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Abstract

Game Theory is a math/economy field which studies interaction between agents in a system by

modeling it with a set of rules, called game. In computer science, the Algorithmic Game Theory is

a topic focused on developing algorithms to scenarios where many agents have to interact and their

actions can impact other agents, such as services on the Internet. One way of studying these systems

and scenarios, is to explore definitions of interesting possible outcomes for the games. In the present

report we describe some methodologies used to identify these solution sets. We resumed some ideas

described in the book Multiagent Systems [2]. The production of this report and the presentation

which accompanies it was a requirement of the Algorithmic Game Theory unit at University of

Campinas, delivered by Prof. Dr. Rafael C. S. Schouery.

1 Introduction

Solution concepts are used to identify interesting subsets of outcomes of games. These subsets are obtained

by modeling the behavior of the players according to certain rules. The most important solution concept

is the Nash equilibrium. However, there are other important concepts that drive some attention. In

the present report we will explore some of these other concepts which can be applied to reason about

normal-form games. All the concepts present in the report were extracted from the book Multiagent

systems: Algorithmic, game-theoretic, and logical foundations [2]. The Maxmin and Minmax strategies

are described in Section 2. Section 3 shows the Removal of Dominated Strategies in a game. Correlated

equilibrium is a solution concept which generalizes the Nash equilibrium and in presented in Section 5.

After, Section 4 shows the Rationalizability concept and the concept of ε-Nash equilibrium is introduced

in Section 6. We also outline some final remarks about the study performed to produce this report in

Section 7. There are many other solution concepts not described in the present report. Some of them

more restrictive than Nash equilibrium, some less so or even some which are not comparable.

2 Maxmin and Minmax Strategies

In a general sum game, the Maxmin Strategy is the one which maximizes i’s payoff in the worst-case

scenarios in the case that every other player will chose the strategy which causes most harm to i. By

playing this strategy, i guarantees a level of security where he can at minimum receive a certain utility

(or at maximum loss a certain value).

Definition (Maxmin). The maxmin strategy for a player i is argmaxsi
mins−i

ui(si, s−i), and the

maximum value for player i is maxsimins−iui(si, s−i).

An way to interpret the maxmin strategy is by imagining a game where i has to make his decision for

a strategy first, and then the other players will observe it and take their strategies to minimize the i’s

payoff. In simultaneous games, it is not reasonable to admit that the other players will be only interested
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in reduce i’s payoff, however when i chose this strategy and the others play according to their interests,

i will still receive an expected payoff at least equals to the maxmin value.

There exists a solution concept which plays a dual role with maxmin strategy, which is the Minmax

Strategy. Analyzing the minmax value of a player i against a player −i in a 2-player game allows to

measure how much i can punish −i without regards of his own payoff. This minmax value and strategies

consists in a set of players choosing strategies to reduce the maximum payoff of a given player.

Definition (Minmax, two-player). In a two-player game, the minmax strategy for player i against

player −i is argminsi
maxs−i

u−i(si, s−i), and player −i’s minmax value is minsi
maxs−i

u−i(si, s−i).

If we analyze a n-player game with n > 2, then a player i is not always capable of granting that a

player j will obtain minimal payoff acting alone. Thus it is not easy to define the minmax strategy of a

player i against j. However, if we imagine that all the other players will coordinate in order to minimize

j’s payoff, then we can define the minmax strategies for this case.

Definition (Minmax, n-player). In an n-player game, the minmax strategy for a player i against a

player j 6= i is i’ component of the mixed-strategy profile s−j in the expression argminsj
maxs−j

u−j(sj , s−j),
ehre −j denotes the set of players other than j. As before, the minmax value for player j is

minsjmaxs−ju−j(sj , s−j).

Again, it is possible to establish a temporal intuition to help understanding the minmax strategy.

Imagine all players in −j have to coordinate and prepare a strategy to be observed by j in order to

produce his response. In this case, j will receive his minmax value when all the other players chose the

most harmful strategy (the one which minimizes i’s expected payoff) of them against j. Using both,

minmax and maxmin strategies, von Neuman [1] has enunciated the following theorem:

Theorem (Minmax theorem). In any finite, two-player, zero-sum game, in any Nash equilibrium

each player receives a payoff that is equal to both his maxmin value and his minmax value.

The proof of this theorem consists in observing the payoff expected by −i in the equilibrium condition

v−i = maxs−i
ui(s′i, s−i) and the fact that in a zero-sum game of two players vi = −v−i. These observa-

tions leads to conclude that vi cannot be greater nor smaller than the maxmin and minmax values of the

player.

3 Removal of Dominated Strategies

We say a strategy si dominates another s′i when for every profile of the other player s−i ∈ S−i, si results

in a greater payoff than s′i. While this is an intuitive definition, there are three types of dominance

enumerated in the following definition.

Definition (Domination). Let si and s′i be two strategies of a player i, and S−i the set of all strategy

profiles of the remaining players. Then

1. si strictly dominates s′i if for all s−i ∈ S−i, it is the case that ui(si, s−i) > ui(s′i, s−i).

2. si weakly s′i if for all s−i ∈ S−i, it is the case that ui(si, s−i) ≥ ui(s′i, s−i), and for at least one

s−i ∈ S−i, it is the case that ui(si, s−i) > ui(s′i, s−i).

3. si very weakly dominates s′i if for all s−i ∈ S−i, it is the case that ui(si, s−i) ≥ ui(s′i, s−i).

If one strategy dominates all other, we say that this strategy is dominant. On the other hand, if

one strategy is dominated by one or more others we call this strategy dominated. Furthermore, if there

is an profile (s1, s2, . . . , sn) in which every si is dominant for a player i is a Nash equilibrium, and we

call it an equilibrium in dominant strategies. These dominant strategies play an important role in game-

theory, for example in the creation of mechanisms, where a game is designed to reach an certain objective

(e.g., reduce social cost) when players take the dominant strategy. However, dominant strategies are

not common in naturally-occurring games. In addition, we use strictly dominated strategies concepts to
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reduce some games. Indeed, these strategies can be ignored, since they are not best responses to any

of the other players strategies. By eliminating strategies we can reduce a game in order to facilitate

reasoning about it.

4 Rationalizability

A strategy is rationalizable when a perfectly rational player i can justify playing it against another ra-

tional players. Since the other players are also rationals, i have to consider that their actions also are

rationalizable. Thus, in order to play a rational strategy a given player should consider his opponents ra-

tional aspect and also they knowledge of his rationability, and so on in an infinite regress. A rationalizable

strategy profile is a profile which consists only of rationalizable strategies.

To formally define rationalizability we can define a infinite sequence of strategies S0
i , S

1
i , S

2
i , . . . for

each player i, where S0
i = Si. Now, we define Sk

i the set of all strategies si ∈ Sk−1
i for which there exists

some s−i ∈
∏
j 6=i

CH(Sk−1
j ) such that for all s′i ∈ S

k−1
i , ui(si, S−i) ≥ ui(s′i, s−i). Where CH(S) denotes

the convex hull of the set S. The convex hull is used to prevent the consideration of mixed strategies

dominated by pure ones. Given this definitions we can enunciate that the rationalizable strategies for a

player i are
⋃∞

k=0 S
k
i .

5 Correlated Equilibrium

In a standard game, each player constructs his own mixed strategy independently. However, imagine if

the players could observe the result of an external event and select their strategies according to it. In

this fashion, the strategies are correlated by this external event, which brings some interesting results for

the games. In fact, this concept is a generalization of the Nash equilibrium, and is considered the most

fundamental solution concept.

To formalize the intuition of games with correlated equilibrium we consider the existence of n random

variables, and a distribution among them. The value of the variables is chosen by an external factor –

not the players nor rules of the game – and only the information of the result is sent to the players. This

way we can define the correlated equilibrium as:

Definition (Correlated equilibrium). Given an n-agent game G = (N,A, u), a correlated equilibrium

is a tuple (v, π, σ), where v = (v1, . . . , vn) is a tuple of random variables, with respective domains D =
(D1, . . . , Dn), π is a joint distribution over v, σ = (σ1, . . . , σn) is a vector of mappings σi : Di 7→ Ai, and

for each agent i and every mapping σ′i : Di 7→ Ai it is the case that

∑
d∈D

π(d)ui(σi(di), σ−i(d−i)) ≥
∑
d∈D

π(d)ui(σ′i(di), σ−i(d−i))

We have to note that the mapping is to a pure strategy, and not a mixed one. This do not increases

in generality if you allow the mapping of mixed strategies. As said before, the Nash equilibrium can be

reduced to this correlated equilibrium. Which means that for every Nash equilibrium we can identify a

correlated equilibrium where they induce the same distribution outcome.

Theorem. For every Nash equilibrium σ∗ there exists a corresponding correlated equilibrium σ.

The proof is straightforward. Basically, we can create a correlated equilibrium by making the domains

Di = Ai in the Nash equilibrium. Also, we let the joint probability distribution be π(d) =
∏

i∈N σi ∗ (di).
Then, we chose σi to be the mapping from di to ai. Thus, when the players select the profile σ the

distribution of outcomes is identical to σ∗.
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6 ε-Nash equilibrium

The final solution concept presented in this report is around the idea that a player may not change to

a best response when the change in the utility is very small. This idea creates the concept of a ε-Nash

equilibrium.

Definition (ε-Nash). Fix ε > 0. A strategy profile s = (s1, . . . , sn) is an ε-Nash equilibrium if, for all

agents i and for all strategies s′i 6= si, ui(si, s−i) ≥ ui(s′i, s−i)− ε.

This idea of the agents being indifferent for small changes in their payoffs is very convincing and it

has a series of interesting properties. For example, ε-Nash equilibrium always exists; indeed, it is possible

to find a region around every Nash equilibrium which is an ε-Nash equilibrium for every ε > 0. Also,

this concept is computationally useful, since algorithms looking for equilibriums could only explore a

finite set of mixed strategies (actually, we can argue that every algorithm found equilibrium is an ε-Nash

equilibrium with ε equals to the precision of the computer).

ε-Nash equilibrium also have some drawbacks. For instance, while it is possible to find them around

the Nash equilibrium, the reverse is not always possible. A given ε-Nash equilibrium is not necessary

close to a Nash equilibrium, which undermines the idea that a ε-Nash equilibrium is an approximation of

the Nash equilibrium.

7 Conclusions

Solution concepts is topic which allows researchers to analyze what is the behavior of agents in a game by

looking at relevant possible outcomes. There are plenty of techniques to identify these outcomes, some

of them presented in this report and explained during its presentation. We selected the most relevant

solution concepts described in the Multiagent Systems book. We talked about Maxmin and Minmax

strategies, which are strategies that can be adopted to ensure a minimum payoff obtained by a certain

user, or measure how much a set of users can punish a specific one with no regards to their own utility.

This point was the most focused in the report because it presents some interesting results, such as the

Minmax Theorem.

Other topics as Removal of Dominated Strategies, Correlated Equilibrium and ε-Nash equilibrium

were also briefly described in the report. We specifically emphasized the Correlated Equilibrium since

it is considered one of the most fundamental solution concepts, which generalizes the Nash Equilibrium.

Finally, some topics present in the book were omitted: (i) the idea of Regret, which measures the amount

of loss of a player when he plays a strategy which is not the best response to the strategies of the other

players; (ii) the Trembling Hand Perfect Equilibrium which explores situations where players can commit

small errors (perhaps due to their trembling hands), thus every strategy, even the not so good, can be

played with some negligible probability. These omissions were made mainly because of presentation time

and written space constraints. However, it was possible to present a reasonable set of useful concepts to

study normal-form games.
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