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Packing of Squares into Squares�Carlos E. Ferreiray Fl�avio K. Miyazawaz Yoshiko WakabayashiyAbstractWe consider the problem of packing a list of squares into unit capacity squares. Theobjective of this problem is to minimize the number of unit capacity squares used inthe packing. We consider a restricted version of this problem and exhibit a polynomialtime algorithm to solve it. We use this algorithm in the design of an approximationalgorithm for the original problem, and show that its asymptotic performance bound is1:988. This bound compares favourably with the bound 2:125, known for an algorithmobtained by Chung, Garey and Johnson for the more general problem, where the itemsto be packed are rectangles.1 IntroductionWe consider the problem of packing squares into squares, de�ned as follows. Given a list Lof n squares and (an unlimited quantity of) squares Q, called bins, pack the n squares of Linto a minimum number of bins. We note that there is no loss of generality to assume thatthe bins have unit capacity (width and height 1), since otherwise we can scale the squaresin L. So we assume henceforth that the bins have unit capacity (we call them unit bins)and denote this problem as SPP (Squares Packing Problem).The packings we consider are all orthogonal. That is, with respect to a �xed side of thebin, the sides of the squares must be parallel or orthogonal to it.This problem has applications in stock-cutting, VLSI chip design and scheduling pro-grams in parallel computers [14, 15]. Other problems related to SPP have also been men-tioned in the literature. The following two problems deal with non-necessarily orthogonalpackings. The �rst one was studied by Erd}os and Graham [8] and consists in �nding themaximum number of equal squares that can be packed in a rectangle. The second one,investigated by G�obel [10], is the problem of �nding the smallest possible square into whichn unit squares can be packed (see also [9]).�This work has been partially supported by Project ProNEx 107/97 (MCT/FINEP), ProjectPCE (ProTeM-CC-III/CNPq), FAPESP (Proc. 96/04505-2) and CNPq individual research grants:Proc. 300752/94-6 (cef@ime.usp.br), Proc. 300301/98-7 (fkm@dcc.unicamp.br), Proc. 304527/89-0(yw@ime.usp.br).yInstituto de Matem�atica e Estat��stica | Universidade de S~ao Paulo | Rua do Mat~ao, 1010 { CidadeUniversit�aria | 05508{900 | S~ao Paulo{SP | Brazil.zInstituto de Computa�c~ao | Universidade Estadual de Campinas | C. Postal 6176 | 13083-970 |Campinas{SP | Brazil. 1



2 C. E. Ferreira and F. K. Miyazawa and Y. WakabayashiFor orthogonal packings, Meir and Moser presented in [16] an algorithm which|undercertain conditions|�nds an optimum packing of a list of squares into a given rectangle,provided that the area of the rectangle satis�es certain size condition. Co�man and La-garias [4, 5] considered probabilistic analyses of algorithms for the problem of packingsquares in a strip with width 1 and unlimited height. In this problem the objective is tominimize the size of the packing in the unlimited direction. In [1], Baker et al. presentedapproximation algorithms for the problem of maximizing the number of squares (of a givenset) that can be packed into a rectangle.It is known that SPP is an NP-hard problem. This is a consequence of a result of aspecial case of this problem that is already NP-complete. Leung et al. [14] have shown thatthe problem of deciding whether a given set of squares can be packed into only one squareis NP-complete in the strong sense.One approach to deal with NP-hard problems is to develop approximation algorithms.These are polynomial time algorithms that have some performance guarantee compared tothe optimum solution. There are two standard measures for approximation algorithms: theabsolute performance bound and the asymptotic performance bound. These concepts arede�ned as follows.Given a list L of items to be packed, and an algorithm A, we denote by A(L) thenumber of bins used in the packing generated by A when applied to the list L. We denoteby OPT(L) the corresponding value for an optimum packing of L.We say that an algorithm A has absolute performance bound � ifA(L) � � �OPT(L); for all input list L;and we say that A has asymptotic performance bound � if there exists a constant � suchthat A(L) � � �OPT(L) + �; for all input list L:In 1982, Chung, Garey and Johnson [2] presented an algorithm for the problem ofpacking a list L of rectangles into a minimum number of unit (square) bins. This algorithm,called HFF (Hybrid First Fit), has asymptotic performance bound 2:125. More precisely,these authors proved the following inequality:HFF(L) � 2:125 �OPT(L) + 5; for all input list L:Since SPP is a special case of the above problem, the algorithm HFF can also be used tosolve SPP. Thus we may view HFF as an algorithm for SPP with asymptotic performancebound 2:125.We should mention that for the problem of packing a list of squares in a strip of �xedwidth and unlimited height, with the objective of minimizing the packing in the unlimiteddirection, Co�man, Garey, Johnson and Tarjan [3] have shown that the algorithm FFDH(First Fit Decreasing Height) has a tight asymptotic performance bound 1.5.In the next section we present a proof that there cannot exist an approximation algo-rithm for SPP with absolute performance bound less than 2, unless P = NP . In Section3 we study a special case of SPP that can be solved in polynomial time. In Section 4 wepresent an approximation algorithm for SPP with asymptotic performance bound 1:988.Finally, Section 5 brings some concluding remarks.



Packing of Squares into Squares 32 Non-approximability in absolute sense of SPPIn this section we present a result concerning the impossibility of obtaining a polynomialtime approximation algorithm for SPP with certain absolute performance bound (under theassumption that P 6= NP). First, we introduce a special decision version of SPP, denotedby PSUd, de�ned as follows: given a list L of squares, decide whether all squares of L canbe packed into a unit bin. Leung et al. [14] have shown the following result with respect tothe complexity of PSUd.Theorem 2.1 PSUd is strongly NP-complete.Using this result we can prove that �nding a polynomial time algorithm for SPP withabsolute performance bound less than 2 is as di�cult as the original problem.Theorem 2.2 There is no polynomial time algorithm for SPP with absolute performancebound less than 2, unless P = NP.Proof. Suppose that there exists a polynomial time algorithm A for SPP such thatA(L) < 2 �OPT(L) for all input list L of SPP:Consider now an instance L of PSUd and apply algorithm A to L. We have two possibilities.If A(L) < 2, then we have a positive answer for PSUd. If A(L) � 2, then the answer forPSUd is negative. Thus the algorithm A solves PSUd in polynomial time, contradictingTheorem 2.1.
3 Packing of squares with restricted sizesWe call size of a square q 2 L, denoted by s(q), the size of its width (or height). Here it isassumed that every square in the list L has size at most 1.Since it is not possible (unless P = NP) to �nd approximation algorithms for SPP withabsolute performance bound less than 2, one could try to develop polynomial time algo-rithms for restricted instances of the problem. The question that arises is: what restrictionscan we impose on the instances such that the restricted problem becomes polynomially solv-able?One possibility is to restrict the sizes of the squares in L to some values, as follows. Foreach integer k � 2, denote by SPP(k) the restricted version of SPP whose instance is a listL consisting of squares of size greater than 1k ; that is, L = (q1; q2; : : : ; qn), where s(qi) > 1k .It is immediate that SPP(2) can be easily solved. Let us consider SPP(3). In the sequelwe describe an algorithm for SPP(3), called FFDS (First Fit Decreasing Size). After that,we prove a result on the con�gurations of the bins generated by this algorithm (needed laterin the other algorithm), and then we prove that FFDS solves SPP(3).



4 C. E. Ferreira and F. K. Miyazawa and Y. WakabayashiAlgorithm FFDSInput: List L = (q1; : : : ; qn) of squares, where 13 < s(qi) � 1.Output: Packing of L into a minimum number of unit bins.1. Let L1  fq 2 L : s(q) > 12 g and L2  L n L1.2. Sort the squares of L1 in increasing order of their sizes.Let L1 = fq1; : : : ; qpg, with s(q1) � : : : � s(qp).3. For i 1; : : : ; p take a unit bin, say Qi, and pack qi into it left-justi�ed at the bottomcorner (see Figure 1, con�guration C2).4. Sort the squares of L2 in decreasing order of their sizes.Let L2 = fqp+1; : : : ; qng, with s(qp+1) � : : : � s(qn).5. Let i p+ 1; j  1 and r  0.6. While i � nIf j � p thencheck whether qi can be packed in the (partially occupied) bin Qj.6.1 If yes, pack qi; qi+1; qi+2 in Qj adjusting them to each of the non-occupiedcorners (both or one of the squares qi+1; qi+2 may not exist; pack only theexisting ones); let i i+ 3; j  j + 1.6.2 If not, let r r+1 and pack qi; qi+1; qi+2; qi+3 (the existing ones) in a newbin Qp+r; let i i+ 4.else (there is no partially occupied bin available)let r  r + 1 and pack qi; qi+1; qi+2; qi+3 (only the existing ones) in a new binQp+r; let i i+ 4.7. Return the packing (using p+ r bins) that was generated. Halt.end algorithmLemma 3.1 Let L be an instance of SPP(3), L1 := fq 2 L : s(q) > 12 g and L2 := LnL1.Then the algorithm FFDS applied to L generates a packing where each bin, except possiblyone, has one of the following con�gurations.C1 : con�guration consisting of 1 square of L1 and 3 squares of L2.C2 : con�guration consisting of 1 square of L1.C3 : con�guration consisting of 4 squares of L2.Proof. First, we note that the algorithm FFDS generates a packing where the bins mayhave con�guration C1 (see step 6.1 of the algorithm), or C2 (step 3) or C3 (step 6.2 andstep 6 when j > p). A bin having a con�guration di�erent from C1, C2 or C3 may occuronly if in step 6 the variable i is at most n and it becomes for the �rst time larger thann� 3, and one of the two possible situations occurs.
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Figure 1: Main con�gurations of the bins generated by the algorithm FFDS{ The square qi can be packed in a partially occupied bin Qj (step 6.1), but not bothof the squares qi+1; qi+2 exist (this means that i � n � 1). In this case, the bin Qjchanges its con�guration from C2 to a con�guration consisting of 1 square of L1 and1 or 2 squares of L2. This happens only once (since afterwards i > n).{ The square qi cannot be packed in a partially occupied binQj (step 6.2 or when j > p).In this case, since i > n�3 this means that not all of the squares qi+1; qi+2; qi+3 exist.Thus, a bin having a con�guration consisting of precisely 1, 2 or 3 squares of L2 isgenerated. Here again, afterwards we have i > n and the algorithm halts.If at the mentioned stage none of the two situations above occurs (this may happenwhen step 6.1 is performed with i = n� 2 and both qi+1 and qi+2 exist), then no bin willhave a con�guration di�erent from C1, C2 or C3. Thus, the algorithm FFDS generates apacking as claimed in the lemma.Theorem 3.2 The algorithm FFDS solves SPP(3) in polynomial time.Proof. Let L be an instance of SPP(3) consisting of squares with size greater than 13 . LetL1 := fq : s(q) > 12g and L2 := L n L1. The proof is by induction in jLj. If L1 = ; orjL2j � 4 the result follows immediately. Let us assume that L1 = fq1; : : : ; qpg, p � 1, andL2 = fqp+1; : : : ; qng, jL2j > 4, with the squares ordered as in steps 2 and 3 of the algorithmFFDS.First we note that in any packing of L each of the squares in L1 must be packed in adi�erent bin. Without loss of generality call these bins Q1; : : : ; Qp as in the algorithm (withqi packed in Qi). We consider two cases.Case 1. The square qp+1 cannot be packed in Q1.Case 2. The square qp+1 can be packed in Q1.In case 1, let R := fqp+1; : : : ; qp+4g and L0 := LnR. In case 2, let R := fqp+1; qp+2; qp+3gand L0 := L n (fq1g [R).In case 1 the algorithm FFDS applied to L generates a packing that consists of thesolution of FFDS applied to L0 together with an additional bin having con�guration C3(containing the 4 squares in R). In case 2 the algorithm FFDS applied to L generates a



6 C. E. Ferreira and F. K. Miyazawa and Y. Wakabayashipacking that consists of the solution of FFDS applied to L0 together with an additional binhaving con�guration C1 (containing q1 and the 3 squares in R).In both cases, by induction hypothesis, the algorithm FFDS applied to L0 generates anoptimum packing of L0. Let us assume that this optimum packing uses t � 1 bins. Thus,the packing generated by FFDS applied to L uses t bins.It remains to show that any optimum packing of L uses t bins. For that, suppose thereis an optimum packing of L that uses less than t bins.Let us consider �rst the case 1. Let O be an optimum packing that has a bin containinga largest possible intersection with the set R. We claim that the packing O has a bincontaining all squares in R. This follows from the fact that the bins in R are the largestones in the list L2. In fact, suppose that in the packing O the bin containing qp+1, say Q0,does not contain all the other squares in R. In this case we can obtain another packing bypermuting the squares packed in Q0 (that are not in R) with the squares in R, so that Q0ends up containing all the 4 squares in R, a contradiction.Consider now the case 2. In this case, let O be an optimum packing that has a bincontaining a largest possible intersection with the set fq1g[R. According to our assumption,Q1 is the bin containing q1. Since the square qp+1 can be packed in Q1, then it is possible topack all the squares of R in Q1 (together with q1). Hence, by an appropriate permutation(if needed) we can obtain an optimum packing where the bin Q1 contains q1 and all theother 3 squares of R.Consider the mentioned optimum packing O of L (that uses less than t bins). In case 1,respectively case 2, deleting from this packing the bin Q0, respectively the bin Q1, we obtaina packing of the corresponding list L0 that uses less than t� 1 bins. This is a contradictionto the fact that the algorithm FFDS generates a packing of L0 that uses t � 1 bins, whichby induction hypothesis is optimum.Hence, we can conclude that any optimum packing of L uses t bins, and therefore, thepacking generated by the algorithm FFDS is an optimum packing of L, solving SPP(3).The algorithm FFDS is clearly polynomial. It can be implemented to run in timeO(n log n).A possible direction to extend the results presented in this section would be to studythe problem SSP(k), for k � 4. We could neither prove that this problem is di�cult norobtain a polynomial time algorithm to solve it. We did not investigate this problem hardenough, as our e�ort was directed in the design of an approximation algorithm for SPP,but it seems to us that SPP(4) might already be NP-hard.4 Approximation algorithm for SPPThe negative result in Theorem 2.2 about the non-approximability of SPP|in the abso-lute sense|justi�es the design of an approximation algorithm for this problem for which agood asymptotic performance bound can be guaranteed. In fact, asymptotic performancebounds seem to be more appropriate bounds to measure the performance of algorithms for



Packing of Squares into Squares 7packing problems. For the one-dimensional bin packing problem, which is not (absolutely)approximable within 1:5, it is known that the algorithm FFD (First Fit Decreasing) hasthis absolute performance bound (see Simchi-Levi [20]). Johnson [11] has shown that theasymptotic performance bound of this algorithm is 119 . One can �nd in the literature manyfast algorithms for the one-dimensional bin packing problem [11, 12, 13] with asymptoticperformance bound close to 1. Moreover, there exists an asymptotic polynomial approx-imation scheme for the one-dimensional bin packing problem, i.e., an algorithm that canhave an asymptotic performance bound as close to 1 as desired [7].With this motivation, we present an approximation algorithm for SPP and show thatits asymptotic performance bound is less than 1:988. We recall that it is known in theliterature an algorithm with asymptotic performance bound 2:125, given by Chung, Gareyand Johnson [2] for the more general problem of rectangles packing (which also solves SPP).First we introduce some notation. We say that a square q is of type G, M or P ifs(q) 2 �12 ; 1i, s(q) 2 �13 ; 12i or s(q) 2 �14 ; 13i, respectively. Given a list of squares L, wedenote by S(L) the total area of the squares in L. If a list L of squares is packed in a binB, then we may refer to B as the list L. So, S(B) is the total area of the squares packed inB. Given a packing P, we denote by #(P) the number of bins used in the packing P.Let us call area guarantee of a bin, the minimum area occupied by the squares packed inthis bin. For simplicity, we may also say area guarantee of a con�guration or of a packing,referring to the area guarantee of the bin with such a con�guration, or of the bins in thecorresponding packing. For example, the area guarantee of con�guration C1 of Lemma 3.1is at least 14 + 3 � 19 = 712 = 0:583 : : :.In our algorithm we use the algorithm NFDH (Next Fit Decreasing Height) as a sub-routine to pack a list of squares L into rectangular bins (a; b). The algorithm NFDH �rstsorts the squares in L in decreasing order of their sizes. Then packs these squares followingthis ordering. The squares are packed in layers, one after the other, each of width a andheight de�ned by the �rst square packed in this layer. All squares are packed leftmost ineach layer. When a square cannot be packed in the current layer, then it is packed in anew layer, which becomes the current layer, starting immediately after the previous layer.When a layer cannot be created in the current bin, then it is created in a new bin, whichbecomes the current bin. This algorithm is also denoted by NFDHx, as it generates layersin the x-direction. There is another variant of it, denoted by NFDHy , that generates layersin the y-direction.The following result, due to Meir and Moser [16], is valid for the algorithm NFDH, andwill be used in the analysis of the algorithm we propose.Theorem 4.1 Any list of squares L = (q1; q2; : : : ; qn) with total area A can be packedin a rectangle (a; b) by the NFDH algorithm if m � 2 and s(qi) � am , s(qi) � bm andA � ab� 1m2 + �1� 1m�2�.We are now ready to describe the algoritm we have designed for SPP, called ASP (seenext page).



8 C. E. Ferreira and F. K. Miyazawa and Y. WakabayashiThis algorithm generates a packing consisting of two partial packings: an optimumpartial packing, P1, and another one with a good area guarantee, P2. The idea behind thisalgorithm is to consider sublists of L to obtain certain partial packings and then improvethem, if possible. We use particular packings presented in [6], and the approach of criticalset combination technique used in [17, 18, 19].Let us explain the idea of critical sets used in this algorithm, and add some commentsto help understand it. Note that, initially a sublist L01 of L is considered and the algorithmFFDS is used to pack the squares in L01, �nding an optimum packing of this sublist.For the bins used in the algorithm FFDS with the con�gurations given in Lemma 3.1,we have the following area guarantee.C1 has area guarantee of at least 14 + 3 � 19 = 712 = 0:583 : : :C2 has area guarantee of at least 14 = 0:25C3 has area guarantee of at least 4 � 19 = 0:444 : : :Therefore, the smallest area guarantee for the bins used in the packing of L01 is 14 (for binswith con�guration C2). Here, we are excluding the bin not having one of the con�gurationsC1, C2 or C3 (it may exist at most one).The algorithm �rst �nds an optimum packing P 01 of L01. Then, it considers as criticalbins those bins of P 01 with area guarantee smaller than 49 . Note that all such bins havecon�guration C2. The set of squares packed in these bins, called LA, is then combined withthe set of squares not in L01, called LB . The sets LA and LB are considered critical. Thesesets are precisely the following (see Figure 2):LA := fq 2 L : 12 < s(q) � 23 g andLB := fq 2 L : 0 < s(q) � 13g:The combination of the squares in the sets LA and LB is performed in step 5. Thenon-occupied region of the critical bins of P 01 are �lled up with squares of LB. The idea isto improve the area guarantee of these critical bins to at least 49 , or verify that all squaresof LB can be packed into these critical bins. (Note that each square of type G that is notin LA has an area guarantee of at least 49 .)More precisely, the combination is performed as follows. In step 5.2.1 it is de�ned arectangular region, P 0, for each critical bin B 2 PA (see Figure 3). Then, the sets LAand LB are combined using the algorithm NFDH. This algorithm �rst packs squares ofLB in the region P 0, generating levels in the y-direction, and then packs in the regionP 00 = (p; 1 � s(q)) generating levels in the x-direction, where p is the largest rectanglewidth (of P 00) that can be de�ned without overlapping squares packed in P 0. Note that P 00is de�ned for each critical bin. This process is applied to every critical bin in PA until allcritical bins in PA have been considered or when all squares in LB have been packed. Thepacking generated in step 5 is called PAB .



Packing of Squares into Squares 9Algorithm ASPInput: List of squares L = (q1; : : : ; qn).Output: Packing of L into unit bins.1. Let L01  fq 2 L : 13 < s(q) � 1g.2. Let P 01  FFDS(L01).3. Let PA be the set of bins B 2 P 01 having con�guration C2 with a square q 2 B, s(q) � 23 .(Let LA be the set of squares in these bins.)4. Let LB  fq 2 L : 0 < s(q) � 13g.5. Let PAB be the packing generated by �lling up the bins in PA as follows5.1 Let PAB  ;.5.2 For each bin B 2 PA do5.2.1 If there exists unpacked squares in LB thenLet q 2 B.Let P 0 be a rectangular bin of size (1� s(q); 1) in B (see Figure 3).Pack the unpacked squares of LB in P 0 using the algorithm NFDHy.Let P 00 be a rectangular bin of size (p; 1�s(q)) in B, where p is the largestwidth we can de�ne without overlapping squares packed in P 0.Pack the unpacked squares of LB in P 00 using the algorithm NFDHx.PAB  PAB [B.6. Let L1 be the set of all packed squares, and P1 the packing generated for L1.7. Let P2 be the packing of the unpacked squares of LB generated by the algorithm NFDH.8. Return the packing P1 [ P2.end algorithmAfter step 5 have been performed, in step 6 we call L1 the set of all packed squares andcall P1 the packing generated for L1. Now we consider two cases:Case 1: All squares of LB are packed in PAB .In this case, P1 (that is an optimum packing of L1) is an optimum packing of L.Case 2: There exist squares of LB not packed in PAB .In this case, in step 7, the set L2, of unpacked squares in LB , is packed in P2 using thealgorithm NFDH.The �nal packing P is obtained by adjoining the packing P1 and P2.To analyse the asymptotic performance of the algorithm ASP we have to obtain inequal-ities involving #(P1), #(P2) and OPT(L). For that, we use arguments based on the areaguarantee of these packings, and the fact that P1 is an optimum packing of a sublist of L,and therefore #(P1) gives a bound for the OPT(L). How this can be done becomes clearin the proof of the main theorem.
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Figure 2: Critical squares in lists LA and LB .
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Figure 3: Small bins corresponding to P 0 and P 00.We note that the algorithm ASP is polynomial, and can be implemented to run in timeO(n log n). It has asymptotic performance bound 1:988, as we show in the next theorem.Theorem 4.2 For any instance L of SPP, the following holds:ASP(L) � 1:988 �OPT(L) + 7:Proof. Let L be an instance for the algorithm ASP. Let L01 be the sublist of L de�ned instep 1 and P 01 its corresponding packing generated by the algorithm FFDS. Note that L01 isan instance of SPP(3). By Theorem 3.2, the algorithm FFDS �nds an optimum packing ofL01. For the bins used in the algorithm FFDS with the con�gurations given in Lemma 3.1,we have seen that the smallest area guarantee is 14 (for bins with con�guration C2).We recall that the critical bins of P 01 are the bins of this packing with area guaranteesmaller than 49 . The set of squares in these bins is called LA (LA := fq 2 L : 12 < s(q) � 23g).



Packing of Squares into Squares 11These bins are �lled up with squares not in L01, de�ned as LB , until possibly all squares ofLB have been packed (LB := fq 2 L : 0 < s(q) � 13g). The packing PAB that is generateduses the algorithm NFDH.We have two cases to analyse:Case 1: All squares of LB are packed in PAB .In this case we obtain a �nal packing containing the same number of bins used in thepacking of L1. As P1 is an optimum packing, we also have an optimum packing of L.Case 2: There exist squares of LB not packed in PAB .In this case the set L2, of unpacked squares in LB, is packed in P2 using the algorithmNFDH (step 7). We analyse later the area guarantee of the packing P2.First, let us analyse the area guarantee of the packing PAB . For that, we partition PABinto 4 parts PAB;i, i = 3; : : : ; 6. Let LB;i := fq 2 LB : 1i+1 < s(q) � 1i g, for i = 3; : : : ; 5 andLB;6 := fq 2 LB : 0 < s(q) � 16g. Let PAB;i be the set of bins of PAB , with one square ofLA and at least one square of LB;i. In Figure 4 we have some examples of bins in a packingcombining squares of LA with LB.
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B6Figure 4: Combining squares of LA and LB.Now we consider the area guarantee of each packing PAB;i, i = 3; : : : ; 6.1. In the packing PAB;3, we have bins with squares of LA and squares of LB;3; they havearea guarantee that is at least 14 + 5 � 116 = 916 = 0:5625.2. In the packing PAB;4, we have bins with area guarantee that is at least 14+7� 125 = 0:53.3. In the packing PAB;5, we have bins with area guarantee that is at least 14+9 � 136 = 0:5.4. We use Theorem 4.1 to obtain an area guarantee for the packing PAB;6.Consider the packings generated for the regions P 0 and P 00, and let us calculate thearea guarantee of these packings. Note that the packing of LB;6 into bins P 0 and P 00satis�es Theorem 4.1 with m = 2. Therefore, the packing for the region P 0 has anarea guarantee s0 such thats0 � 13 � 1 122 + �1� 12�2!� �16�2= 536 :



12 C. E. Ferreira and F. K. Miyazawa and Y. WakabayashiThe packing for the region P 00 has an area guarantee s00 such thats00 � 13 � 23  122 + �1� 12�2!� �16�2= 112 :Adding up the above areas, for each bin of PAB;6, except perhaps for the last one, wehave an area guarantee that is at least 14 + s0 + s00 = 1736 = 0:472 : : :.So, considering the combined packing PAB, we have for each bin, except perhaps for 4bins, an area guarantee of at least 49 . That is,#(PAB) � S(LAB)4=9 + 4: (1)Note that ASP(L) = #(P1) + #(P2), where the packing P1 consists of bins havingcon�gurations C1, C2 or C3 and bins of PAB, and P2 is the packing generated in step 7.Let us analyse the area guarantee we can have for each bin in P1. As mentionedpreviously, the area guarantee of the bins with con�guration C1 or C3 is at least 49 . Eachbin with con�guration C2 has only one square, not critical, with size at least 23 ; therefore,the area guarantee of each bin with this con�guration is at least �23�2 = 49 . Using theseareas guarantee for bins with these con�gurations and inequality (1), we have the followinginequality: #(P1) � S(L1)4=9 + 5: (2)Moreover, as the number of bins used in P1 is the same as in the packing P 01, we know thatP1 is an optimum partial packing and thus#(P1) = OPT(L1) (3)� OPT(L): (4)Let us now analyse the area guarantee of packing P2, generated in step 7. For that,we partition L2 into two parts. Let L02 := fq 2 L2 : 14 < s(q) � 13g and L002 := fq 2L2 : 0 < s(q) � 14g. In the case of L02, the algorithm NFDH packs at least nine squares ineach bin, except perhaps in the last. In this case, we have an area guarantee of at least 916for each bin. In the case of L002, using Theorem 4.1, we have an area guarantee of at least� 1m2 + �1� 1m�2�� 1m2 , with m = 4, for each bin, except perhaps the last bin. In this case,we also have an area guarantee of at least 916 for each bin. Hence, the following inequalityis valid. #(P2) � S(L2)9=16 + 2: (5)



Packing of Squares into Squares 13Now, de�ne N1 and N2 as follows:N1 := #(P1)� 5; (6)N2 := #(P2)� 2: (7)Combining the inequalities (2),(5),(6) and (7) we have49N1 � S(L1); (8)916N2 � S(L2): (9)As we are using unit square bins, OPT(L) is at least S(L). Therefore,OPT(L) � S(L)= S(L1) + S(L2)� 49N1 + 916N2: (10)Using inequalities (3),(4) and (6) we haveOPT(L) � OPT(L1)= #(P1)� N1: (11)Combining inequalities (10) and (11), we haveOPT(L) � max�N1; 49N1 + 916N2� :Since ASP(L) = #(P1) + #(P2) = N1 +N2 + 7, we have#(P) � � �OPT(L) + 7;where � = (N1 +N2)=(maxfN1; 49N1 + 916N2g).Analysing the value of �, considering each case its denominator attains the maximum,we can conclude that � is at most 1:988.The conclusions obtained in cases 1 and 2 show that the theorem holds.5 Concluding remarksWe have proved that there is no polynomial time algorithm for SPP with absolute perfor-mance bound less than 2 (unless P = NP). This fact motivated us to �nd a polynomialalgorithm for this problem with asymptotic performance bound less than 2. We have de-scribed such an algorithm, called ASP, with bound 1:988.
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