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An (l; u)-Transversal Theorem for BipartiteGraphsCl�audio L. Lucchesi� Daniel H. YoungerySeptember 5, 1991AbstractContinuing the work begun by Philip Hall in 1935, we here givenecessary and su�cient conditions for the existence, in a bipartitegraph, of a set of edges satisfying speci�ed lower and upper bounds.Here the graph is directed bipartite; lower and upper bounds arespeci�ed by integer-valued functions, l and u, on the collectionof all directed sets of vertices, or perhaps on some subcollection,such as the collection of singletons. We require these functions tobe super- and sub-modular, respectively. An (l; u)-transversal isa set t of edges that satis�es these bounds. A second restriction,q � t � r, for edge sets q and r, is also permitted.One might hope to give necessary and su�cient conditions forthe existence of a general (l; u)-transversal. In this paper, thisis done for the special case in which the domain of one of thefunctions, say u, is restricted to singletons. Graph G contains an(l; u)-transversal t such that q � t � r if and only if for each Xin Dom l and each subset N of V G, lX � uN + [q; r](X � N ).This function [q; r], when applied to a set Y of vertices of G, is thenumber of edges of r directed away from Y minus the number ofedges of q directed toward Y .�lucchesi@dcc.unicamp.bryDepartment Of Combinatorics and Optimization, University of Waterloo, Water-loo, Ont - Canada N2L 3G1. Research partly supported by cnpq, grant 403103/89,and by fapesp, grant 91/1494, while visiting unicamp.1



This work is motivated by the Woodall Conjecture, whichstates: in any directed graph, a largest packing of transversalsof directed coboundaries is equal in size to a smallest directed cut.We observe that the domain of this Conjecture can be reduced todirected bipartite graphs. For such graphs, the partial (l; u)-theorydeveloped here is used to show that the edge set of any directedbipartite graph can be partitioned into two subsets, one a transver-sal of directed coboundaries, the other a (k� 1)-transversal of thevertex coboundaries. In this application we require the supermod-ularity of the size of a maximumpartition of a directed coboundaryinto directed cuts.1 Woodall's Conjecture and Directed Bipar-tite GraphsLet G be a graph with vertex set V G and edge set eG. For any set Xof vertices in G, X denotes set V G nX . The coboundary of a set X ofvertices in G is the set of edges that each have one end in X and oneend in X. A set d of edges is a coboundary if there is a set X of verticessuch that d = �X . A cut is a minimal nonnull coboundary.For directed graph G, each edge � of G leaves its positive end p� andenters its negative end n�. The constituents of a coboundary �X are�+X := f� 2 �X : p� 2 Xg and ��X := f� 2 �X : n� 2 Xg. Vertexset X is outdirected if ��X = ;, indirected if �+X = ;; in either case Xis directed. For X a directed set of vertices, �X is a directed coboundary.A directed cut is a cut that is a directed coboundary.A transversal of directed cuts in G is a set t of edges that intersects(has a nonnull intersection with) each directed cut.Woodall's Conjecture In directed graph G, let T � be a maximumpacking of directed cut tranversals; let d� be a minimum directed cut:then jT �j = jd�j. 2



Woodall [11] described this Conjecture as the Menger dual of theLucchesi-Younger Theorem A minimum directed cut transversal hassize equal to that of a maximum packing of directed cuts: jt�j = jD�j.[7, 8, 6]A graph G is directed bipartite if its edge set eG is a directed cobound-ary in G. Equivalently, G has a directed bipartition, a bipartition(V +; V �) such that each edge � has p� in V + and n� in V �.The Woodall Conjecture can be reduced, without loss of generality, todirected bipartite graphs. Let G be any directed graph, with maximumpacking T � and minimum directed cut d�. Let k := jd�j. For each vertexv in G that is not a source or sink, replace v in G by two vertices, a sourcev+ and sink v�, whose incident edges are those in G with positive end vand negative end v, respectively. Add k edges directed from v+ to v�.The sources and sinks are left unchanged. Let G0 denote the directedbipartite graph thus obtained. Now, each directed cut of G is a directedcut of G0. And each directed cut of G0 that is not in G has at least kedges. Moreover, for every packing of transversals of G0, the images ofthese transversals in G make up a packing of directed cut transversals ofG. So the minimax equality holds in G if and only if it holds in directedbipartite graph G0.2 f-Coverings and Supermodular FunctionsIn this section, we characterize when an f -covering in a directed graphexists in terms of the existence of a supermodular function satisfying acertain inequality.For directed graph G, let f be a real-valued function de�ned on somesubsets of V G. An f -covering is a set t of edges of G such that for eachX in the domain Domf of f , fX � j t \ �+X j � j t \ ��X j. Given tworeal-valued functions f and g, we say that f � g if Domf � Domg and,for all X in Domf; fX � gX . Note that � is transitive.Whenever the domain of f is closed under intersection and union, fis supermodular if f(X \ Y ) + f(X [ Y ) � fX + fY for each X , Y in3



Domf ; f is submodular if the reverse inequality holds, and modular ifequality holds.For q and r subsets of eG, let [q; r] := [r]+ � [q]�, where [r]+X :=j�+X \ r j and [q]�X := j��X \ q j, for all subsets X of VG. Let [t]abbreviate [t; t]. Then t is an f -covering if and only if f � [t].Proposition 1 For edge sets q, r and vertex sets X, Y of G,[q; r]X + [q; r]Y = [q; r](X \ Y ) + [q; r](X [ Y )+ j�+X \ ��Y \ r j + j��X \ �+Y \ r j� j�+X \ ��Y \ q j � j��X \ �+Y \ q j.Proof. The asserted equation follows from[r]+X + [r]+Y = [r]+(X \ Y ) + [r]+(X [ Y )+ j�+X \ ��Y \ r j + j��X \ �+Y \ r j,and the similar relation for q.2Corollary [q; r] is submodular if q � r and modular if q = r.2The main result of this section isTheorem 2 For directed graph G, let f be a real-valued function onsubsets of the vertex set of G; let q and r be subsets of eG such thatq � r. There is an f -covering t satisfying q � t � r if and only if thereexists a supermodular integer-valued function h such that f � h � [q; r].Proof. For necessity, let t be an f -covering satisfying q � t � r. Thenf � [t] = [t; t] � [q; r]. The inequality is satis�ed with [t] in the role ofh. By the above Corollary, [t] is modular.For su�ciency, let h be an integer-valued supermodular function suchthat f � h � [q; r]. We use induction on r n q. If this di�erence is null,i.e., q = r, then [q; r] = [q; q] = [q], whereupon f � [q], i.e., q is anf -covering.Assume then that r n q is nonnull.4



Lemma For each edge � in r n q, either h � [q; r n f�g] or h �[q [ f�g ; r].Proof. Since h � [q; r], either(a) h � [q; r n f�g], or(b) 9X � V G such that hX = [q; r]X and � 2 �+X:Likewise, either(a) h � [q [ f�g ; r], or(b) 9Y � VG such that hY = [q; r]Y and � 2 ��Y:Suppose that in each case, alternative (b) holds. Then � 2 �+X \ ��Y ,whence by Proposition 1,[q; r]X + [q; r]Y > [q; r](X \ Y ) + [q; r](X [ Y ):The left side is equal to hX + hY ; the right side is at least as large ash(X \ Y ) + h(X [ Y ). This contradicts the supermodularity of h. Soat least one of alternatives (a) holds. 2Under each of the alternatives of the Lemma, there is by inductionhypothesis an f -covering t such that q � t � r. The Theorem follows byinduction. 23 (l; u)-Transversals for Directed BipartiteGraphsConsider a graph G with directed bipartition (V +; V�). We seek nec-essary and su�cient conditions for the existence of a set of edges in Gsatisfying lower and upper bounds, l and u, on directed coboundaries.The �rst such Theorem we take to be Hall's [5]: the lower bound is 1on each vertex in V +; the upper bound is 1 on each vertex in VG. Thereexists such an (l; u)-transversal in G if and only if, for each subset X ofV +, jX j � jN j, where N is the neighbor set of X .5



Hall's Theorem has been generalized to arbitrary integer-valued func-tions l and u on the vertices of G. As a notational device, the domainsof l and u are extended to subsets of V G by lX := Pflv : v 2 Xg andlikewise for u. There exists an (l; u)-transversal in G if and only if, foreach X and N such that one of X and N is a subset of V + and the othera subset of V �, the following inequality holds:lX � uN + j�X n �N j : (1)There have been results which extend this Theorem further, so thatthe domain of one of l and u includes directed subsets of V G otherthan singletons. Theorems of this type have been found by McWhirter-Younger [9], Rolle [10], Edmonds-Giles [1] and Feo�lo� [2, 3]. The gen-eralization described here is easy to relate to special cases, even to Hall'sTheorem.We begin with a general de�nition of (l; u)-transversal. Let V+ andV� be the collections of all outdirected and indirected subsets of VG,respectively. Let l be an integer-valued function on some subcollec-tion Doml of V+ that is closed under intersection and union; for X inV+ \ V� , we take lX = 0; �nally, l is supermodular. Let u have the samede�ning properties over V�, except that u is submodular rather than su-permodular. Subset t of eG is an (l; u)-transversal if lX � j�+X \ t jfor each X in Dom l, and j��X \ t j � uX for each X in Domu. Morecompactly, set t of edges is an (l; u)-transversal if l � [t] and �u � [t].Note that an (l; u)-transversal is a directed cut transversal if lX � 1 foreach X in V+ n V�.Let the join of l and �u be a function hl;�ui whose domain isDom l [Domu and whose value is lX if X 2 Doml, and �uX ifX 2 Domu. Set t of edges is an (l; u)-transversal if and only ifhl;�ui � [t]. Consequently, an (l; u)-transversal is an hl;�ui-covering,and conversely.In the following Theorem, function u is restricted to singletons andco-singletons: Domu := ffvg : v 2 V �g [ ffvg : v 2 V +g . Under theserestrictions, we adopt the following notational conventions: uv := ufvg6



for v 2 V � and uv := ufvg for v 2 V +. Moreover, for N a subset ofVG, uN := Pfuv : v 2 Ng. We also assume that u � 0.Theorem 3 Let G be a graph with directed bipartition (V +; V �). Let qand r be subsets of eG such that q � r. There exists an (l; u)-transversalt such that q � t � r if and only if for each X in Dom l and subset Nof V G, lX � uN + [q; r](X �N):Remark To see that this inequality generalizes (1), observe thatif X � V +; N � V �; then �X n �N = �+(X [N ) = �+(X �N);if X � V �; N � V +; then �X n �N = �+(X nN) = �+(X �N):Proof of Theorem 3. To prove necessity, consider any X in Doml andsubset N of VG. Let N1 := N \X and N2 := N nX . Let t be an (l; u)-transversal. By hypothesis, l � [t]; by the Corollary of Proposition 1, [t]is modular. Thus,lX � [t]X = [t](X �N) + [t]N1 � [t]N2:By hypothesis, [t] � u and 0 � u, whence[t]N1 � [t]+N1 � u(V + \N1 ) � uN1�[t]N2 � [t]�N2 � u(V � \N2 ) � uN2:Using these inequalities, we conclude thatlX � uN1 + uN2 + [t](X �N)� uN + [t](X �N):By hypothesis, q � t � r, whence [t] � [q; r]: the cited inequality holds.To prove su�ciency, assume that the inequality stated in the Theo-rem holds. De�ne function h : 2VG ! Z byhY := maxflX � uN : Y = X �N;X 2 Doml;N � V Gg:7



Function h is well-de�ned since for every subset Y of V G, it is the casethat Y = X � Y for X = ; 2 Doml. We claim that this function hsatis�es hl;�ui � h � [q; r] and is supermodular. Assuming this, since his integer-valued, there is, by Theorem 2, an hl;�ui-covering t such thatq � t � r. An hl;�ui-covering is an (l; u)-transversal. So the proof iscompleted by verifying this claim.(i) hl;�ui � h � [q; r].For X in Dom l, X = X�;, whence hX � lX�u; = lX . For Y � VG,Y = ; � Y , whence hY � l; � uY = �uY . Thus hl;�ui � h.For Y a subset of V G, there exist X in Dom l and subset N ofVG, where Y = X �N , such that hY = lX � uN . Since lX � uN �[q; r](X �N) = [q; r]Y , there follows h � [q; r].(ii) h is supermodular.Let Y , Y 0 be subsets of V G. There exist X;X 0 in Doml and subsetsN;N 0 of VG, where Y = X �N , Y 0 = X 0 �N 0, for whichhY = lX � uNhY 0 = lX 0 � uN 0:Let XI := X \X 0 , XU := X [X 0 . By the supermodularity of l,lX + lX 0 � lXI + lXU :Let YI := Y \ Y 0 , YU := Y [ Y 0 . There is just one pair NI ; NU ofsubsets of V G such that YI = XI �NI ; YU = XU �NU , namely, NI :=XI � YI , NU := XU � YU . A look at the Venn Diagrams (Figure 1)veri�es that N \N 0 � NI \NU and N [N 0 � NI [NU ; since u isnonnegative, uN + uN 0 � uNI + uNU :Therefore hY + hY 0 � lXI � uNI + lXU � uNU :The right side of this inequality is at most hYI +hYU . We conclude thath is supermodular.2 8
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X � �Y �	X 0
 	Y 0NI NU
�
X � �Y �	X 0
 	Y 0N N 0Figure 1: A comparison of N and N 0 with NI and NU .
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4 An Application of the (l; u)-Transversal The-oremProposition 4 For directed bipartite graph G, let k be the size of aminimum directed cut. There is a transversal t of directed cuts such thateG n t is a (k � 1)-transversal of vertex coboundaries.A subset t of eG is a (k � 1)-transversal of vertex coboundaries if eachnonisolated vertex of G has at least k � 1 edges of t incident.Proof of Proposition 4. For each set of vertices X in V+, denote by�X the cardinality of a maximum partition of �X into nonnull directedcoboundaries. Frank, Seb�o and Tardos [4] showed that function � issupermodular. Let l be this function �. Let u be the function on verticeswhich assigns each vertex v the value j�fvgj� (k� 1) if v is nonisolated,and 0 otherwise.Consider the conditions of the (l; u)-transversal Theorem, with q := ;and r := eG. If X 2 V+ and N � VG, let N+ := N \ V + andN� := N \ V � . By the hypotheses on k and r, and the de�nition of land u, k � lX � j�X j ;j�N+j � k � uN+;j�N�j � k � uN�:Every edge of �X either has one end in N or lies in �+(X�N), whencej�X j � ���N+��+ ���N���+ ���+(X �N)�� :From these inequalities we conclude thatk � lX � k �uN+ + uN� + ���+(X �N)��=k� ;whence lX � uN + [;; eG](X � N), i.e., the conditions of Theorem 3are satis�ed. By that Theorem, G has an (l; u)-transversal t. For thesevalues of l and u, set t is a transversal of directed cuts and eG n t is a(k� 1)-transversal of vertex coboundaries.2While this result is modest, it suggests that a strengthened (l; u)-transversal Theorem could have useful implications for the Woodall Con-jecture. 10



References[1] J. Edmonds and R. Giles, A min-max relation for submodular func-tions on graphs. Annals of Discrete Math. 1 (1977), 185{204.[2] P. Feo�lo�, Disjoint Transversals of Directed Coboundaries, Ph.D.Dissertation, Dept. of Combinatorics and Optimization, Universityof Waterloo, 1983.[3] P. Feo�lo�, Transversais de cortes orientados em grafos bipartidos,Technical report, IME-University of S. Paulo, 1985. (In Portuguese.)[4] A. Frank, �E. Tardos, and A. Seb�o, Covering directed and odd cuts,Mathematical Programming Study 22 (1984), 99{112.[5] P. Hall, On representatives of subsets, J. London Math. Soc. 10(1935), 26{30.[6] L. Lov�asz, On two minimax theorems in graph theory, J. Combi-natorial Theory, Ser B 21 (1976), 96{103.[7] C. L. Lucchesi, A Minimax Equality for Directed Graphs, Ph.D.Dissertation, Dept. of Computer Science, University of Waterloo,1976.[8] C. L. Lucchesi and D. H. Younger, A minimax theorem for directedgraphs, J. London Math. Soc. 17 (1978), 369{374.[9] I. P. McWhirter and D. H. Younger, Strong covering of a bipartitegraph, J. London Math. Soc. 3 (1971), 86{90.[10] M. Rolle, Matching and strong covering of directed bipartite graphs,(unpublished), 1977.[11] D. R. Woodall, Menger and K�onig Systems, Lecture Notes in Math.642 (1978), 620{635, Springer-Verlag. Printed on June 18, 1992.11



Relat�orios T�ecnicos01/92 Applications of Finite Automata Representing Large Vo-cabularies, C. L. Lucchesi, T. Kowaltowski02/92 Point Set Pattern Matching in d-Dimensions, P. J.de Rezende, D. T. Lee03/92 On the Irrelevance of Edge Orientations on the AcyclicDirected Two Disjoint Paths Problem, C. L. Lucchesi,M. C. M. T. Giglio04/92 A Note on Primitives for the Manipulation of GeneralSubdivisions and the Computation of Voronoi Diagrams,W. Jacometti05/92 An (l; u)-Transversal Theorem for Bipartite Graphs,C. L. Lucchesi, D. H. Younger
Departamento de Ciência da Computa�c~ao | IMECCCaixa Postal 6065Universidade Estadual de Campinas13081-970 { Campinas { SPBRASILreltec@dcc.unicamp.br 12


