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On Clique-Complete GraphsCl�audio Leonardo Lucchesi�C�elia Picinin de MelloyJayme Luiz Szwarc�terzNovember 18, 1992AbstractA graph is clique-complete if no two of its maximal cliques aredisjoint. A vertex is universal if it is adjacent to all other verticesin the graph. We prove that every clique-complete graph eithercontains a universal vertex or an induced subgraph in an indexedfamily Q := fQ2n+1 : n � 1g, de�ned in the text. We show thatthis is precisely the family of minimal graphs which are clique-complete but have no universal vertices. The minimality used hererefers to induced subgraphs.For n � 2, we show that Q2n+1 is neither perfect nor planar. Itfollows that every planar clique-complete graph without a universalvertex contains an induced subgraph isomorphic to Q3. A similarresult holds for perfect clique-complete graphs without universalvertices. We also specialize the latter result for certain classes ofperfect graphs.�dcc-imecc{unicamp { Supported in part by cnpq { 500588/91.ydcc-imecc{unicamp { Supported in part by capes { 2565/91 and cnpq {142810/92.znce/ufrj. 1



1 Clique-complete GraphsWe present in this paper a proof of a revised version of a conjecturedue to the second-named author, �rst presented in her Ph. D. thesis [1],written under the supervision of the third-named author.Theorem 1 A clique-complete graph free of universal vertices containsan induced subgraph isomorphic to Q2n+1, for some positive integer n.A graph G here is a simple graph, that is, a graph without loops andmultiple edges. We denote by V G the vertex set of G. A clique K in agraph G is a set of vertices pairwise adjacent in G; clique K is maximalif no proper superset of K is a clique, and maximum if no larger set ofvertices is a clique.For each vertex v of graph G, we denote by N(v) the neighborhood ofv, that is, the set consisting of v plus each vertex to which v is adjacent.Vertex v is universal in G if it is adjacent to each vertex of VG� v, thatis, if N(v) = VG. We extend the domain of N to subsets X of VG bymaking N(X) := [v2XN(v).Graph G is clique-complete if every two of its maximal cliques havenonnull intersection. Every nonnull complete graph is clique-complete.In fact, every graph containing a universal vertex is clique-complete. Amore interesting example is shown in Figure 1.For X a set of vertices of G, we denote by G[X ] the subgraph of Ginduced by X , that is, the vertex set of G[X ] is X and the edge set ofG[X ] consists of those edges of G having both ends in X .We now de�ne graph Qn, for each integer n � 3. A circuit Cn is aconnected graph with n � 3 vertices, each of which has degree 2:� V Qn := fu1; u2; � � � ; ung [ fv1; v2; � � � ; vng is a set of 2n vertices.� Qn[fv1; � � � ; vng] ' Cn.� For each i, (1 � i � n), N(ui) = V Qn � vi.2
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(b)(a)Figure 1: (a) Graph Q3, the smallest clique-complete graph free of uni-versal vertices. (b) The complement of Q3.
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Figure 2 shows graphs Q4 and Q5.Proposition 2 For each odd integer n, (n � 3), graph Qn is clique-complete.Proof. Let A be any maximal clique of Qn. Since Qn[fv1; � � � ; vng] = Cn,we have jA \ fv1; � � � ; vngj � (n� 1)=2:On the other hand, for each i (1 � i � n), precisely one of ui and vi liesin A, since ui is universal in G� vi. Consequently, jAj = n, whencejA \ fu1; � � � ; ungj � (n+ 1)=2:Since this inequality holds for every maximal clique A of Qn, this graphis clique-complete. 2Proposition 3 Graph Qn is free of universal vertices and also free ofinduced subgraphs isomorphic to Qp, for every integer p such that 3 �p 6= n.Proof. GraphQn is free of isolated vertices, whence Qn is free of universalvertices. For each integer k � 3, Qk contains precisely one circuit, whichconsists of k vertices. We conclude that if 3 � p 6= n then no subgraphof Qn is isomorphic to Qp. 22 Proof of Theorem 1Graph G is critical if for each induced proper subgraph H of G, eitherH contains a universal vertex or H is not clique-complete.Proof of Theorem 1. Let G be a clique-complete graph free of universalvertices. We show, by induction on jV Gj, that G contains an inducedsubgraph isomorphic to Q2n+1, for some positive integer n.If G is not critical, then it contains an induced proper subgraph,H , that is clique-complete and free of universal vertices. By induction4



hypothesis, H contains an induced subgraph isomorphic to Q2n+1. If Gis critical, then, by Theorem 4, asserted below, G ' Q2n+1. In bothcases the assertion holds.Theorem 4 Every graph G free of universal vertices, clique-completeand critical, is isomorphic to Q2n+1, for some positive integer n.Proof. We derive �rst some properties of G.Proposition 5 The complement G of G is connected.Proof. Assume the contrary. Let X be the vertex set of a connectedcomponent of G. Thus, in G,V G nX � N(v) (8v 2 X):Let H := G[X ], K := G[VG nX ]. Since G is free of universal vertices,so too are H and K. Since G is critical, neither H nor K are clique-complete. Let AH and BH be disjoint maximal cliques of H ; likewise,denote by AK and BK disjoint maximal cliques of K.Sets AH [AK and BH [ BK are disjoint maximal cliques of G, acontradiction. 2Proposition 6 The complement G of G is not bipartite.Proof. Assume the contrary, let fA;Bg be a bipartition of G.Consider �rst the case in which A and B are both nonnull. ByProposition 5, G is connected, thus each vertex of A (respectively, B),is adjacent in G to at least one vertex of B (respectively, A). We con-clude in this case that A and B are (disjoint) maximal cliques of G, acontradiction.We may thus assume that at least one of A and B, say, A, is null. ByProposition 5, G is connected. It follows that G consists of at most onevertex. Since G is clique-complete, it consists of precisely one vertex, auniversal vertex. 5



In both cases, a contradiction is obtained, which proves that G is notbipartite. 2Vertex v of G is quasi-universal if it is adjacent to all but one vertexof V G � v; that is, V G n N(v) is a singleton. The unique element ofVG nN(v) is antipodal to v. It should be noticed that each vertex ui ofQn is quasi-universal, vi its antipodal.Proposition 7 Graph G contains a quasi-universal vertex.Proof. Let u be a vertex of maximum degree in G. Since G is free ofuniversal vertices, V G n N(u) is nonnull, let v be one of its vertices,let H := G[N(u) + v]. Since u has maximum degree in G, H is freeof universal vertices. Since G is critical, either H = G or H is notclique-complete.It thus su�ces to show that H is clique-complete. For this, assumethat there exist in H two disjoint maximal cliques, A and B. By def-inition of H , vertex u is quasi-universal in H , v its antipodal vertex.It follows that one of A and B contains u, the other contains v. Say,u 2 A; v 2 B.Clique A is maximal in G, for A is maximal in H , u lies in A and novertex of V G n V H is adjacent to u, by de�nition of H .Set B [ (V G n V H) includes some maximal clique C of G, for Bis maximal in H . Thus A and C are disjoint maximal cliques in G, acontradiction.Indeed, H is clique-complete and free of universal vertices. By thecriticality of G, G = H , whence u is quasi-universal in G. 2Let RG := fv 2 VG : G � v is clique-completeg. Clearly, the antipodalof every quasi-universal vertex of G lies in RG. The following assertionestablishes the converse. 6



Proposition 8 Each vertex v of RG is the antipodal of some quasi-universal vertex, denoted u(v), in G.Proof. By hypothesis, G� v is clique-complete and G is critical. Thus,G�v contains a universal vertex, u(v). But G is free of universal vertices,whence u(v) is quasi-universal in G, v its antipodal vertex. 2Proposition 9 For each vertex v of RG, u(v) 2 V G nRG.Proof. Assume the contrary. By Proposition 8, u(v) is the antipodalvertex of some quasi-universal vertex w in G. Clearly, w = v. Thisimplies that fv; u(v)g is the vertex set of a connected component of G.By Proposition 5, G is a complete graph with just two vertices. ThusG consists of two isolated vertices, therefore it is not clique-complete, acontradiction. 2We have thus established that RG is the set of vertices that are antipodalto quasi-universal vertices of G.Proposition 10 For each vertex v of RG, each of its non-neighbors,except u(v), lies in RG.Proof. Let w be a vertex in V G nN(v), distinct from u(v). Assume, tothe contrary, that G�w is not clique-complete. Let A and B be disjointmaximal cliques of G�w. Since G is clique-complete, A+w and B +ware (maximal) cliques in G. Since w 2 V G nN(v), vertex v does not liein A [B . By the maximality of A and B, and since w 6= u(v), it followsthat u(v) 2 A \B , a contradiction. 2We are now in position to show thatG ' Q2n+1, for some positive integern. By Propositions 8 and 9, u : RG! V G nRG. Clearly, u is injective.We now show that u is surjective, that is, fRG; u(RG)g is a partitionof V G. For this, let S := RG [ u(RG).By Proposition 8, each vertex of u(RG) is adjacent to each vertex ofVG nRG. On the other hand, by Proposition 10, each vertex of RG is7



adjacent to each vertex of V G nS. We conclude that each vertex of S isadjacent to each vertex of VG n S.By Proposition 5, G is connected, whence one of S and V G n S isnull. By Proposition 7, G contains a quasi-universal vertex, whence itsantipodal vertex lies in RG. We conclude that V G = S and u is bijective.By Proposition 6, G is not bipartite. Since each vertex of u(RG) hasdegree one in G, it follows that G[RG] is not bipartite.Let X be a minimal subset of RG such that G[X ] is not bipartite.Clearly, G[X ] is a circuit, say, C2n+1. Consequently, G[X [ u(X)] 'Q2n+1.By Propositions 2 and 3, Q2n+1 is clique-complete and free of uni-versal vertices. Since G is critical, we conclude that G ' Q2n+1.The proof of Theorem 4 completes the proof of Theorem 1. 22From Theorems 1 and 4 we deduce that family Q := fQ2n+1 : n � 1g isthe family of minimal clique-complete graphs free of universal vertices.Corollary 11 A graph free of universal vertices is clique-complete andcritical if and only if it is isomorphic to Q2n+1, for some positive integern.Proof. Theorem 4 asserts that every clique-complete critical graph freeof universal vertices is isomorphic to Q2n+1, for some positive integern. To prove the converse, let n be a positive integer, let H be a clique-complete induced proper subgraph of Q2n+1. By Theorem 1, either Hcontains a universal vertex or it contains an induced subgraph isomorphicto Q2p+1, for some positive integer p. In the latter case, Q2n+1 wouldcontain a proper induced subgraph isomorphic to Q2p+1, in contradictionto Proposition 3. Therefore, H contains a universal vertex. Since thisconclusion holds for every clique-complete proper induced subgraph ofQ2n+1, this graph is critical. 2We conclude this section by giving a �nite family of graphs that occuras induced subgraphs of each clique-complete graph. This family consists8
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3Figure 3: (a) Graph Q03. (b) The complement of Q03.of just two graphs, namely, Q3 and Q03, the latter obtained from Q3 byadding one edge joining v1 and v3 (Figure 3).Corollary 12 A graph free of universal vertices and clique-completecontains one of Q3 and Q03 as an induced subgraph.Proof. Graph Q03 is an induced subgraph of Qn for each n � 4 (seeFigure 3). Thus Q03 is an induced subgraph of Qn, for each n � 4. Theassertion follows from Theorem 1. 23 ConclusionsGraph G is perfect if, for each induced subgraph H of G, its chromaticnumber equals the size of its maximum clique [2].Every perfect graph is free of induced circuits C2n+1 and their com-plements, for any integer n � 2. Thus, for each n � 2, Q2n+1 is notperfect. On the other hand, Q3 is perfect.Corollary 13 Every clique-complete perfect graph free of universal ver-tices contains Q3 as induced subgraph. 29



We observe that graph Q3 is neither a comparability nor a co-com-parability graph [2].Corollary 14 Every clique-complete (co-)comparability graph containsa universal vertex. 2Corollary 15 Every clique-complete interval graph contains a universalvertex.Finally, it follows that every clique-complete graph free of universal ver-tices and not containing Q3 as an induced subgraphs necessarily containsthe complete graph K2n+1 for n � 2.Corollary 16 Every clique-complete planar graph free of universal ver-tices contains Q3 as an induced subgraph.References[1] C. P. de Mello. Sobre Grafos Clique-Completos. PhD thesis, COPPE{UFRJ, 1992. (In Portuguese).[2] M. C. Golumbic. Algorithmic Graph Theory and Perfect Graphs. SanDiego, Academic Press, 1980.
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