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Representing conics using the oriented projective plane�Guilherme A. Pinto and Pedro J. de Rezendefguialbu,rezendeg@dcc.unicamp.brAbstractWe present a geometric de�nition of conic sections in the oriented projective planeand describe some of their nice properties. The three main classes of a�ne conics areuni�ed by a generalized distance notion on that space. This de�nition leads to a verysimple representation of conic arcs suitable for implementations of geometric solutionsto problems involving the concept of distance, in particular, the construction of variousgeneralizations of Voronoi diagrams.Keywords: Conic sections; Oriented projective plane; Representation of curves1 Motivation and basicsRepresentation of conics and conic arcs can be done in many di�erent ways and the choicedepends on the application. For instance, in computer graphics, Herman (1991) presents arepresentation suitable for viewing pipelines, where conics are described by a set of charac-teristic points and the goal is to achieve �rst a�ne and then projective invariance in orderto reduce the cost of the pipeline process.For CAGD applications, in (Farin, 1988), we can �nd how to represent conic arcs asquadratic NURBS curves in an a�ne invariant form.We concentrate here on representing conic arcs which appear naturally in computationalgeometry problems such as generalizations of Voronoi diagrams (Yap, 1987), shortest pathmaps and visibility diagrams. These problems are de�ned based on concepts of distanceand, usually, coordinates of foci of conics are present in the input.In this computational geometry context, the work of Held (1991) is, as far as we wereable to determine, the only one involving conics that discusses how to represent them. Inthe problem of constructing o�sets of boundaries formed by line segments and circular arcs,conic arcs are used as a step in the construction. Held uses a representation that is in itselfa parameterization of conic arcs, whose parameter is the distance from the boundary. Thisrepresentation is convenient for building o�sets but is too speci�c to be used as a protocolin other applications.Usually, text books on conic sections, such as (Salmon, c. 1913), give more emphasis onthe algebraic characterization than on the geometric one. For instance, an ellipse is de�ned�A preliminary version of this paper was presented at the X SIBGRAPI (Pinto and de Rezende, 1997).1



2 Guilherme A. Pinto and Pedro J. de Rezendeas a second degree equation whose coe�cients satisfy certain constraints, instead of the setof all points whose sum of distances from two given foci is constant. However, as it will beshown in section 3, this geometric de�nition, along with a generalized notion of distance onthe oriented projective plane (Stol�, 1991), leads to a very simple representation unifyingall classes of a�ne conics. This representation is adequate for most applications and forEuclidean ones through a straightforward embedding of the Euclidean plane in the orientedprojective plane.1.1 Generalized distance notionsWhile the classical projective plane P2, can be viewed as the Euclidean plane E2 plus aline at in�nity, the oriented projective plane T2 is composed of two copies of E2 plus a lineat in�nity. This follows from the fact that in T2 we use signed homogeneous coordinates:p = [x; y; w] is not identi�ed to [�x;�y;�w], which is denoted :p, and these are calledantipodal points. (We adopt throughout this paper the notations used by (Stol�, 1991)).The set of points with w > 0 is called the front range (or side) of the plane, and thosewith w < 0 form the back range. The set of points with w = 0 (except for the invalidtriplet [0; 0; 0]), which are referred to as improper points, is the line at in�nity, 
. Thereare (at least) two geometric models for T2: the 
at model, with the usual mapping toCartesian coordinates [x; y; w] 7! (x=w; y=w), and the spherical model with the mapping[x; y; w] 7! (x; y; w)=px2 + y2 + w2. It can easily be seen that these two models are relatedby central projection and we will take advantage of them in the illustrations, by using foreach situation the one that best serves to convey a given idea.The extension of Euclidean concepts, such as perpendicularity, distance and angularmeasure to the oriented projective plane de�nes the so called two-sided Euclidean Plane.The distance between two proper points (w 6= 0) is de�ned by the expression:dist(a; b) = p(xawb � xbwa)2 + (yawb � ybwa)2wawb :This formula yields positive values for points on the same side of the plane, and negativevalues for points on di�erent sides. Note that dist(a; b) = dist(b; a), and that dist(:a; b) =dist(a;:b) = �dist(a; b).On T2 we can de�ne without ambiguity the segment between a proper and an improperpoint, which corresponds to a ray on E2. This allows the extension, by projective tools, ofa very intuitive concept of E2: if we sweep the plane from in�nity with a straight line, in agiven direction, and the line encounters point b after point a, we can say that b is closer toin�nity in that direction than a is.De�nition 1 Let a and b be two proper points and c be an improper point (Fig. 1(a)). Letra = a _ c and r?a = a _ norm(ra). We say that:if b � r?a = ( +1�1 ) then( ab ) is closer to c than( ba ) is
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at and the spherical modelsand that a is as close to c as b is if b � r?a = 0, where p_ q denotes the oriented line de�nedby points p and q, and p�r is the predicate that decides the sidedness of point p with respectto line r.We can also determine, in the context of de�nition 1, how much closer say, b is to c thana is to c, by simply computing �r(b; r?a ), where �r is the usual Euclidean distance from thepoint b to the line r?a . This concept is called relative distance between proper and improperpoints. Even though it may seem strange to compare dist(a; c) and dist(b; c) when both arein�nite (and thus, might be regarded as equal), the comparison leads to no inconsistencieswhen we consider computation involving improper points in algorithms.2 Conics in the Two-Sided Euclidean PlaneDue to the usual relation between E2 and T2 which consists of mapping Cartesian to signedhomogeneous coordinates, converting formulas and concepts from E2 to T2 is usually verysimple: all it takes is to convert the coordinates.When dealing with polynomial equations de�ned on E2, and converted to T2, it is easyto see that if a point satis�es the equation, so does its antipode. Consider the parabolay = x2, which in homogeneous coordinates, becomes yw = x2. The set of points of T2 whichsatisfy this equation has two connected components (Fig. 2(a)). This fact raises the issuethat a good representation of conic arcs must be able to distinguish these two components.In spherical geometry, conics can be geometrically de�ned as the set of points whosesum of distances from two given foci is constant (Salmon, 1914, Chapter X). This is thede�nition of ellipses on E2, and in fact, sphero-conics resemble ellipses. It is easy to see thatthe central projection of a�ne conics in the spherical model of T2 (see Fig. 2) are, indeed,sphero-conics. Nonetheless, the foci of an a�ne conic are not the foci of the projectedsphero-conic. Despite this, we can apply the same de�nition with respect to the a�ne focion the plane using the generalized distance notions from the previous section.It is known that a parabola may be considered, in every aspect, as an ellipse with oneof its foci shifted to in�nity (Salmon, c. 1913, p.202). On the two-sided plane we can drive
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at modelIt is interesting to show how the de�nition yields a�ne parabolas and hyperbolas. Forthe parabola, we use the relative distance from improper points, as follows. Consider theparabola in Fig. 3(a): as we move from b to b0 the relative distance from the improper focusdecreases by t. From the de�nition of a�ne parabola we know that r + t = r + s, so thats = t and hence the distance from the proper focus increases by t. For the hyperbola, notethat one of the distances is always negative. In Fig. 3(b) we have dist(b,f) = �dist(b,:f).Therefore, if the foci are on di�erent sides of the plane, the e�ect of adding the two distancesis to subtract their absolute values, which is the usual de�nition of a hyperbola.This de�nition also distinguishes the connected components of the conic de�ned by apolynomial equation. We consider them as antipodal conics, each one with two possibleorientations. Figure 2(b) shows an ellipse de�ned by foci f and f 0 and some constant sumc, which is the same set of points of the ellipse de�ned by foci :f and :f 0 and constantsum �c. The former is counterclockwise oriented and the latter is clockwise oriented. Notethat if we move a point p counterclockwise on the ellipse (as seen from the outside of



Representing conics using the oriented projective plane 5the sphere) the segment fp rotates counterclockwise around f , but :fp rotates clockwisearound :f . This orientation distinction may also be understood by considering the equationdist(p,f) + dist(p,f 0) = c. To get the oppositely oriented ellipse, we multiply the equationby �1: �dist(p,f)� dist(p,f 0) = �c, which is equivalent to dist(p,:f) + dist(p,:f 0) = �c.To get the antipodal ellipse, we change the sign of the constant sum: dist(p,:f) +dist(p,:f 0) = c. To change the orientation of this ellipse, we multiply the equation by �1,obtaining dist(p,f) + dist(p,f 0) = �c. Note that if we try to extract the radicals, by ap-propriately squaring these equations twice, we get the polynomial equation of the algebraicconic which does not distinguish antipodal points. Before proposing the computationalrepresentation, we list three properties of the conic introduced in de�nition 2:1. If we remove a conic from P2 what remains are two subspaces, one of which is topo-logically equivalent to an open disc and the other to a M�obius strip. If we remove anyconic from T2 what remains are two subspaces, both equivalent to an open disc.2. Let us call the interior of a conic the open subspace which contains at least one of thefoci. The segments joining any point on a conic to its foci are entirely contained inthe interior of the conic, as opposed to what happens with hyperbolas on E2.3. From the preceding property we see that the interior of a conic is always star-shapedwith respect to the foci. Furthermore, if the interior is convex the conic is orientedcounterclockwise (as de�ned before).3 Representation of Conics and Conic arcsWe represent a conic by the homogeneous coordinates of three points in the two-sidedEuclidean plane. The points are the two foci f1 and f2, and one point d on the conic, whichare su�cient to uniquely de�ne the conic. The a�ne class of the conic is implicitly givenby the relative location of the foci. For all classes, to change the orientation of a conic, wesimply exchange the foci for their antipodes, which means multiplying their coordinates by�1, and to get the antipodal conic, we exchange the point d for its antipode.Representation of Arcs. The coordinates of the endpoints of an arc may, themselves,be used to determine the shape of the conic. This is the case in NURBS representations.However, the coordinates of the foci of the conic are usually present in the input to algo-rithms. This means that we should constrain the representation of the conic to use thesecoordinates as its foci directly, in order to minimize errors. Thus, we represent an arc of aconic with the same three points (f1, f2 and d that represent the conic itself) and two morepoints a1 and a2 used to determine the endpoints of the arc.Due to the fact that the conic is star-shaped with respect to the foci, all lines passingthrough one focus intersect the conic in two points. Let r1 = f1 _ a1 and r2 = f1 _ a2.We de�ne the �rst endpoint of the arc as the intersection between the conic and r1 when itleaves the interior of the conic (see Fig. 4 for an arc of a hyperbola). The second endpointis, as expected, the intersection between the conic and r2 when it leaves the interior of the
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.Note that if d is at in�nity and f1 and f2 are on di�erent ranges, we still have a properlyde�ned hyperbola, but still this case requires special computational treatment.



Representing conics using the oriented projective plane 7Concluding RemarksThe representation of conics and conic arcs that we o�ered portrays a concise and unifyingmanner of dealing with a�ne conics which is both immune to inconsistencies and simple todeal with. It serves well the purpose of computing with conics on the oriented projectiveplane as well as on the regular Euclidean plane (by viewing it as a single range of thetwo-sided plane).We have successfully employed this representation to implement the construction ofnearest and furthest neighbor Voronoi diagrams with additive weights, which contains re-gions whose boundaries often include conic arcs (Pinto and de Rezende, 1998).On the other hand, we should note that this representation is not a�ne invariant, asthe foci are not necessarily preserved by a�ne transformations. However, it is certainlysimilarity invariant and �ts well most situations where conics appear as input (or output)data of geometric problems, specially those dealing with generalized proximity concepts.ReferencesFarin, G. (1988), Curves and Surfaces for Computer Aided Geometric Design: A PracticalGuide, Academic Press.Held, M. (1991), On the Computational Geometry of Pocket Machining, Lecture Notes onComputer Science, 500.Herman, I. (1991), The Use of Projective Geometry in Computer Graphics, Lecture Noteson Computer Science, 564.Pinto, G. A. and de Rezende, P. J. (1997), Representation of conics in the Oriented Pro-jective Plane, Proc. of the X Brazilian Symposium on Computer Graphics and ImageProcessing, Campos do Jord~ao, Brazil, 71{78.Pinto, G. A. and de Rezende, P. J. (1998), Additively Weighted Voronoi Diagram in theOriented Projective Plane, Submitted to publication, 14pp.Salmon, G. (c. 1913), A Treatise on Conic Sections, 6th edition, Chelsea Publishing Com-pany, New York.Salmon, G. (1914),A Treatise on the Analytic Geometry of Three Dimensions I, 7th edition,Chelsea Publishing Company, New York.Stol�, J. (1991), Oriented Projective Geometry: A Framework for Geometric Computations,Academic Press.Yap, C. K. (1987), An O(n logn) Algorithm for the Voronoi Diagram of a Set of SimpleCurve Segments. Discrete & Comp. Geometry 2, 365{393.


