (LD g LCD) and (LF g LE‘F)-
In this case, the following inequalities are valid:

1 V(Loc)
< - T\HOC)
H(Poc) < T (51)
1 V(Ls, UL
H(PoellPog) < ~ V2 L2a) 4oy (52)
D2 ab
1V (L)
< _
H(P) < : b + Z, (53)
1 V(L)
< -
HPw < gl (54
Since 1/4 < 1/4 +1/14, and P’ = Poc||Per, we have
' 1 V(L)
HP) < g t42- (55)

Moreover, from steps 1, 2, 5.1 and 5.2 the packing of P’ has a column of big boxes of &,
where the only possible packing is to place one box over the other. Therefore,

H(P') <OPT(L') +2Z . (56)
Since py = min{4t/3,¢,17/36,1/4+47r1/2}, and Poyuz = PaslPcp||P2el|PoallPill - - - || P23,
we have

H(Pouz) < 1 ViLaus) + (2k +70)Z . (57)
p2 ab

From inequalities (55)—(57) we have
H(P) < B (r1) OPT(L) + (2k +74) Z ,

where 8}/(r1) = (h1 + ho)/max{hq, (1/4)h1 + p2ha}.

Now let o, (r1) := max{a} (r1), o} (r1)} and By (r1) := max{B (r1), B} (r1)}, where o (r1),
(1), By (r1) and 5]/ (r1) are the values obtained in the cases 1.1, 1.2, 2.1 and 2.2.

Since r; — % as k — 00, applying Lemma 3.4 we can conclude that o) (1) — 2.727558.. ..
and 3/ (r1) — 2.753151. ... This completes the proof of the theorem. a0

6 2-Oriented Three-Dimensional Strip Packing Problem

In this section we consider the problem 3SP?, for which we exhibit an algorithm with
asymptotic performance bound 2.64 *.

*In [19] this problem is called “z-oriented three-dimensional packing problem”. We considered convenient
to add the term “strip” to differentiate it from the bin packing version.
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The algorithm follows the algorithm Bl ., presented for the two-dimensional bin packing
problem. It uses the algorithm COL?, which is similar to the algorithm COL, except that
the boxes are considered with the function zy-type, instead of the function rtype.
Algorithm TRI} (L)

Input: List of boxes L (instance of 3SP*(a,b)).

Output: Packing P of L into a bin B = (a, b, 00), allowing orthogonal rotations around
the z axis.

1 Rotate all boxes r € & where p(r) € & U8 U §5.
[*Let Ry <~ {reLN&:p(r)eUbuUuss}; L« (L\R)Jp(R1). */
2 t <+ (V33 —3)/6.
3 Pup « COMBINE—ABY(L, zy-type , &, £, COL?).
UPDATE (L).
4 1If all boxes of zy-type(L, B,”) were packed then

4.1 Rotate the boxes of L N, that fits in & U 6.
4.2 Rotate the boxes of LN (§2 U ;) in such that if e € LN (6 U §,) then z(e) < y(e)
or p(e) ¢ C;.
4.3 Let
To=C"[5 15 51 =t], Tp=C"[0,¢; 0,1],
T, =C"[0,t; 0,1], To=THUT).

4.4 Generate packing Pop as follows.
(Pcpr, Lepr) < COL*(L, Te, Tp, [(0,0)],[(0, 1 — £)]).
(Pcpr, Lepr) + COLA(L, Te \ Leps Th,[(0,0)],[(0,1 = ¢), (3,1 = ¢t)]).
Pcp < Pep||Popr;
Lep <+ Lop'U Lepr;
4.5 Subdivide the list L in sublists Ly, ..., Lo as follows (see figure 3).

L; < LN C™ [%, : %,HJ i=1,...,16, Liz« LOC¥[L1;0,L],
LIBFLﬂcwy [%7%, %7%]7 LIQFLﬂcwy [%7%, %7%]7
L20<_mexy [%7% ) 07%]7 L21<_mexy [%7%7 %7%]7
L22%Lﬂcwy [07%, %7%]7 L23%Lﬂc$y [07% ) 07%]

4.6 Generate packings Py, ..., Pas as follows.
P; < NFDHY(L;) for i=1,...,21,
P; « NFDH*(L;) for i=22;
Pas < BLY (Lys).

4.7 UPDATE (L). /* Note that L C & U §,. */

4.8 Considering each box of L as an rectangle of length =(r) and height y(r) and the
box B = (a,b,o0) as a rectangular strip of length a and unlimited height. Apply
the algorithm of KR, in L; Let Pkgr be this packing. Let Pxrpu be the packing
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NFDH*(L N X0, 5])|INFDH*(L N X[3, 3]) INFDH*(L N X3, 1]).
Let PsTrip be the smallest packing in {Pkr, Pnrpu}-

4.9 Puuz < PaslPep||Pill - - - | Pos;

4.10 P « Psrrir||Paua-

5 If all boxes of zy-type(L, Aiy) were packed, then generate a packing P of L as in step 4
(in a symmetric way).

6 Return P.
End algorithm.

Theorem 6.1 For any instance L for the problem 3SP*, we have
1
TRIi,e(L) < o OPT(L)+ O (k 4 g> Z,

where ag e — (25 +3v/33)/16 = 2.639... as k — oo and € — 0.

Proof. The proof follows the one given for Theorem 4.8 with minor alterations. The in-
equalities involving area are substituted by inequalities involving volume and the additive
constants are multiplied by the value Z. The inequality analogous to (13), which followed
from Theorem 2.2, follows now from Theorem 3.1. a

7 Three-Dimensional Bin Packing Problem

In this section, we consider the three-dimensional bin packing problem with rotation (3BP").
For the problem 3BP, the best performance bound known is 4.84, of algorithms presented
by Li and Cheng [14] and Csirik and van Vliet [9].

We present for 3BP" an algorithm whose asymptotic performance bound may converge
to a value smaller than 4.89. We denote the algorithm of this section by BOX}, .. Before
presenting the algorithm, we need some procedures used as subroutines. We use the same
scheme of the algorithm FFC used for 2BP". For that, we first modify the algorithm FFC
for the bin packing version. We denote this algorithm as FFC*Y (First Fit COLUMN for z
and y axes). The algorithm FFC™ combines the strategy of the algorithm FFC with the
strategy of the algorithm FF (First Fit) to pack boxes into columns.

The input parameters are: a list of boxes L, two set of boxes 7; and 73 and two
coordinate lists p; and po associated with these sets. Each column starts at the bottom of a
box B in a coordinate p € p; Ups. The columns located in coordinates of list [p;] have only
boxes of type 7T;, ¢ = 1,2 and start in the plane zy growing in the direction of the z-axis.

Algorithm FFC™

Input: (L, Ty, T2,p1,p2) // each p; is a list of coordinates in the plane zy.

Output: Partial packing of L into B, in which or all boxes of type 71 or all boxes of
type T2 are totally packed.
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1 While there are non-packed boxes of type 71 and 75 do

1.1 Let Py, Pa,...,P; be the packings in the bins By, ..., B;, respectively, generated
so far.

1.2 Take the next box €’ of type T;. If possible, pack ¢’ in a column of boxes corre-
sponding to 77 in Py,...,P;, without violating the limits of the corresponding
bin. If necessary, rotate the box €’ so as to have ¢’ € T;.

1.3 If it is not possible to pack a box in step 1.2, pack (if possible) the next box e”,
of type T2, using the same strategy used in step 1.2, but with columns of boxes
of type Ts.

1.4 If no packing was possible in steps 1.2 and 1.3, generate a new empty packing
Pi+1 (that starts with empty columns in positions p; U p2) in a new bin By ;.

2 Return Py, Po,...,P;.

end algorithm.

Another algorithm used as subroutine is the algorithm H3D (Hybrid 3D). This algorithm
uses the same strategy used in the algorithm HFF (Hybrid First Fit) presented by Chung,
Garey and Johnson [4]. The algorithm H3D generate a packing in two main steps. First it
generates a three-dimensional strip packing of L, subdivided in levels, and then packs the
levels into bins, using a one-dimensional bin packing algorithm.

Algorithm H3D?(L, Arpp, Auxi)
Input: List of boxes L (instance of 3BP"(a, b, ¢)).
Output: Packing of L into bins B = (a, b, c).

Subroutines: An algorithm Arpp for the 3SP", that generates a level oriented packing,

and an algorithm Ayy; for the one-dimensional bin packing problem.

1 P < ATPP(L) .
2 Let N be the set of levels in P .
3 Apply algorithm Ayy; to pack the levels A into bins B. Each level N € N, of height

ZN, 1s seen as an one-dimensional item of height zpy, and each bin B is seen as an
one-dimensional bin of height c¢. Let Py3p be the resulting packing.

4 Return Pysp .

end algorithm.

We denote by H3D? and H3DY the variants of this algorithm where the generation of
levels is done in the z and y direction, respectively.

Depending on the algorithms used as subroutines, the resulting algorithm H3D can
generate good packings for special instances of 3BP*. Two of these algorithms are the
algorithm BI%), we have presented in section 5, and the algorithm NFDH, presented by Li
and Cheng [15].

Denote by H3D,, the algorithm H3D?, where Arpp = BI'Y and Ayx = FFD. The
following results can be easily proved for the algorithm H3D,,.
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Lemma 7.1 If L CC,, then

1\’ V(L
H3D,, (L) < (ﬂ) (L) |14,
m abc
Proof. First consider the bins that have levels with heigth in Z [m 1 % Let P’ and L'

be the packing and the list of boxes in these bins, respectively. The algorithm FFD packs
m levels in each bin, except perhaps in the last. Since each level has an area guarantee of

2
at least (#) , except perhaps in 6 levels, we have a volume guarantee in each bin of at

3
least (#) , except perhaps in 7 bins. Therefore,

+7. (58)

abc

m+ 1)3 V(L'

#(P') < (

Denote by L” and P” the set of remaining boxes and the packing in the remaining bins.

All bins in P” have been filled with levels up to the height (1 — m—+1) ¢, except perhaps the

last. Therefore,

BN 2 (#P) - 1) (1= 2 ) e

Since BIY) (L") < (m41)* YY) | 67 and Z < £, we have

m

m+1 2V(L//) 6e . ) 1
( m ) ab +m+12BIm(L)2(#(P)—1)(1_m_+1>

and therefore,

+1 m+1\? V(L") 6
m_1 < m
#(P) - (m> (m) abc m+ 1
(m + 1)3 V(L") 6
= +
m abc
3 "
< (m-l—l) V(L)—i—()’.
m abc
Thus,
+1\° V(L")
n< (L 7. 59
#r < (M) YL (59)
The result follows from inequalities (58) and (59). a

Now, we present the ideas behind the algorithm BOX}, .. To understand this algorithm,
we first consider the volume guarantee one could obtain if only list partition and the next fit
decreasing algorithms were used. Suppose we partition the items of the input list L into sets
Sijk := LN T, for 4,5,k € {0,1}, where T;;;, are defined in step 1 of the algorithm BOXy ..
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In the set S111 we have the larger items, which lead to the very poor volume guarantee
of %5% = % = 0.125. For the boxes in S;ji, with ¢ + j + & = 2, we can obtain a volume
guarantee of %%% = % = 0. 166 .. For the sets S;ji, with ¢ + 5 + k = 1, we can obtain a
volume guarantee of 122 _2 _ 0.222 .... For the set Spgp, we can obtain a packing with a
volume guarantee of %ig = ﬁ =0.296....

The critical sets are defined for items which lead to packings with volume guarantee
close to % (lIl set 5111), % (lIl sets 5011, 5101 and 5110) and % (1n sets 5001, 5010 and 5100).

The algorithm first combines critical sets defined for sets S;jp, with i+j+k = 2. First it
combines Sp11 and Syo; using the algorithm COMBINE ABI , obtaining a combined packing
with a good volume guarantee (that is better than ) Suppose that all critical boxes from
So11 are totally packed. The remaining boxes in 5011 give packings with volume guarantee
close to 2. Now, we perform another combination step with the algorithm COMBINE-ABY?
with the remaining boxes of Sy1p; and the set Si19. Suppose that all critical items of the
set S1p1 have been totally packed. In this case, the combined packing has a good volume
guarantee and the remaining items of Sjp; give packings with volume guarantee close to %.

In this case, if we perform careful rotations before these combinations, the remaining
items of Si1p and the items of Si;; cannot be packed side by side in the z and y axes.
Therefore, we can pack these items with good algorithms for the problem 1BP. In this case,
we can obtain almost optimum packings with a volume guarantee of %.

Now, the set of items can be partitioned into three parts. In one part we can obtain an
almost optimum packing with volume guarantee of % (remaining items of S119 and the set
S111). In a second part, with the remaining items of So11 U S101 U Spo1 U Sp10 U S100, we can
obtain packings with volume guarantee close to £, In the third part, for the items of the
set Spop we can obtain a good volume guarantee

At last, the algorithm performs various combinations of items that give packings with
volume guarantee close to % and %. In this case, we can improve the volume guarantee of
% or the volume guarantee of %.

Algorithm BOX;, (L)
Input: List of boxes L (instance of 3BP"(a, b, c)).
Output: Packing P of L into bins B = (a, b, ¢).

1 Let
Xo + X[0, 3], X+ X[1,1],
Vo < V[0, 3], Vi V3.1,
%ezma 2y + Z[3,1];
Tijk < XiNY;N 2y, ijk €{0,1};

2 p+ 7@79.

3 Rotate all possible boxes e € L N 7111 in such a way that e fits in one of the sets T,
17k # 111. Ties can be decided arbitrarily.

4 P «— COMBINE- ABIy(L rtype, 7611,7-101,FFC y)
UPDATE (L);
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Figure 5: Lists Ljjg.

If rtype (L, To11 N ARY) = 0 then

P4  COMBINE-ABY* (L, rtype, Tio1, Ti1o, FFCY?).
UPDATE (L);
Pap < Py UPYS.

Otherwise // all boxes of rtype (Tip1 N B,,Y) were packed. //

Pre « COMBINE-AB?*(L, rtype , Ti10, Tor1, FFC%).
UPDATE (L).
Pap — P UPEE.

5 Counsider that all boxes of type (711 N .Aiy) and (7101 N A%z) were totally packed.

5.1 Rotate all possible boxes e € L of type T110 in such a way that e fits in one of
the sets Tk, ijk ¢ {111,110}.
5.2 Rotate all possible boxes e € L of type T110 U T111 in such a way that z(b) is
minimum.
5.3 Let L;j, < LN Ty for i, j,k € {0,1} (see figure 5).
5.4 Pooo — H3D2(L000).
5.5 Generate a packing Pop in the following manner.
PeS « FFC™ (Lo1y U L1, Lont N X[%,pl, Linn N X[5,1 = pl, [(0,0)], [(0,p)]);
UPDATE (Lg11, L111);
Peh < FFCY*(Lyoy U Liyy, Lior N Y[, p), L N Y[5,1 = pl,[(0,0)], [(0,p)));
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UPDATE (Lygy, L111);

P = FEC™ (Lo UL111, Loot X[, 51NV [5, pl, L1niNY[5, 1-p], [(0,0), (0, 3)1, [0, p)));
UPDATE (Loo1, L111);

PUY « FFC* (LoyoUL111, LowNZ[L,
UPDATE (Lo1o, L111);

PIOU - FFCyz(Ll[]OUL]_l]_; L]_O[]ﬂy[%a %]QZ[%7P]7 Llllmz[%7 1—p], [(07 0)7 (07 %)]7 [(07p)])7
UPDATE (L1005 L111);

Pop — PUL U PLL U PWL PO pLOg.

5.6 Generate packings of the remaining boxes of the sublists L;;, with i +j +k = 1.

INX[3,p], L1:NX[5, 1-p], [(0,0), (0, 5)], [(0, p)]);

l\)l»—\

5.6.1 Generate packing Pyo; of the remaining boxes in Ly in the following

manner.
Let L3, ..., L33, be a partition of Loy, such that (see figure 3).

718 1 1.1 1] 19 11,11
001 < Loot NC™ [3.55 3,3], Loy < Loot NC™ [3,5 5 7.3],
20 1 1.4 1 21 11,10
Loy = Loor NC* [5715 ; ?7 %]7 Loy < Loor NC* [17§ ; 5715]7

22 : 23
L3« Lo nC™ [0,1 5 L1 18 « Loy new [0,1; 0, L],

Ploy + H3D*(NFDHY, L},,,NF), i=18,...,21;
P22« H3D*(NFDH?, L3, NF);
ngl — H3DZ(BI¥)7 L%glv NF);
Poot + Py U - U PG
5.6.2 Generate a packlng Po1o of the remaining boxes of Lgig in a way analogous
to step 5.6.1, generating the levels in the y-axis direction.
5.6.3 Generate a packing Pgg of the remaining boxes of L1y in a way analogous
to step 5.6.1, generating the levels in the z-axis direction.
5.7 Generate a packing of the remaining boxes of Lg;; and Lyg;.
5.7.1 Generate packing Pp1; of the remaining boxes of Loq.
Let (Lyq,---,LgT;) be a partition of Lg; defined as follows (see figure 3).
Ly, < Lon NV[az a1 i=1,...,16;
Loty < Lo N V[0, 5l
Phi1 H3D‘”y(NFDHy Ly, NF), i=1,...,1T;
Poi1 + Poy U U PG,
5.7.2 Generate packlng P1o1 of the remaining boxes of Lip; in a way analogous
to step 5.7.1, considering the plane yz instead of zy.

5.8 Generate a packing of the remaining boxes of Ly and L;;; as follows.

5.8.1 Lynt < LiigU Lyi1;
5.8.2 Consider each box e of Lyny as a one-dimensional item of length z(e) and

each bin B as a one-dimensional bin with length c.
5.8.3 P{JNI — FFDZ(LUNI);
5.8.4 P{,INI — FL?(LUNI);
5.8.5 Punt < (P € {Pinp: PUniH#(P) is minimum).
5.9 Puuz < Pap U Pcp U Pooo U Poor U Poro U Proo U Porr UProt;
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5.10 P + Puynt U Pauz-

6 For the other cases, the steps are analogous to step 5, differing only in the planes and
directions the packing is generated.

7 Return P.

end algorithm.
Theorem 7.2 For any list of boxzes L for 3BP*, we have
BOXkye(L) < ak,EOPT(L) + Bk,ea

where oy — (43 + 3V137)/16 = 4.882... as k — oo and € — 0 and Py is constant for
constant values of k and €.

Proof. First, denote by L;jk the boxes packed in the packing Pjji, for 7,7,k € {0,1}. We
divide the proof in two cases, considering the set M, defined as

1 1
1—p]ﬂy[§,1—p]ﬂ3[—,1—p],

1
M:ZLlllﬂX[ 5

57
after step 5.5.

In what follows, for a packing @@ we denote by b_area(Q) the fraction of the bottom area
of the bin B that is occupied by the packing Q.
Case 1. M # () after step 5.5.

By Lemma 7.1 we have
1 V(Looo)

—000) 4 g, (60)

#(Pooo) < 8727 abe

For the packing P4p, note we have a b_area(Pap) > %, except perhaps in 2(2k + 41)
bins. Since each box of L,p has height greater than §, we have

1 V(Lap)

T b T T8 (61)

#(Pap) <

For the packing Pcp, note that for each bin B of PED, i € {011,101, 001, 010,.100}, we

have b_area(P. ) > i + 5, except perhaps for the last bin of each packing P¢p. Also
considering that each box has height greater than §, we have

1 V(Lep)

— 6. 62
s+ abe * (62)

#(Pcp) <

For the packing Py, for each bin B of P}, we have a b_area(P}y;) > i and each

box has height at least % of the corresponding dimension. Note that the boxes with small
area guarantee in L5, were totally packed in Pcp, otherwise we will not have M # 0.
Therefore, proceeding in the same way as before, we have

1 V(Loo)

< — .
—17/72  abe 8 (63)



The same analysis we have made for packing Pyog; can be made for the packings Poig
and Pigp. So, the following inequalities holds.

1 V(L)

#(Poro) < W Zhe + 8, (64)
1 V(L)
#(P1oo) < /72 abe (65)

Now, counsider the packing Pp11. Note that for each packing 73811 we have b_area(Péol) >
p (this minimum being attained for list L), except perhaps in the last bin of the packing
Pi,1- Therefore,
1 V(L)
p/2 abe

In the same way, we have the following inequality for packing Pio;.

#(Po11) < +17. (66)

1 V(Lig)

#(Pio1) < 272 abe

17, (67)

From inequalities (60)—(67) and considering that L = min{Z, I & + L}, we have
1 V(L
- ( aux) + Ck

< .
#(Paul‘) = p/2 abe aux

(68)
Finally, consider the packing Pynr generated for boxes of L9 and Lyj; in step 5.8.

The minimum volume in each bin B of P{y;, except perhaps in the last bin, is at least “Tbc.

Therefore,

1 V(Luni)

1/8 abc

Note that after the rotation of boxes made in step 5.1, there is no box e in Lyn that can be
rotated such that e fits in one of types Tjji, i7k ¢ {110,111}. So, after step 5.2, all boxes
of Lynt will have the smallest height possible, without leaving 7119 U T111. Therefore, after
applying algorithm FL? in step 5.8.4, we have

#(Punt) < + 1.

#(Pin1) < (14 €)OPT(Lynt) + Conr-

Since #(Puni) < max{#(P{n1): #(Pin1)}, we have

1 V(L
#(Pun1) < 1/—8% + 1, (69)
#(Puni) < (14¢)OPT(Lunt) + Conr- (70)

From inequalities (68)—(70) we can conclude that
#(P) < ) OPT(L) + Pe,

where o, . = (h1 + hy) /max{ k1, gh1 + Eho} and i = Cip + Ciiyy-
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Case 2. M = () after step 5.5.

The analysis is analogous to Case 1, and the details will be omitted. We can conclude
that

1 V(Looo)
#(Pooo) 8/27  abc +14,
1 V(Lap)
< - \Aab)
#(Pan) S T e T,
1 V(L
#(Pcp) < MJrG.

1L, n
s+ 4 abc

Furthermore, for each packing P§;, we have b_area(Pj;) > 4. This also holds for the
packings Pg19 and Pigg. Therefore, we have

1 V(Lyy)
#(Poo1) 279 abe + 38,
1 V(Lyy,)
<
#(Pow) < 2/9  abe ’
1 V(L)
< —_— .
#(Proo) < 279 abe +38

For the packings P, we have b_area(P} ;) > 1. The same also holds for packing Pio1.
Therefore,

1 V(L)
— =+ 17
#(Po11) /2 abe + 17,

1 V(Zio)
< ——=C 1T,
#(Pio1) < /2 abe +17

From the above inequalities, we have
1 V(Lguz) &

<—" .
#(Paua:) = T1/2 abc + Caux

Since the boxes of M, M C Lji1, were totaly packed, we have that the minimum volume
of any box in Lj1; is at least %. Therefore, considering the packings of P19 and P11, we
have

1 V(Luni)
#(Puni) < (1-p)/4 abe

#(PUNI) < (]_ + E)OPT(LUNI) + CIEJNI'

+ 1.

So, we obtain
#(P) < a OPT(L) + e,

where o - = (h1 + h) /max{=h1, L2hi + Sho} and By = Ck, + Coyy-
Let o, := max{c}, o} }. As for k — oo we have r; — 3, we can conclude from both
cases above that limy_, 0 g, < 4.8821... a
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8

Concluding Remarks

We presented several approximation algorithms for packing problems where orthogonal
rotations are allowed. These problems have been less investigated in the literature. To our
knowledge, the bounds presented here are the best known for each problem. All algorithms
presented in this paper can be implemented to run in time polynomial in the number of
items.

The algorithm presented for the problem 3SP* uses as subroutine the algorithm for the

problem 2SP". We note that if one obtains a better algorithm for 2SP", one can obtain
a better algorithm for the problem 3SP'. We would like to thank David Johnson for his
comments about the status of these problems.
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