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Randomized algorithms are in general:
» simpler;
> faster;
» avoid pathological cases;

> can give interesting deterministic informations;

But (hopefully, with small probability) can
> give wrong answers;

» take too long.

Flavio Ke V wa (Unicamp) Randomized Algorithms Campinas, 2018



1.1 Verifying polynomial identities

VERIFYING POLYNOMIALS

>

Given polynomials F(x) and G(x) as
F(x) = (x+1)(x—=2)(x +3)(x —4)(x+ 5)(x — 6)
G(x) = x0 —7x% + 25.

How to verify if F(x) = G(x).

v

v

v

v

Natural solution in O(d?).
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1.1 Verifying polynomial identities

Consider the following randomized algorithm:

ALGORITHM VP

1. Choose r € {1,...,100d} randomly.

2. Verify if F(r) is equal to G(r), in time O(d).
3. If F(r) = G(r) then return YES;
4

. otherwise, return NO.
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1.1 Verifying polynomial identities

The algorithm:
» Has time complexity O(d).
» Failsif r € {1,...,100d} is root of H(x) = 0, where
H(x) = F(x) — G(x).
As H(x) has maximum degree d,
» H(x) has at most d roots
» The probability that algorithm VP fail is at most

1
Pe(VP fail) < -4 — —_
r(VP fail) < 1064 = Too

And how to decrease the probability to fail to IOOIW ?
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1.2 Axioms of Probability

AXIOMS OF PROBABILITY

Def.: A probability space has 3 components:
» A sample space QO
> A family F of events, each £ € Fiss.t. E C Q.
» A probability function Pr : 7 — R™

E € F is called simple or elementary if |E| = 1

Def.: A probability function is any function Pr : F — R7 s.t.
» VE ¢ Fwehave 0 < Pr(E) < 1
» Pr(Q) =1

» For any finite or enumerable sequence of events mutually disjoint
E\, E,,...,wehave

Pr(EyUE,...) =Pr(E;) +Pr(Ey) +...
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1.2 Axioms of Probability

Example: In the polynomial verification
» QO ={1,...,100d}
» Each simple event E; is an event of choosing r =i, fori = 1,...,100d
» E;is chosen uniformly at random = Pr(E;) = Pr(E;), Vi, .
> Pr(Q) = 1= Pr(E) = 1555
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xioms of Probability

Example: Consider tossing a die (of 6 sides).
» QO ={1,...,6}

Examples of events we may consider,
» E’ =Event of having an even number.
» E” = Event of having a number at most 3.

» E = Event of having prime number.

ya (Unicamp) Randomized Algorithms Campinas, 2018 8/296



1.2 Axioms of Probability

Lemma: For events E; and E, we have
Pr(E| UE,) = Pr(E;) + Pr(E;) — Pr(E; N E,)
Proof.

Pr(E;) = Pr(E,—(Ei1NE))+Pr(E;NE)

Pr(E;) = Pr(E,— (Ei1NE))+Pr(ENE))
Pr(Ey UE;) = Pr(E; — (E1 NEy)) +Pr(Ey; — (E1NEy)) +Pr(E; NE,)
= Pr(Ey) — (E1NEy)) +
Pr(E,) — (E1 NEy)) + Pr(E; NE,)
= Pr(E;) +Pr(E;) — Pr(E1 N E,)

[
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1.2 Axioms of Probability

Corollary: For events E| and E we have

Pr(E; UE>) < Pr(Ey) + Pr(E»)

Lemma: For events E1, Es, ... we have
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1.2 Axioms of Probability

Lemma: For events E1, Ey, ... we have
Pr(| JE) = D) Pr(E)
i>1 i>1

— Y Pr(ENE)

i<j

+ Z Pr(E; N E;nN Ey)
i<j<k

(_I)HI Z PI’(E,'l N E,‘z Nn...N Ei[)

1<ir<...<ij

Proof. Exercise. a
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1.2 Axioms of Probability

Def.: Two events E and F are said to be independent iff
Pr(ENF) =Pr(E) - Pr(F)
and events E1, . . ., Ey are mutually independent iff VI C {1,...,k} we have

Pr(ﬂ E;) = e/Pr(E;).
icl
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1.2 Axioms of Probability

Example: Strengthening algorithm VP with k > 2 runnings
ALGORITHM VP;

1. Execute algorithm VP k times (possibly with repetitions).

2. Return NO if one of the k executions of VP returns NO;

3. otherwise, return YES.

> Let E; be the event the algorithm choose a root of F(x) — G(x) = 0 in the
i-th execution of VP.

» The events E; are mutually independent.

» The probability the algorithm fail is:

=

d 1\*
Pr(ENEyN...NE) =TTK Pr(E) <TIX < <>
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1.2 Axioms of Probability

Def.: The conditional probability of event E given that F occurred is given by

Pr(ENF)

Pr(E|F) = Pr(F)

given that Pr(F) > 0.

Proposition: If E and F are events, with Pr(F) > 0, then

Pr(ENF) =Pr(E|F) - Pr(F) = Pr(F|E) - Pr(E).

Proposition: If E and F are independent events, with Pr(F) > 0, then

_ Pr(ENF)  Pr(E)-Pr(F)
Pr(E|F) = Pr(F) Pr(F) = Pr(E).
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1.2 Axioms of Probability

Lemma: IfEy,...,E; are events, then
Pr(EiN...NEy) = Pr(E;)-Pr(E>|E|)-Pr(E3|E\NE,) - - - Pr(Ey|[E1NEXN. . .NE_q1).
Proof.

Pr(E;N...NEY)
= Pr((E1N...NE1)NE)
Pr(E;N...NEx) - P(EYE\ NEy N ... N E;_;)
= Pr(E1N...NE ) -Pr(Ex|EiNEyN...NE )
Pr(ERE; NExN...NE )

= Pr(E)) - Pr(Ey|E,) - Pr(E5|E1 N Ey)---Pr(EyEyNE,N...NE;)
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1.2 Axioms of Probability

Example: Consider a modification of algorithm VPy:

ALGORITHM VP2,
1. Fori« 1tokdo
2. Choose r; uniformly at random in {1, ..., 100d} \ {r1,
3. IfF(ry) # G(r;) return NO.
4. Return YES.

This algorithm can be implemented to run in O(k - d).

What is the probability that VP2 fails ?
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1.2 Axioms of Probability

» Let E; be the event of choosing a root of F(x) — G(x) = 0 in the i-th
iteration of VP2.

» The probability the algorithm fail is:

As Pr(Ej|[E; N ...NE; — 1) is the probability to choose a root of
F(x) — G(x) = 0 considering we obtained j — 1 roots, j — 1 < d it remains
d — (j — 1) roots. That is,

d—(j—1)
JEyO . NE ) < ———
Pr(EJEI ... NEj-1) < g0 73

So,

d—(G—1) 1\*

Note that VP2, is an exact algorithm, but with time ©(d?).
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1.3 Verifying Matrix Multiplication

VERIFYING MATRIX MULTIPLICATION

Example: Given matrices A, B and C verify if A - B = C.

By simplicity, consider matrices of order n and integers mod 2.
» Trivial Algorithm: Time complexity O(n?)

» Sofisticated Algorithm: Time complexity O(n*37)
» We will see a randomized algorithm O(n?) that fails with probability < %
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1.3 Verifying Matrix Multiplication

Algorithm VMM (A, B, C)
1. Choose r € {0, 1}"
2. If A-(B-r) =C-r return YES.

3. Otherwise, return NO.

Time Complexity: O(n?).
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1.3 Verifying Matrix Multiplication

Theorem: IfA-B+# CthenPr(A-B-r=C-r) < L.

[\S]}

Proof. Suposethat D =A-B—C #0andD-r=0(.e.,,A-B-r=C-r).
If D = (d;;) # 0 there exists ij such that d;; # 0.

W.L.O.G,, letd;; # 0. As D - r =0 we have

n
Z dljrj =0
j=1

and therefore
5" _diir:
. ijz L'

r
di
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1.3 Verifying Matrix Multiplication

Choosing a random vector r € {0, 1}" is the same to

choose r,, then r,,_1, ..., and then choose 7.

Suppose that r,,, . . ., r have already been chosen and r; not.
n

At this point, Z d)jrj is determined.

=2
Consider the choose of ;. The probability that
T > i dijt
P
di

isvalidisatmost%.So,Pr(A-B-r:C-r)g . a

=

This technique is called Principle of Deferred Decisions: Consider some of
the variables defined and let others open (or deferred).
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1.3 Verifying Matrix Multiplication

Theorem: (Law of Total Probabilities)
Let Ey, ..., E, mutually disjoint events and U!_ E; = Q.
Then,

ZPrBﬂE ZPrBIE -Pr(E)).

i=1

Flavio Ke V wa (Unicamp) Randomized Algorithms Campinas, 2018 22/296



1.3 Verifying Matrix Multiplication

Example: Applying the law of total probabilities in the example of matrix
multiplication:

Event B Event B Event E;
— —
Pr(ABr=Cr) = Y Pr((ABr=Cr)N ((ryy...,ra)=(x2,...,%,)))
(X2,0eeXn ) E{0, 1}

—> i, dyr
< YPr((n=—"L2"200((ry oy ) = (62, .oy 1))
(XZy )xn)e{o 1}” ! 11

ST g
= ZPr(rIZM)'Pr((rZ)--->rn):(x2)--->xn))

- di
(x2y'"axrl)€{oyl}n 1
1 1
< ZEPT((Fz,---,Vn)Z(Xz,---,Xn)) <

(x21'"vxn)€{031}n71

1 k
Repeating the algorithm k times, the probability it fails is < <2>
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1.3 Verifying Matrix Multiplication

Let us analyse the change as the algorithm returns YES in each execution.

Theorem: (Bayes Law) Given disjoint events E\, ..., E, such that
" Ei = Q and event B, we have

PI’(E]‘ N B)
Pr(B)
PI‘(Ej N B)
Z?:l Pr(BNE;)

Pr(E|B) =

PI’(B|E]')PI'(EJ')
> Pr(BIE;)Pr(E;)
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1.3 Verifying Matrix Multiplication

Example: Consider 3 coins, such that 2 are fair and 1 is biased, that show
up head, H, with probability % and tail, T, with probability %

Suppose the coins are given in a random order. Call the coins as 1, 2 e 3.

Suppose we toss the 3 coins and we obtain (1 = H,2 =H,3=T).
What is the probability that coin 1 is biased ?

Let B be the event that the tossing obtain (1 = H,2 = H,3 =T).
Let E; be the event that coin i is biased.

We can calculate Pr(E;|B), as follows:

Pr(Ei|B) = ET(B|E1)~Pr(E1) _2
> i Pr(BIE)) - Pr(E;) S
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1.3 Verifying Matrix Multiplication

Now, let’s see how the confidence of the algorithm Verify Matrix
Multiplication increases as the iterations returns YES.

Let E be the event that A - B = C is valid.

If we do not know anything about the identity A - B = C then it is reasonable
to suppose that Pr(E) = Pr(E) = 1
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1.3 Verifying Matrix Multiplication

Let E be the event that A - B = C is valid.

Let B be the event that algorithm return YES in the first call (that is,
A-B-r=C-r).

And how would Pr(E|B) be ?

We can calculate Pr(B|E) and Pr(B|E):

Pr(BE) = 1
_ 1
Pr(BIE) < 3
Pr(BIE) - Pr(E
Pr(E|B) — r(BIE)-Pr(E)
Pr(BIE) - Pr(E) + Pr(BI|E) - Pr(E)
1-3 2
la+322

We increased the confidence!!
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1.3 Verifying Matrix Multiplication

Suppose we execute VMM again and we obtain YES. What is the new

confidence ?

Updating the probabilities of the events, we have:

So,

Pr(E|B)

Flavio Keidi Miyazawa (Unicamp)

2

Pr(E) > =
E) >
Pr(E) < 1
- 3

Pr(BIE) = 1
— 1
Pr(BIE) < -
2

Pr(BIE) - Pr(E)

Pr(BIE) - Pr(E) + Pr(B|E) - Pr(E)
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1.3 Verifying Matrix Multiplication

Following the same reasoning for i iterations, we have

21’
Pr(E -
HE) = 5
_ 2i 1
Pr(E) < 1-— =
20+ 1 2t+1
Pr(BE) = 1
— 1
Pr(BIE) < -—
f(BE) < 3
So,
L2 1
Pr(EIB) > 2l =1——
- 2! 1 1
Laqt+a 3 2+1

That is (a bit) better than 1 — 5;
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1.4 Minimum Cut Problem

MINIMUM CUT PROBLEM

Problem: Given a graph G = (V, E), non-oriented, find ) # S C V such that
the number of edges in (S, S) is minimum.

Flavio Keidi Miyazawa (Unicamp) Randomized Algorithms Campinas, 2018 30/296



1.4 Minimum Cut Problem

Def.: Given a graph G = (V,E) and an edge e = {u, v} € E, we define by Gle
the graph obtained from G joining the nodes u and v into only one node and
maintaining parallel edges.

G Gle

Obs.: Note that a cut in Gle is also a cut in G, with the same cardinality.
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1.4 Minimum Cut Problem

Algorithm RandMinCut(G), G = (V,E)
1. n«|V|.
2. Gy + G.
3. Fori« 1ton—2do
4, choose edge e € G,
5. G; — Gi_ile
6. Let Cy4 be the set of edges in G,_.
7. Return Cy.

Idea: In each iteration, the chance to choose an edge of the minimum cut is
“small”.
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1.4 Minimum Cut Problem

Execution of the algorithm RandMinCut

1 3 1
34 1,3.4 1234
2 4 2 2

(a) A successful run of min-cut.

1 3 1 1 1
5 5 N
3.4 34,5
2,345
2 4 2 2

(b) An unsuccesstul run of min-cut.
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1.4 Minimum Cut Problem

Lemma: Let Cpi, be a minimum cut in G and Cy the cut obtained by the
algorithm. Then Pr(Cyin = Ca) > ﬁ

Proof. Let k be the number of edges in Cyyip.

Then, |5(v)| > k for each v € G, where (V) is the set of edges incidents to v.
So,

U

E|l =
£ 2 -2
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1.4 Minimum Cut Problem

Let E; be the event that algorithm do not select e € Cy,, in iteration i.

k
Pr(E = 1-——
r(Ey) ]
k n—2
> 1—5_ n
2
k n—3
Pr(E>lE)) > l_m:n—l
2
k n—4
Pr(Es|[EyNEy) > 1—m:n_2
2
n—3
k 1
Pr(En—2|mEi) > 1—m:§
i=1 2
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1.4 Minimum Cut Problem

n—4 n—3 n—2
n—2 n—1 n

4
6

n—2 1 3
Pr(ﬂ E) > =- 5
i=1

w
NI SN

nn—1)

a
Let RandMinCuft' be the strengthened algorithm that executes RandMinCut ¢
times and returns the smallest cut.

Proposition: Let C4 and Cyy, the smallest cut returned by algorithm
RandMinCut”™ and a minimum cut, respectively. Then,

Pr(Comin # Ci) < — = 0.135.

1
22
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1.4 Minimum Cut Problem

Proof. We have

2
Pr(RandMinCut do not obtain Cpin) <1 — —

2
therefore,
. 2 . 2 2
Pr(RandMinCut" do not obtain Cpin) < (1 — —)
n
It is valid that (1 + L) < ¢', form > 1 and |1 < m.
Setting t = —2 and m = n?, we have
. 2 . 1
Pr(RandMinCut"  do not obtain Cpin) < —.
e

=
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1.4 Minimum Cut Problem

Proposition: Let C4 and Cyiy the cut obtained by algorithm
RandMinCuf™ ™" and a minimum cut, respectively. Then,

1

Pr(cmin = CA) >1-— ?

Proof.

2 P\
Pr(RandMinCuf” ™" do not obtain Cpyn) < (2> = —
e

So,
1

Pr(cmin = CA) >1-— ﬁ

Le., RandMinCut" ™) obtain a minimum cut with high probability.
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2.1 Discrete Variables and Expectation

Def.: A random variable (r.v.) X on a random space Q) is a function
X:Q0—-R

Def.: A rv. X is said to be discrete if it takes finite or countably infinite
values.

We only consider discrete random variables, and we state when it is not the
case.

Given r.v. X and a real value a, the event “X = a” represents the set
{ee Q:X(e) =al.

So,
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2.1 Discrete Variables and Expectation

Example: Let X be a r.v. that is the sum of two dice.

» X can have 11 possible values: X € {2,3,...,12}
» There are 36 possibilities for the dice: {(1,1), (1,2),(2,1)...,(6,6)}

Event X = 4 has 3 basic events: {(1,3), (2,2),(3,1)}

Therefore
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2.1 Discrete Variables and Expectation

Def.: Two rv. X and Y are independent if and only if

Pr((X=x)N(Y=y)) = Pr(X=x)-Pr(Y=y) Vax,y

Def.: The rv. X1,X3, ..., Xy are mutually independent if and only if
VI C{l,...,ktand all x;, i € I,

Pr(ﬂ Xi = x;) = Mig/Pr(X; = x;)
iel
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2.1 Discrete Variables and Expectation

Def.: The expectation of a discrete random variable (d.r.v.) X is given by

EIX] =) i-Pr(X =i),
i
where the summation is over all values in the range of X.

Def.: The expectation is finite if E[X] converges; otherwise is said to be
unbounded. In this case, we use the notation E[X] = oo.
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2.1 Discrete Variables and Expectation

Example: Let X be a r.v. that is the sum of two dice.

1 2 1
EX] =2— 4 12— =
(X] 36+3 36+ + % 7

Obs.: In the above sum, we have to know the number of basic events for each
value of X.
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2.1 Discrete Variables and Expectation

LINEARITY OF EXPECTATION

Theorem: For each finite collection of discrete r.v. X, ..., X, with finite
expectations

E ixi =) EIX]
i=1 i=1

Obs.: Note that there is no restrictions on the independente of X1, . .., X,.
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2.1 Discrete Variables and Expectation

Proof. We prove that E[X + Y] = E[X] + E[Y] forr.v. X and Y.

EX+7Y] = ZZ_(i+j)Pr( (X=in(y=j))

_ ZZZ Pr( Ny =j))+
ZZJ Pr( Ny =j))

= Zi-ZPr (X=iN(Y=j))+

j i
= ) i-Pr(X=1i)+) j-Pr(Y=j) =EX] +E[Y]
i J

[

Exercise: Complete the proof for more r.v. (sug. by induction).
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2.1 Discrete Variables and Expectation

Lemma: Given a r.v. X and constant ¢, we have E[c - X] = ¢ - E[X].
Proof. The lemma is straighforward for ¢ = 0.

Elc-X] = ) i-Pr(c-X=i)

. i
= ;z-Pr(X:C)
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2.1 Discrete Variables and Expectation

Example: Consider the example of two dice.

Let X1 be the r.v. of the value of the first die.
Let X5 be the r.v. of the value of the second die.
Let X be the r.v. of the sum of the values of the two dice.

Note that X = X + X». So,

EX] = EX;+ X))
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2.1 Discrete Variables and Expectation

JENSEN’S INEQUALITY

Example: Let X be the length of a side of a square chosen uniformly at
random in [1,99].

What is the expectation of E[X?] of the area of the square ?
It is tempting to thing that is equal to E[X]* = 2500.
But, the true value is E[X?] = @ ~ 3316.6 > 2500.
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2.1 Discrete Variables and Expectation

Lemma: Let X be a r.v., then E[X?] > E[X]~
Proof. Let Y be ar.v. such that Y = (X — E[X])%.

0 < E[Y]=E[(X—EIX])?]
= E[X?] —2EIX - E[X]] + EX)?
= E[X?| —2EX)* + EIX)?
= EX* —EX)?

So,
EIX?] > E[X]?

=

This is valid for any convex function.
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2.1 Discrete Variables and Expectation

Def.: A functionf : R — R is said to be convex if Vx1,xp and 0 < A < 1 we
have

Fx 4+ (1 =A)x2) < AM(x1) + (1 = A)f(x2).

AME) + (1-M)f( %2

Lemma: Iff is a twice differentiable function, then f is convex if and only if

f"(x) =0
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2.1 Discrete Variables and Expectation

Theorem: (Jensen’s Inequality) If f is a convex function, then

E[f(X)] = f(EX]).

Proof. We suppose that f has Taylor expansion and let L = E[X]. By Taylor’s
Theorem, there exists ¢ such that

(X —p)?

fX) = flw)+f (W) (X —u)+rf"c)- 5

> fW A+ - (X —p)
Applying the expectation in both sides, we have

Ef(X)] > E[f(n)+f"(n)(X— )
= E[f(W]+f'(n) - (EX] —p)
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2.2 Bernoulli and Binomial Random Variables

BERNOULLI AND BINOMIAL RANDOM VARIABLES

Consider an experiment that has probability of success p and fail of 1 — p.

Let Y be ar.v. such that

Y — 1  if the experiment has success
~ | 0 otherwise

Then, Y is said to be a Bernoulli r.v. or an indicator r.v.

Lemma: IfY is a Bernoulli r.v. with Pr(Y = 1) = p, then E[Y] = p.
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2.2 Bernoulli and Binomial Random Variables

Consider a sequence of n independent experiments, each one with probability
of success equal to p.

If X is the number of success in the n experiments, we say that X has binomial
distribution.

Def.: A binomial r.v. X with parameters n and p, denoted by B(n, p) is
defined by the following probability distribution withj = 0,1, ..., n:

Pr(X =j) = (?)ﬂ(l—p)"‘f

Exercise: Show that }__oPr(X =j) = 1.
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2.2 Bernoulli and Binomial Random Variables

Lemma: If X is a binomial r.v. B(n,p), then E[X] = n - p.
Proof.

EX] = ) j- (’;)ml —p)"
j=0

(Exercise)

Suggestion: use the fact that (x +y)" = Y }_ (})x* -y *.
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.2 Bernoulli and Binomial Random Variz

Another proof:

Lemma: If X is a binomial r.v. B(n,p), then E[X] = n - p.
Proof. Let X; be a bernoulli r.v. of the i-th experiment.
Then, X = ) ! | X; and therefore

EX] = ) EIX]
i=1

= ]/L-p

=
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2.3 Conditional Expectation

CONDITIONAL EXPECTATION

Def.:

EYIZ=2 = ) y-Pr(Y=)IZ=2),
y

where the summation is over all values y that Y can assume.

Example: Consider the example of r.v. X that is the sum of two dice, where
X=X+ X5

1 11
EX|X; =2] = gx'Pr(X:)Xm:z) - Zx'gzi
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2.3 Conditional Expectation

Example: Consider the example of a r.v. X that is the sum of two dice, where
X=X +X5.

4
EX X =5 = > x-Pr(X; =xX=>5)
x=1
B i Pr(X; =xNX =5)
N — Pr(X =5)

4

B Zx 1/36 5
&7 4/36 2
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2.3 Conditional Expectation

Lemma: Foranyrv. X andY,

=Y Pr(Y =y)EX|Y =yl

y

where the summation is over all possible values of Y and suppose that all
expectations exist.

Proof.
D Pr(Y =y)EKX|Y =) ZPrY y) Zx Pr(X =x|Y =y)
y :ZZx-PrX:)dY:y)-Pr(Y:y)
:ixy-ZPr(X:xﬂY:y)
oy

= Zx-Pr(X:x) = E[X]
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2.3 Conditional Expectation

The linearity of expectation also extend to conditional expectations.

Lemma: For any finite collection of rv. Xy, ..., X, with finite expectations
and any rv. Y,

EDY XY =yl=) EXl|y=)]
i=1 i=1

Proof. Exercise. g

ya (Unicamp) Randomized Algorithms Campinas, 2018 59/296



2.3 Conditional Expectation

Def.: The expression E[Y|Z) is a r.v. f(Z) with value E[Y|Z = 7], when Z = z.

Example: Consider the example of the sum of two dice, with X = X| + X».

EX|IX)] = ) x-Pr(X=uxX)

X,+6

- Y xg
B 6
x=X1+1

7
= Xi+;
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2.3 Conditional Expectation

As E[X|X;] is a r.v., it makes sense to calculate E[E[X|X;]].

Example: In the previous example:

B 7. 10+6)6 7
EEXIXi =EXi + 5] = c———— + 5 =7T=EX]

Theorem: IfY and Z are r.v. then, E[Y] = E[E[Y|Z]].
Proof. Let E[Y|Z] be a function f(Z) that has value E[Y|Z = z] when Z =

E[E[Y|Z]]

ZE[lezz] -Pr(Z =2)

= E[Y]
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2.3 Conditional Expectation

Example: Consider the following probabilistic recursive algorithm:
Algorithm R(n, p)
1. Repeat n times

2. with probability p call R(n, p).

0] 1 2

Generations of calls of R(n, p)
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2.3 Conditional Expectation

What is the number of recursive calls ?

Let Y; be the total number of generations i.

Suppose that we know the number of calls y;_; in generation i — 1.
Let Z, for k = 1,...,y;—1, the number of calls given in the k-th call of
generation i — 1.

Each Z; is a binomial r.v.

We show that

ElYYiy =yial =yi1-n-p
If yi_1 = 0 the equality is trivially valid.
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2.3 Conditional Expectation

Now we show that E[Y;|Y;—_1 = yifl] =yi_1-n-pwheny,_; > 0.

ElYilYio1 = yi1]

Flavio Keidi Miyazawa (Unicamp)

Yi—1
EY ZlYiy =yi]
k=1

Yi—1

Y EZlYiy =yl

k=1

Yi—1
> D Pz =Y =yi)

k=1 j>0
Yi—1

D D J-PrZ=))

k=1 j>0
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So,

2.3 Conditional Expectation

ElY]] = E[E[Yi|Yi]]
= Z ElYilYioy = yiz1] - Pr(Yioy = yi1)

Yi—120

= Z Vi1 -n-p-Pr(Yioy =yi—1)

Yi—120

= n-p- Z yi-1 - Pr(Yioy = yi-1)

Yi—120

= n-p-E[Y;i 4]

= (n-p)

Miyazawa (Unicamp)
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2.3 Conditional Expectation

and therefore

i>0 i>0
= ) (n-p)
i>0
_ 00 ifn-p>1
- lfln~p ifn-p<1

wa (Unicamp) Randomized Algorithms Campinas, 2018 66 /296



2.4 Geometric Distribution

GEOMETRIC DISTRIBUTION

Def.: A rv. X is said to be geometric with parameter p if has distribution

Pr(X =n)=(1—p)" ' p.

Le., the probability to toss a coin n — 1 times with tail (or fail) and in the n-th
obtain head (success).
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2.4 Geometric Distribution

Geometric random variables are said to be memoryless.
Lemma:
Pr(X =n+klX > k) =Pr(X = n).

Proof.

Pr(X=n+k)N(X>k))
Pr(X > k)

Pr(X =n+k)

Pr(X > k)
(1 _p)n+k71 p
Z;:k(l —p)-p
(1 _p)n+k71 p

(1—p)*

PriX=n+kX>k) =
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2.4 Geometric Distribution

Lemma: Let X be a d.r.v. that have only non-negative integers. Then

Proof.
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2.4 Geometric Distribution

Corollary: If X is a geometric r.v. with parameter p, then

Proof. Note that if X is a geometric r.v. then

o0

PrX >i)=) (1—p)"'p=(1—-p)".

n=i

Therefore,
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2.4 Geometric Distribution

Example: In a cereal box, there is one coupon of a total of n different
coupons. How many boxes of cereal we need to by to have at least one
different coupon of each type?

Let X be the number of boxes that you have to buy.

Let X; be the number of boxes you bought while you have i — 1 different
coupons.

X = ix,-
i=1
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2.4 Geometric Distribution

If we have i — 1 different coupons, the probability to obtain a new different
coupon is 1 — % = %

As X; is a geometric r.v., we have
1 1 n

E[Xi]:;: (n—i+1)/n:n—i+l'

So,

EX] = ) Elx]
i=1

n
- Zln—H—l
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2.5 Expected Time of QuickSort

EXPECTED TIME OF QUICKSORT

Aplication: Algorithm QuickSort(S),
where S = (x1,...,x,) distinct elements

1. Ifn=1o0rn=0return S.

2. else

3.

® NN e

Choose a pivo x € S uniformly
Si—(yesS:y<ux).

S, —(yeS:y>ux).

Sort S| using QuickSort(Sy).
Sort Sy using QuickSort(S,).
Return (Sy||x||S2).

Flavio Keidi Miyazawa (Unicamp)
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2.5 Expected Time of QuickSort

Theorem: The expected number of comparisons made by QuickSort is
2nlnn + O(n).

Proof. Let (y; < y» < ... < yy) be the sorted elements of S.
For i < jlet Xj; r.v. that indicate that y; was compared with y;.

So, the number of comparisons X is
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2.5 Expected Time of QuickSort

We have

E[X;] = 0-Pr(y;is not compared to y;) +
1 - Pr(y; is compared to y;)

= Pr(y; ser comparado com y;)

Consider the choice of the pivot and comparison between y; and y;:

Y1y Y2y oo s Vi1 Yiy Yitly - - - Y= Yir Vi1« - -y Yn

postpone not Ez)mp. postpone

So,

2
Pr(y; i d withy;) = ———.
r(y; is compared with y;) e
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2.5 Expected Time of QuickSort

= 2-(n+1)-Z%—2-(n—1)—2-(n—|—1)
k=1

= 2-(n+1)-H,—4n
= 2-n-Inn+0(n)

=
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Ixpected Time of

Theorem: Consider the deterministic QuickSort that uses the first element as
pivot. So, the expected number of comparisons for a uniformly chosen input
between all possible permutations is 2nlnn + O(n).

Proof. The proof is basically the same as done for probabilistic QuickSort.
Exercise. 0
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3.1 Markov Inequality

MOMENTS AND DEVIATIONS

Techniques to bound the tail distribution — probability that a r.v. obtain a
value distant from the expectation.
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3.1 Markov Inequality

MARKOV INEQUALITY

Theorem: Let X be a r.v. that have non-negative values. Then,

Pr(X >a) < — Ya > 0.

Proof. Fora > 0, letI r.v.

I— 1 ifX>a,
1 0 otherwise,

As X > 0wehave I < % and as [ is Indicator r.v.,
Ell =PrI=1) =Pr(X > a)
That is,
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3.1 Markov Inequality

Corollary: Let X be a r.v. that have positive values. Then,

Pr(X > AE[X]) < VA > 0.

> | =

Proof. Let a = AE[X].

Pr(X > AE[X]) =Pr(X > a) <

[

Flavio Keidi Miyazawa (Unicamp) Randomized Algorithms Campinas, 2018 80 /296



3.1 Markov Inequality

Example: Suppose we toss n fair coins and let X be the number of heads.

. .7 . 3
Use the Markov Inequality to bound the probability to obtain at least 7
heads.

Let X; — 1 if i-th c.om is head.,
0 otherwise.
We have X = ) 7 | X;. We have that E[X] = 5. So,
3n 3 n
Pr(X > = PriX>=--=
(X >3 = Prxz3-0)
3
= Pr(X > 5 - E[X])
12
3/2 3
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3.2 Variance and Moments of a Random Variable

VARIANCE AND MOMENTS OF A RANDOM VARIABLE

» Markov Inequality is the best we can do when we know only the
expectation.

» But we can obtain better results if we have more information about the
distribution of the r.v.
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3.2 Variance and Moments of a Random Variable

Def.: The k-th moment of r.v. X is E[X¥].
So, E[X] is the first moment.

Def.: The variance of a r.v. X is defined as:

var[X] = E[(X — E[X])?] = E[X*] — E[X]?

Def.: The Standard Deviation of r.v. X is defined as

o(X) = +/var[X].
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3.2 Variance and Moments of a Random Variable

Example:

» If X is constant:

and
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3.2 Variance and Moments of a Random Variable

Example:
k-E[X] with probability %

» Let X be a rv. such that X =
e e a r.v. such tha { 0 Withprobabilityl_%

Calculate the variance and standard deviation

var(X) = E[(X — E[X])?]
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3.2 Variance and Moments of a Random Variable

Def.: The covariance of two variables X and Y is

cov(X,Y) = E[(X — EIX]) - (Y — E[Y])].

Theorem: Forrv. X and Y we have

var[X + Y] = var[X] + var[Y] + 2 - cov(X, Y).

Proof.
varlX+Y] = E[(X+Y)— [ Y1)%
E[((X+Y—E[X]—E[Y])*]
= E[(X—E[X]) +(Y—E[Y])2 2(X—E[X])(Y—E[Y])]
= E[(X—EX)Y+E(Y—EY)+2E[(X—E[X])(Y—E[Y])]

= var(X)+var(Y )+2c0v(X Y)
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3.2 Variance and Moments of a Random Variable

Exercise: Suppose X, Y, W, V, X; are random variables and a, b, c and d

constants, prove that
» cov(X,a) =0
» cov(X,X) = var(X)

>

Y) = cov(Y,X)

(X,
ov(X,
» cov(aX,bY) =abcov(X,Y)
» cov(X +a, Y +b) =cov(X,Y)
(

» cov(aX +bY,cW+dV) =
accov(X,W)+adcov(X,V)+bccov(Y,W)+bdcov(Y,V)

»ovar[) P X =3 var(X;) +2- Y 1, Zj>l. cov(X;, ¥j).
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3.2 Variance and Moments of a Random Variable

Theorem: IfX and Y are independent r.v. then

E[X -Y] = E[X] - E[Y].

Proof.
EX-Y] = ) ) (ij)-Pr(X=inY=))
i
= 2 D (i) PrX=i) Pr(y =))
i

= (Zi-Pr(X—i))- D J-Pry=))
i J

= E[X]-E[Y]

=
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3.2 Variance and Moments of a Random Variable

Corollary: If X and Y are independent r.v. then
cov(X,Y)=0
and
var[X + Y] = var[X] + var[Y]
Proof.

cov(X,Y) = ElX—EX]) - (Y—EY])]
= EIX—E[X]]-E[Y —E[Y]]
= (ElX] - EX]) - (E[Y] — E[Y])]

— =

Flavio Keidi Miyazawa (Unicamp) Randomized Algorithms Campinas, 2018 89 /296



3.2 Variance and Moments of a Random Variable

Example: If X and Y are non-independent r.v. then the expectation of the
product can be different from the product of expectations.

Suppose that X and Y are coins with value 1 for head and O for tail, and
suppose that X and Y are tossed and they show the same value (they are
welded).

Le.,
1
E[X] =E[Y] =
2
and
1 1
E[X-Y]:l‘f—l—O'f:E.
So,
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3.2 Variance and Moments of a Random Variable

Example: Variance of a Bernoulli variable.
Let X be a Bernoulli r.v. with parameter p.
Then,

varlX] = E[(X — E[X])?]
El(X —p)*
= (1-pP?-p+(0—p)?-(1-p)
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3.2 Variance and Moments of a Random Variable

Example: Variance of a Binomial variable.

Let X be a Binomial r.v. with parameters n and p.

Then, X can be considered as X = Z:.’:l X;, where X; is a Bernoulli r.v. with
parameter p.

Note that X1, ..., X, are independent.

So,

varlX] = Zvar[X,-]
i=1

= D> p-(1-p)
i=1

= n-p-(1—=p)
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3.2 Variance and Moments of a Random Variable

The variance of a Binomial r.v. can also be calculated obtaining E[X?].
Example: If X is a Binomial r.v.,
- n
EXY = Y} (J.)ﬂ (1—p)"~
j=0

(exercise)

= n(n—1)p*+np
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3.3 Chebyshev’s Inequality

CHEBYSHEV’S INEQUALITY

Using the variance, we can obtain a better bound than using only Markov
Inequality.
Theorem: Foranya >0

var[X]
2

Pr(lX —EIX]| > a) <
a
Proof. Note that

Pr(|X — E[X]| > a) = Pr(|X — E[X]|* > a*)

From Markov Inequality,

Pr(X —EX]| > a) = Pr(X—EKX]*>a?)
E[X — EX]]*]
aZ
var[X]
a2
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3.3 Chebyshev’s Inequality

Corollary: Foranyt >0

Pr(|X — EX]| > t- o[X]) < tlz
and (X]
Pr(]X — EIX]| > - EIX]) < tzvagw

Proof. We only need to replace a in the previous theorem.
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3.3 Chebyshev’s Inequality

Example: Consider the example of tossing n coins and bound the probability
to obtain at least %" heads.
Applying the Chebyshev’s Inequality:

Pr(X >

3n n
—) < Pr(|X—=|>
7)< P -2z

IN

This bound can be improved to % Why ?
Better than the bound of % obtained using only Markov Inequality.
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3.3 Chebyshev’s Inequality

. . . U
Lemma: The variance of a geometric r.v. Y with parameter p is p—zp.

Proof. As var[Y] = E[Y?] — E[Y]?, we can calculate E[Y?].
Let Y; be the r.v. of the first toss.

1
E[Y?] = ZPr(Yl =) - E[Y?|Y, =]

1
(1—-p)- E[Y2|Y1 =0l +p-E[Y?Y, =1]
(1—-p)-ElZ )]+p-1, where Z is a geom.r.v. with param. p
(1—p) - (E[Z)+2-EZ]+ 1) +p- 1.

Using the fact that a geometric r.v. is memoryless, we have

E[Y=(1—p)- (EY?]+2 -EY]+1)+p
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3.3 Chebyshev’s Inequality

ElY?]=(1-p)- (EY]+2 E[Y]+ 1) +p
Le,
(1—=(1=p)E 1 =2-(1—=p)-EY1+ (1 -p)+p
Isolating E[Y?] we have

2—-2-p p 2—p
EY ) ==——F—+5 =
p? p?  p?
Therefore,
varlY] = E[Y* — (E[Y])?
_ 2—p 1
T2 2
l—p
-
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3.3 Chebyshev’s Inequality

Example: Consider the coupon collector problem.

Let X be the number of boxes to obtain the n coupons.
By the Markov Inequality, we have

1
Pr(X>2-n-H,) < 5
Now, we use the Chebyshev’s Inequality.
Let X; be the number of boxes bought to obtain the i-th different coupon,
having i — 1 different coupons. '
Let X = Y "', X;. Note that X; is a geometric r.v. with parameter "7(:;1].
The variables X; are independent. So,

var[X] = Z var[X;].
i=1
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3.3 Chebyshev’s Inequality

n
var[X] = Zvar[Xi].
i=1
n
1— —i+1
i—1 (pi) n

A
l\/]
S| -
[\e)

I
M-
N
S
1
+

t
N———

=1
=1
2
— no - i
_Z i2
1=
2 0 2
s 1
< n?. 3 because E 2= ¢

i=1
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3.3 Chebyshev’s Inequality

Using Chebyshev’s Inequality:

Pr(X>2-n-H,) < Pr(X—n-H,|>n-H,)
2.2

__6

(n'Hn)z

712

6- (Hn)z
1
= O

IN

Better than the bound % obtained with Markov Inequality.
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3.3 Chebyshev’s Inequality

Example: [t is possible to obtain a better bound than the one obtained with
Chebyshev’s Inequality for the coupon collector problem.

Consider the different coupons as the set {1, 2,...,n}.

Let E; be the event to not obtain the i-th coupon after nlnn + on boxes. So,
the event E = U!_, E; is the event to not obtain some different coupon after
nlnn 4+ an boxes.

IN

m\
s
S
+
&

IN
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3.3 Chebyshev’s Inequality

Therefore,

Pr(E) = Pr(UE;)

1=

IN
™
3
&

IA
\'l\/]
S

cég -

. That is better then the bound obtained

1
n

Placing o« = Inn, we have Pr(E) <
with Chebyshev’s Inequality.
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3.4 Application: Computing the Median

ALGORITHM TO COMPUTE THE MEDIAN

Problem: Given a set S with n elements and total order, find m € S such that
|n/2| elements are smaller than or equal to m and |n/2| + 1 are larger than

or equal to m.
» Trivial algorithm: Sort and pick the median: O(nlgn).
» There exists a linear time algorithm, but complicated.

» We will se a randomized linear time algorithm that is correct with high
probability.
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3.4 Application: Computing the Median

Idea:
Given set S with z distinct elements, »n odd.

1. Findd,u € Ssuchthatd <m < u

2. LetC={seS: d<s<u}, where |C| =o(n/lgn).

s
< m U
c

3. Sort C and return the median m of S.
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3.4 Application: Computing the Median

Algorithm RMedian(S), where |S| = n.

I.

Lo W

O © 3

Let R be a multi-set with | #3/#| elements of S chosen uniformly at
random, with replacement.

Sort R.
Let d the (% — y/n)-th element of R.
Let u the (3n** + \/n)-th element of R.
Let C~ ={seS:s<d}

C ={seS:d<s<u}

Ct ={seS:s>d}
If |[C7| > % or [C*| > % then return FAIL.
If |C| > 4 - n3/* then return FAIL.
Sort C

Return the (|5 | —|[C™| + 1)-th element of C.
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3.4 Application: Computing the Median

Idea:

Let

Y1 ={r € R:r <mj}| (number of elements in the sample < median)
Y, ={r € R:r > m}| (number of elements in the sample > median)

As R has n%/4 elements, we have

ElY] =~ 3n¥* and E[Y,] ~ n**
When we insert a gap of 1/n, we expect that
Pr(Y; < E[Y{] —+/n) issmall and

Pr(Y, < E[Y>] —+/n) is small.
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3.4 Application: Computing the Median

Analysis of the Algorithm: For convenience, we consider that \/z and n®/*

are integers.

Theorem: The algorithm RMedian has linear time complexity and if it does
not fail, it returns the correct answer.

Proof. Exercise. a

Now we show that the probability that the algorithm fail is smaller than nﬁ
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3.4 Application: Computing the Median

Consider the events Eq, E, and E5 as follows:
1 34
E, = EBvent (Yi=[{reR:r<m) < 7" —/n
1 3,
E, = EBvent (Yo=[{reR:r>mj < " —/n
E; = Event <|C| > 4n3/4>

Lemma: The algorithm RMedian fail if and only if one of the events E1, E,
or E3 occur.

Proof.

» There is a direct correspondence between event E3 and stopping case.

We analyse other cases.
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3.4 Application: Computing the Median

Suppose that RMedian fail because [C~| > 7.

In this case, m < d and as d is the (| n3/% — \/n])-th element of R we have

Yi = [{reR:r<ml
< freR:r<dj
= an—\/ﬁJ—l
< l113/4—\/13

2

So, |C™[ > 5 = event E} occur.
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3.4 Application: Computing the Median

And, if event E| occur then
1
Yi={reR:r<mjf < §n3/4—\/ﬁ:positionofd

This implies that m < d. Therefore, |C™| > 7 (fail case in E).

The corresponding proof for event E> when RMedian fail with [C*| > 4 is

analogous. t
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3.4 Application: Computing the Median

Lemma:

P(E)<71
D=

Proof. Let X; be a Bernoulli r.v. such that

X — 1 if i-th chosen element in C is less than or equal to m
‘| 0 otherwise

As, there are % +1= %1 elements smaller than or equal to m,

Sallil S
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3.4 Application: Computing the Median

With this, the event £ is equivalent to

3/4

X<yt
Note that Y is a Binomial r.v. with parameters /4 and % + i
Let us calculate E[Y;] and var[Y7].
1 1
ElY,] = ( 3/4) B
] " 2 on

_ 13/4 1
2" +2-n1/4
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3.4 Application: Computing the Median

var[Y]] =

Flavio Keidi Miyazawa (Unicamp)

#3e8) (- (3)

1 1.1 1
I (= ——

2 " 2m’'2  2m
13 1
& Ty
1
Zn3/4
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3.4 Application: Computing the Median

Applying Chebyshev’s Inequality

Pr(E,)

Flavio Keidi Miyazawa (Unicamp)

I IA

IA

IN

Pr(Y; < ’13/4 Vn)

2

1
Pr(§n3/4 — Y > /n)

Pr( <1n3/4 n 1

>—Y1>\/ﬁ)

2 2. pul/4
Pr(E[Y,] — Y1 > /n)
Pr(|Y1 — E[Y1]] > v/n)
var[Y;]

(v/n)?
WA
n 4.pl/4
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3.4 Application: Computing the Median

Lemma:

Pr(E3) < 5 alA

Proof. If E3 occur, then |C| > 4 - n3/4.
Then, one of the events occur:
Event E}: at least 2 - n*/* elements of C are larger than m.
Event EY: atleast 2 - n3/* elements of C are smaller than m.
So,
E3 CEJUEY

and
Pr(E;) < Pr(E; U EY).
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3.4 Application: Computing the Median

We will bound Pr(Ej).
If there are 2 - n*/* elements of C larger than m the position of u in S is

> 242 034

\ﬁ/#v’f
c— c C+
ILe.,
n
ICT| < n— (5+2-n3/4) = 2.2

The # — \/n large elements from R were taken from C™.

R
//_/_/_//%
Lr-vn | o [ e |

Flavio Keidi Miyazawa (Unicamp) Randomized Algorithms Campinas, 2018 117 /296



3.4 Application: Computing the Median

Let X be the number of choices R in C*. Then,

n3/4 1 if i-th choice is in the
X= Z X;, where X; = 2 — 2n%* largest elements of S
i=1 0 otherwise

As X is a Binomial r.v. with parameters n’/* and p, where

n 2 )
So,
EX] = n’/*
1

_ 3/4 2. /4
n (2 )
3/4
n

-
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3.4 Application: Computing the Median

varlX] = n/*.p-(1—p)

= (L gy (% 2
_ n3/4(1—4-n*1/2)

3/4
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3.4 Application: Computing the Median

Applying Chebyshev’s inequality,

Pr(E})

Analogously,

Flavio Keidi Miyazawa (Unicamp)

IN

IN

1
Pr(X > §n3/4 —V/n)

(3r/* ~2v) > Vi)

Pr(IX — EX]| > v/n)
var[X]

(v/n)?

/4 1

40 4.p/

Pr(X —
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3.4 Application: Computing the Median

So,
1
Pr(E;) = Pr(E; U E}) < Pr(Ej}) + Pr(EY) = ST
Theorem: The probability the algorithm fail is smaller than nﬁ

Proof.

Pr(Ey UE, UE3) < Pr(E;)+ Pr(Ey) + Pr(E3)

P VS VZ RS V21
4 + 4 + 2
1

i/

IN
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CHERNOFF BOUNDS

» Exponentially decreasing bounds
» Derived by using Markov’s Inequality on

» Moment Generating Functions that captures all the moments
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Def.: A moment generating function (m.g.f.) of a rv. X is
Mx(t) = E[etx].

The function Mx (t) captures all moments of X.
Theorem: Let X be a r.v. with m.g.f. Mx(t). Under the assumption that
exchanging expectation and differentiation is valid, for all n > 1 we have

EX") = M (0),

where M}((n) (0) is the n-th derivative of Mx(t) int = 0.
Proof. Deriving, we have
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Lemma: Given a geometric r.v. X with parameter p, we have

2—p
=

EX|=- e EXY=
p p

Proof. Proof with m.g.f. We first obtain M (¢) and then its derivatives.

My (1) Ele™X] = Z Pr(X = k) - &
k=1
_ Z(l_p)k—l p-e
k=1
P N (.
= 1_p%((l p)-e)
p (1—p)-é

= . : when (1 —p)-e <1
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MW = D= (1= p)e) (1= p)e)
= p(1—(1—p)e)2-e.
and
M) = 2p(1—p)(1 = (1 =p)e') ¥ +p(1 — (1 —p)e') ¢
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So,

Ex] = M0
p(1—(1—p)e®) 2. ¢
= p(l—1—-p)7?

T =

Ex? = MZ(0)
= 2p(1—p)(1—(1—p)e”) e’ +p(1 — (1 —p)e®) % ¢
2—p
p2
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Theorem: If X and Y are r.v. such that Mx(t) = My(t), for any t € (—0,90)
and some & > 0, then X and Y has the same distribution.

Proof outside of the scope of the course.

Theorem: If X and Y are independent r.v. then

Mx,y(t) = Mx(t) - My(t).

Proof.
/ Myi(t) = E

Generalization for sum of several independent r.v. is straightforward.
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4.1

DERIVING CHERNOFF BOUNDS

Theorem: IfX isarv. andt > 0, then

. E
Pr(X > a) < min
>0 e

Proof.

Pr(X >a) = Pr(tX >
— Pr etX > eta)

<

applying Markov Inequality

As the above inequality is valid for any ¢ > 0, we have

Pr(X > a) < min
>0 e

Flavio Keidi Miyazawa (Unicamp) Randomized Algorithms Campinas, 2018
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4.2

DERIVING CHERNOFF BOUNDS

Theorem: IfX isarv. andt <0, then

. E[e"]
Pr(X <a) < min
<0 el
Proof. Let X bearv.andr <0
Pr(X <a) = Pr(tX > ta)
= Pr(e® > )
E tX
< [em applying Markov
e

As the above inequality is valid for any # < 0, we have

. Ele”]
Pr(X < a) < min .
<0 e

Bounds obtained from this approach are called Chernoff Bounds.

Flavio Keidi Miyazawa (Unicamp) Randomized Algorithms Campinas, 2018
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4.2

CHERNOFF BOUNDS FOR SUM OF POISSON TRIALS

Def.: Poisson Trials: Sequence of independent binary r.v.
non-necessarily with the same probability.

Let X1, ..., X, be a sequence of poisson trials, with Pr(X; = 1) = p;.
LetX = Z?:l X;.

We use Chernoff Bounds to calculate the probability of X to deviate by more
than (1 & 8)E[X].

Note that

n n

w=EX] =) EX]=) p:

i=1 i=1
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Fact: For the binary r.v. X;, we have

My, (1) < ePi=D),

Proof.
My, = E[e™]
= pired+(1—p)-e
= l+pile'—1)
< ePite =1
The last inequality is valid because 1 + y < ¢” for any y. g
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Fact: For the rv. X, it is valid that

Proof.

My (1)

M, +...+x, (1)
- n?:lMXi(t)

i(e'—1
r[;z:lep(e )
ezlr'l:ﬂ’i(et*l)

PG

IA

0
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Theorem: Let X1,...,X, be a sequence of poisson trials such that
Pr(X; =1)=pi. If X =37 | X, then,

e .
a) Forany 6 > 0: Pr(X > (1 +90)u) < [W] .

us?

b) Forany0 < 6 < 1: Pr(X > (14+d)u) <e 5.

1

c) Forany R > 6u: Pr(X > R) < R

133 /296
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4.2

Proof. The item a) is stronger. The items b) and c¢) derive from a).

66 H
a) Forany5>0: Pr(X2(1+6)H)< <(—{—6)1+6> .

Applying Markov Inequality for # > 0:

Pr(X > (14+8)u) = Pr(eX > 110
< E[etX] B Mx (1)
= et(l4d)n T pt(148)p

(e'—1)p
e
< Jmow )

For & > 0 and using ¢ = In(1 + &) > 0 in (*) we have

e( In(1+8) I)H 66 [0
Pr(X > (1+38)u) < An(110)(1+8)n ((1 1 5)(1+0) )
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Proof of b). For 0 < & < 1 we will prove that
5 2
e —s2
oy =
Applying In(-) in both sides, the above inequality is equivalent to
52
f(8)=06—(1+06)In(1 +6)+? <0

Deriving f(8) we have

1 20

/ _— —_— . ‘@ —_— —_—

F18) = 1—[1-In(148)+(1+58) I R
2
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26
SO, f,(é) = —ln(l + 6) —+ ?
Deriving again, we obtain
1 2
" - “
fe) = 1+5 3

Note that f”(8) < 0 for 5 € [0, 3] and f”(8) > 0 for 5 € [3, 11.
Le., f/(d) decrease from 0 — % and increase from % — 1.

Asf'(0) =0ef/(1) = —1In(2) +% < 0, then f/(8) < Oforany 0 < & < 1
and so, f(8) is decreasing in this interval.

As f(0) = 0, we finish the proof of b).
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4.2

Proof of ¢). Let R = (1 + &)p. Isolating &, we have 6 = & — 1.

n
For R > 6L we have
6:5—12%—1:5
[ 2

So,

Pr(X>R) = Pr(X>(1+0)u)
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Theorem: Let X1,...,X, be a sequence of poisson trials such that
Pr(X; =1)=pi. IfX=) " X;and U > y, then,

66 v
a) Forany5>0: Pr(XZ(1+5)U)< |:(—|-6)1+6:| .

Us?

b) Forany0 < 6 <1: Pr(X > (14+8)U) <e 3.

Proof. Exercise (follows from the previous theorem with U in the place of p).
d
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Theorem: Let X1,...,X, be a sequence of poisson trials such that
Pr(X;=1)=pi. If X =3, X;, then for 0 < § < 1 we have

=5

u
WP < (-6 < (5w ) -

us?

)Pr(X < (1—-8)p) <e 2.

Proof. The proof is analogous (exercise).

a

139/296
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Corollary: Let Xy,...,X, be a sequence of r.v. of poisson trials such that
PrX;=1)=piand X =Y | X;. If0 <5 <1 then,

2
Pr(lX — | > 8p) < /3
Proof.

Pr(lX —pl>8p) < Pr((X—p)>dp) +Pr((p—X) > op)
Pr(X > (14 8)u) +Pr(X < (1—38)n)

IN
o
A
+
o

IA
[\S}
N‘
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Example: Let X be the number of heads in a sequence of n fair coin flips.
Applying the previous corollary, we have

Pr(|X — EX]| > %\/6nlnn)

Vvoénl
Pr(|X — E[X]| > Vonlnn g
n

Ag.<¢@££>z/3

n

)

- e
n 6nlnn
.6—5'7/3

. e—lnn

ST NP

Note that v/6nInn is assintotically smaller than 7.
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Let us compare the corollary with one obtained with Chebyshev Inequality.

Pr(|X — EX]| >

From Chernoff, we have

Pr(|X — EX]| >

N

S

IN

IN

eh/24

I.e., the bound obtained using Chernoff is asymptotically better.
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4.2

APPLICATION: ESTIMATING A PARAMETER

Consider a gene mutation that occurs in the population with probability p.

But we only know p if we analyse all the population and unfortunately the test
to verify the mutation is expensive...

So, we can choose randomly (only) n individuals to do the exam and obtain an
estimation p of p.

We would like to know

Pr(pe [p—06,p+08]) >1—y, forsmall values of 6 and 7.
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4.2

Let X =n-p be the number of mutations found in n experiments. We can
calculate the probability that p stay outside the interval [p — 6, p + d]:

Pr(p & [p—8,p+08]) < Pr(p <p—98)+Pr(p > p+3).

Prp<p—08) = Pr(p>p+09)

= Pr(np >n(p+9))

= Pr(np>(1+ é)np)
p

= Pr(X > (1 —i—;)E[X])

< e—np(é/p)z/Z

_ns?
= e 2p
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Prp>p+06) = Pr(p<p—0)
= Pr(np <nlp—3))

= Prinp < (1— O)np)
p

= Pr(X < (1 —2)E[X])

< /R /3

_ns?
= e 3p
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Therefore

Prp ¢ [p—0,p+08]) < Pr(p<p—28)+Pr(p>p+3)

_ nd2 nd2

< e » +e ¥

For example, using the fact that p < 1,
n = 13000 and 6 = 2% we have

Pr(p ¢ [p—6,p+ 9] <2.32%.
and for n = 1000 and 6 = 10% we have

Pr(p & [p— 8,p+8]) < 4.25%.
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43

BETTER BOUNDS FOR SOME SPECIAL CASES

Theorem: Letrv. X =X; + -+ X, such that X;’s assume value 1 or —1,
with probability %, independently. Then

_2
Pr(X >a) <e, for any a > 0.

Proof.
Note that E[X] = 0 and therefore Chernoff give us a bound of 1.

For any t > 0,
1 1
EleX] = Ee’ + Eeft.
The Taylor expansion of e* is

2

¥ X x
ec=1l+x+—4+--+—=4---
2! i!
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EleX] = Eet—l——e*’

- ZZi-(Zi—l)-(Zi—Z)-...~

i>0
(2
Z2-2-...-2-1‘!

>0 ————

IN

i times
B (£#/2)!
N i!
i>0
2
= o /2
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Using this bound, we have

E[etX] — E[et(X1+~~~+X,,)]

IA
—
~
o ”3
C
N E
2

So,

Pr(X >a) = Pr(eX > €M)

IN

IN
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Setting t = ¢ we have
n

Pr(X > a)




By symmetry, we can also prove that
Theorem: Letrv. X =X + -- - + X, such that each X; assume value 1 or
—1, with probability %, independently. Then

_2
Pr(X < —a) <er, for any a > 0.

Corollary: Letrv. X = X| + - - - + X,, such that each X; assume value 1 or
—1, with probability % independently. Then

_2
Pr(|X| > a) < 2en, for any a > 0.
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Corollary: Letrv. Y =Y + ---+ Y, be a sum of independent r.v.

such that each Y; assume value 0 or 1, with probability % Then
2

1) For any a > 0 we have Pr(Y > w+a) < e
2) For any & > 0 we have Pr(Y > (1 4+ 8)u) < e OH,

Proof. Proof of item 1).
Let X; be such that ¥; = ¥ and X =37 | X; (i.e. X; € {—1,1)).

Z 1 ¢ n X
SO,Y:;YiZZ;Xiqu:erM
= 1=
Therefore

X
Pr(Y > p+a) = Pr(§+u2u+a)
= Pr(X > 2a)

—4(12

S e 2n
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Proof of item 2)
2) For any & > 0 we have Pr(Y > (1 +d)u) < e OH,

This follows from setting @ = 6y = 875 in the bound of item 1).
That is,

Pr(Y > (1+8)u) = Pr(Z+pn>(1+8)p)
>
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Corollary: LetYy,...,Y, independent r.v. with
Pr(Y; =0)=Pr(Y;=1)=13, Y=3" Y, and p=E[Y] = 2. Then

—24°

1) Forany0 <a < pwehavePr(Y <pu—a) <e n .
2) Forany 0 < 8 < 1wehave Pr(Y < (1 —9)u) < e OH,

Proof. Exercise (similar to the previous corollary).
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44

APPLICATION: SET BALANCING

Given a matrix A with inputs in {0, 1} find vector b such that b; € {—1, 1}

1 apn ap - Ay by
2 a ax -+ Qi by
— ] :

Cn apl 4ap2 - aum b,

and ||A - b||eo = _max |ci| is minimized.
Application: Consider a matrix A where the lines are features and the columns
are individuals. Each element represents the presence or absence of the
feature in the individual. The vector b divides the set of individuals in two
balanced parts, considering each feature.
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Theorem: For any n, there exists matrix A € R"*" of the Set Balancing
problem such that ||A - b« is Q(y/n).

Algorithm: SetBalancing(A),

1. Fori+— ltondo
2. Letb; € {—1, 1} be chosen with probability %
3. Return b

Theorem: Ifb is obtained by algorithm SetBalancing then

2
Pr(||A - blloo > VamInn) < =
n
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EENSS—S—SSS..

Theorem: If b is obtained by algorithm SetBalancing then

2
Pr(|[A - bllo > VAmInn) < -
n

Proof.
Let A;, the i-th line of A, ¢; « A« - b and k the number of 1’s in A;,.

If k < +v4mlnn then |¢;| < vV4mInn.

If k > v4mInn then the k non-null terms in the sum ¢; < Y ;" | A;;b; are like
independent variables with probability % to have value —1 or 1.
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By Chernoff, we have

(VAmnn)?
Pr(lc;] > VdmInn) < 2e %

2n72m/k

< —- because m > k
n

By the union bound, the probability that exists i such that |c;| > v/4mInn is

2 2
Pr(exists i s.t. |¢;] > V4mlInn)) <n-— = —.

2
n n
g
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4.5

APPLICATION: PACKET ROUTING IN SPARSE NETWORKS

Communication problem in Parallel Computing:
» Each node (or processor) is a routing switch.
» An edge is a communication channel.

» We consider a synchronous model in which:

» Each edge can transmit at most one packet in one unit of time.
» A packet can traverse no more than one edge per unit of time.

» Each node has a destination package to some other node.

Based in the Motwani and Raghavan book.
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» A route is a sequence of edges a packet traverse to go from an origin to
its destination.

> A packet can wait in a node until an edge become free. Each node has a
buffer/queue to store packets waiting to be transmitted.

» A routing algorithm have to specify a queuing policy to solve conflicts
between packets that want to follow to the same edge from a node.

» In one step, several packets can traverse distinct edges in parallel.
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Def.: A routing algorithm is said to be oblivious if the packet routing
consider only its origin and destination nodes and the network topology (but
not the other packets).

Theorem: For any deterministic oblivious algorithm in a networks of N
nodes, each node with output degree d, there is a routing distance that require

Q(+/N/d) steps.

Proof. Not in the scope of the course. a

We will see a probabilistic algorithm for the hypercube that transmit packets
in O(log, N) steps, with high probability.
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We consider that:

» A (sparse) hypercube network with N = 2" nodes has O(N log, N)

edges.

» The nodes cannot compare the origins and destinations of the packets in
the queue.

» The set of N nodes is givenby N ={i: 0 <i <N —1}.

>

Permutation routing: Each node is the origin of exactly one packet and
the destination of exactly one packet.

Def.: Given x € N, denote by X the binary representation of x using exactly n
bits.

Def.: A n-dimensional hypercube is a network with N = 2" nodes, and two
nodes are connected by an edge {x, y} if and only if X and y differ by exactly
one bit.
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HYPERCUBE

Example of hypercubes:

0 o 10
1 0
n=1 n=2 n=3
000! 100!
010! 0110/{ 110((%
000 1901,
0101, 110 1
n=4
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Packet route, given origin and destination in the hypercube:
Algorithm: BitFixing(a, b)
where a and b are the origin and destination nodes.

1. Considera = (ay,...,a,) and b = (by,...,b,).

2. Fori+ 1tondo

3. If a; # b; traverse the edge

4. (bl)"'>bi—1)ai)ai+l ---)an) — (bI)"')bi—bbi)aH—l)"')an)

Proposition: The BitFixing algorithm can take Q(\/N) steps.
Proof. Exercise 4.21. g
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Probabilistic algorithm:
Algorithm: TwoPhaseBitFixing(a,b)
where a and b are the origin and destination nodes.

1. Let r be a randomly chosen node in N
2. Phase 1: Execute BitFixing(a,r)
3. Phase 2: Execute BitFixing(r,b)

Theorem: With probability 1 — %, TwoPhaseBitFixing do O(log, N) steps.

We analyse Phase 1. The analysis of Phase 2 is analogous.
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Given origen node i, denote by
» r; the random destination node in Phase 1
» p; the route generated from i to r;
» i (same name of the origin node) the packet that goes from i to r;

> d; the number of delays of packet i

v

|p;| the number of edges in p;

Fact: The number of time steps needed by packet i in Phase 1 is |p;| + di.
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Fact: Two routes intersects in at most one node.

Proof. Note that bits are corrected from the left to the right. So, when two
routes separate, the separation bit will not be changed again and the routes
will never intersect again. a

Lemma: Consider route p; = (ey,...,ex) fromito r;. Let S be the set of
packets, including i, that use at least one edge of p;. Then, d; < |S|.
Proof. Exercise. a
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Let

. — 1 if p; and p; intersect in at least one edge
Y71 0 otherwise.

Let H = Zszl H;;. Then

N
diSZHij:H forany i € N
j=1

Fact: Giveni € N, the r.v’s Hjj are Poisson Trials (independent binary r.v.).

Fact: The size of any route p; is at most n and E[|p;|] = 5.
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Lemma: Foranyi € N we have
N
E|Y Hy| <n.
j=1

Proof. Compute Pr(H;; = 1) is hard. We use another bound.
Let T'(e) (or T,) the number of routes that traverse edge e and let

Pi = (el,...,ek).
Note that

and therefore

E|Y Hy| <E
j=1
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Fact: Ife andf are any two edges, then

E[T(e)] = EIT(f)].

[

Proof. Exercise (follows from symmetry).

Fact: If e is an edge, then E[T,] < 1.
Proof. As El|pi[] = 5, we have

E| ) T;|=E

edge f

N
Z il
i=1

<nN.=
_ 2'

As we have N - 5 edges in the hypercube, and E[T,] = E[T| for edges e and f,
then
E[T,] <1 foranyedgee
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To complete the proof of the lemma (that E [ZJAL | H,-J} < n), we have

Fact: IfH = ZJALI Hjj then

Pr(H > 6n) < 5.

Proof. From the previous lemma, we have that
E[H] < n.

As H is the sum of a sequence of Poisson Trials, we can use Chernoff bound:

1
Pr(H > 6n) < o1 because 6n > 6 E[H]
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Lemma: The probability that there exists route i € N such that

lpi| + d; > Tn is at most 21@

Proof. Given node i, we know that

> il <n
> d;<H,onde H=7Y ! Hj
And therefore
Pr(|p;| +d; > 7n) < Pr(d; > 6n)
< Pr(H > 6n)
< L
— Q6bn

So, the probability that there exists i such that |p;| + d; > 7n is (bounded by
the probability of sum) is at most
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So, we conclude that
Lemma: The probability that there exists i € N such that packet i uses more

than Tn steps to go from i to r; in Phase 1 is at most 2%

We suppose that the algorithm wait the Phase 1 finish for all packets, before to
start Phase 2.

We can prove similar result for Phase 2.

Lemma: The probability that there exist i € N such that packet i uses more

than Tn steps to go from r; to its destination in Phase 2 is at most Zlﬁ

Flavio Keidi Miyazawa (Unicamp) Randomized Algorithms Campinas, 2018 1737296



Theorem: The probability that there exists i € N such that packet i use more
than 141og N steps is at most %
Proof. The probability that there exists a packet i that uses more than 7n steps
in Phase 1 or Phase 2 is at most

1 1
Zﬁ—ﬁ NF SN

[

See also the packet routing in the ButterFly topology, in the book of Upfal and
Mitzenmacher.
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BALLS, BINS AND RANDOM GRAPHS

In several problems we have situations like balls randomly thrown into bins.

Some questions:
» How many of the bins are empty ?
» How many bins have at least two balls ?
» How many balls are in the fullest bin ?

> etc.
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5.1

EXAMPLE: THE BIRTHDAY PARADOX

Let E3q the event that two people in 30 share the same birthday.

What is Pr(E3g) ?

Let us consider that
» Itis not a leap year
» We ignore the possibility of twins

» A person’s birthday is equally likely to be any day of the year
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Let us calculate Pr(E3g).

- 1 2 29

SO, PI'(EgQ) ~ 70.63%.

Doing the same calculation for 22 people, we have
PI‘(Ezz) ~ 47.57%

Le., the probability that 22 people born in distinct days of the same year is
approximately 52.43%.
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5.1

GENERALIZING FOR m PEOPLE (BALLS) AND n DAYS

(BINS)

Consider that m is small, compared to n.
Let E be the event that m balls are thrown randomly in distinct bins

Using the fact that e 7/" = 1 — (j/n) + %’,’]2 — %’T)a +--- wecan
approximate Pr(E) as

J
m—1 j
= exp| — Z
- n
Jj=1
m(m—1) —m?
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Fact: Consider m balls are thrown into n bins, with m small compared to n.
To have probability p that m balls fall in distinct bins, we must have

m =~ /—2nTnp.

Example: In the Birthday Paradox, to have probability 0.5 that all people
born in distinct days, we need to approximately have

m = +/—2-3651In(0.5) = 22.49 people.

That is consistent with the previous probability obtained for 22 people.

Corollary: Ifm = v/2nlnn the probability that all m balls are thrown in
distinct bins is approximately % (small probability).
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Example: We will do another analysis to bound m and have probability at
least 0.5 that all birthdays are distinct.

Let E; the event that the i-th person do not match the same birthday with the
previous i — 1 people.

Pr(have two birthdays in k people) = Pr(E; UE,U...UE})

IN

M~
3
5]

IN
.I\/]*
S|

=

Le., If k < y/n then Pr(have two birthdays) < 0.5.
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Suppose we have [/n| distinct birthdays. The probability that each person

match its birthday with one of the previous is > % = ﬁ

So,

[V
I 1)

Pr(next [y/n] do not match birthdays) < v

Q=

<

Fact: If we have m = (In(n) + 1)[\/n]| the probability that all birthdays are

distinct (all balls are thrown into distinct bins) is < (1/e)" = % (i.e., with

small probability)
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BALLS INTO BINS

Now we bound (with high probability) the maximum number of balls in a bin

Lemma: When n balls are thrown uniformly at random into n bins, the
probability that there exists a bin with at least M balls (M < n) is at most

ne ()"
Proof.

Pr(Bin i receives > M balls) < <n>
n-(n
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R =N
Using the inequality o < ZO i e
=

So,

k

we have that o < &

. . 1 e\ M
Pr(Bin i receives > M balls) < — < (M)

Using the union bound, we have

n
Pr(there exists a bin with > M balls) < Z Pr(bin i receives > M balls)

i=1

G
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Lemma: When n balls are thrown uniformly at random into n bins, the
probability that there exists bin with at least 3Inn/Inlnn balls is at most %
Proof. If M > 31nn/ Inln n, the probability to have a bin with at least M balls
is bounded by

e\ M elnlnn 3Inn/Inlnn
n- (—) < n|———
M 3lnn

Inlnn 3Inn/Inlnn
n
< Inn >

Inn (elnln]nn—lnlnn)3lnn/lnlnn

IN

e
—2Inn+3(Inn)(Inlnlnnr)/Inlnn

Il
Q

(for sufficiently large n)

IA
S| =
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52

APPLICATION: BUCKETSORT

Algorithm: BucketSort(S)
where S has n = 2™ integers in {0, ..., 2k — 1), withk > m

1. Consider all integers in S represented with k bits

2. Foreacht €{0,...,2" —1}do Blt] < 0

3. Foreachx € S do

4, Let X the integer obtained with the m more significant bits of de x
5. Put x in the bucket B[X]

6. Foreacht €{0,...,2™ — 1} sort B[t] with InsertionSort

7. Return (B[O] || B[1] || ... | B[2™ —1])

Lemma: The BucketSort algorithm sort S correctly.
Proof. Exercise. a
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52

Lemma: IfS contains n = 2™ integers uniformly distributed in

{0,...,2F — 1), with k > m, then the expected time of algorithm BucketSort is
O(n).

Proof. Clearly, all steps, with the exception the sorting step (step 6) can be
performed in time O(n).

Let X; the number of elements in bucket B[j]. Each bucket B[j] is sorted in at
most ¢ - (X;)? (time of InsertionSort).

2m—1
E Zc-(Xj)2 = c¢-n-E[(X))%
=0

(as X; is a binomial r.v. B(n,p = %))

= cn-(n-(n—1)-p*+n-p)

(n—1
= c-n-(rl(liz)—Fl) <2-c-n
n
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53

THE POISSON DISTRIBUTION

Lemma: If m balls are thrown into n bins, then the number of expected
empty bins is =~ n - e "/,

Proof. Let V; the event that bin i is empty.
For a bin i, we have

n n
~ (e—l)m/n

Let X; a binary r.v. with value 1 if and only if V; happens.

n
LetX:ZXi. Then E[X ZE —n-e M
i=1
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Lemma: Consider m balls randomly thrown into n bins. The number of bins
—m/n r
with exactly r balls is approximately n%, when r is small compared to

m and n.
Proof.
Let E, the event that bin j has exactly r balls.

ey — (M)-(2)-(-1)"

_lm(m—1)-...-(m—r+1) <11>m_r

r n" n
(when r is small compared to m and n)

1 m" : 1\"
rl n n

Q

%
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Let X; a binary r.v. with value 1 if and only if bin j has exactly r balls.
Let X =3 © | X;. Then

Elx] = ) Elx]
i=1

= i Pr(E,)
i=1

e_m/”(m/n)r
n————.

r!

Q

Note that the number of expected balls in a bin is © = m/n.
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The probability Pr(E,) leads to the following distribution:

Def.: A discrete Poisson r.v. with parameter \L is given by

Y
Pr(x =j) = =X
J!
Exercise: Use the Taylor expansion e* = Z]('):OO ;‘ff to show that the above

function is in fact a probability function.
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Fact: If X is a discrete Poisson r.v., then E[X] = .

Proof.
(o]
EX] = ) j-Pr(X=))
j=1
=
0 1
_ w
— H .
= wet) G
j=1
o0 Hj
_ —u =
ey b
j=0
= p-etet =
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Lemma: The sum of independent discrete Poisson r.v. is also a discrete

Poisson r.v.
Proof. Proof for two variables. Let X and Y discrete Poisson r.v.
J
Pr(X+Y=j) = ) Pr((X=Kn(Y=j—k)
k=0
i e Hi. I"Lllc e H2. Hé_k
- r (i — k)
— k! | (G—k)!
Sl I B
- i1 I(i—k)n "1 P2
J! P kl(j—k)!
—(wi+m) J i .
€ J k. (k)
= (1)
J: k=0 :
e ht) (g 4 Y

J!
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Same result using moment generating function (m.g.f.)

Lemma: The m.g.f. of a Poisson r.v. with parameter |\ is
M (1) = M,

Proof. For any t we have

X1 — tk _ _ tk )
Ele®] = Y & Pr(X=k) = ) e 0
kO:oO . k=0
o tk e M. W o ue e
= Z e 7](' e e
k=0 o . i, .
—pe’ t —Hy
_ule—1) e (n-e) _ =1 e (py)
= ) Kl =)
k=0 k=0
o0
= i) Z Pr(Y = k) where Y is discrete Poisson r.v.

=
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Corollary: The sum of independent discrete Poisson r.v. is discrete Poisson
V.

Proof. For two independent r.v. X and Y with expectations | and L, resp.
Note that E[X + Y] = 1 + Wo.

If X and Y are independent, then

My y(t) = Mx(t) - My(t)
Then

Mx,y(t) = Mx(t) - My(t)
eul(etfl) . euz(etfl)

elhitma)(e=1)

As the moment of a variable (in the case, X + Y) define its distribution in a
unique way, we have that X + Y is a Poisson r.v. with expectation p1; + pp. U
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Chernoff bounds for Poisson r.v.
Theorem: Let X be a Poisson r.v. with parameter L.

1. If x > uthen
Pr(X > x) < < ilew)”

_— xX
2. If x < W then
Pr(X <x) < e Hep)t

xx

Proof. For any ¢ > 0 and x > p then

Pr(X >x) = Pr(eX >¢")
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So,Pr(X > x) < eix vVt > 0.
e

Letf = In(x/p) > 0. Then

Pr(X > x)

IN

The proof of item 2 is similar (exercise).
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Limit of the binomial distribution

In general, the Poisson distribution is bounded by the binomial distribution
with parameter n and p, when 7 is large and p small.

Theorem: Let X,, be a binomial r.v. with parameters n and p, where p is
Sfunction of n and lim,_,oo n - p = A is a constant independent of n. Then, for
each fixed k,

—A\k
lim Pr(X, =k) = ¢ A

n—oo k!

First, let’s see an application.
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Example: Consider m balls and n bins where m is a function of n and
limy, 00 5 = A. Then, if X, is the number of balls in a specific bin, then

—m/n r
lim Pr(X, =r) = ﬂ

] )
n—oo r.

that is the approximation obtained before.

To see this, consider the bin 1 (w.l.o.g.).

Each of the m balls enters into the bin 1 with probability p = % As X, isa
binomial r.v. with parameters »n and p, the number of balls in the bin 1 tends to

limm-p=limm-—=A
n—oo n—oo n

and therefore, from the previous theorem

77\)\r —m/n r
lim Pr(X, = r) = lim < — ¢ lm/n)"
n—00 n—oo r! r!
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Example: Gramatical errors in a text: Each word of a text can be typed
wrongly. The number of errors is a binomial r.v. with n large and p small that
can be consider a Poisson r.v.
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Proof. (of the Theorem): We can write

Piex, =)= () (1=t

For |x] < 1 and k > 0 it is valid that (exercise: use Taylor expansion)
Fl—x)<1+x<e¢ e (=pl>1—p-k
Then,
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On the other hand, we have:

n!

Pr(X, =k) = m.pk.(l_p)n_k
> n'(n—l)--l-ci'(n—kJrl)_pk.(l_p)n
> W{‘pk‘(eﬂ’(l—pz))"
> e"’"((n—k+1)-p)k'(1_p2n) "

k!
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Combining () with (sx):

Pr(X, = k) < eZn 1('39;; (%)
Pr(x, =4 > S kLD Eoa—pn )
we have |
ekl,m 1(’3’3; > Pr(x, =) > <1 _,:+ 0P
Dividing both parts by e—pnk(!pn)k’ we have
l_lpk - P%k) = (n_:k+ 2l (1—=p*n) (%)
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1 ;Ehgg:f)z(n—k+1%
1—pk e P (pn) nk
k!

(1—pPn) (x%%)

Whenn — oo, p— 0 and pn — A we have

1 —k+ 1)k
1, 1—pmo1 and PTEEDE
1 —pk nk
and therefore Pe(X L
1> lim M > 1
n—oo € p"(’Pn)k
X!
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Poisson Approximation

One of the difficulties to analyse problems with balls and bins is to consider
dependencies.

» If bin 1 is empty, it is less probably that bin 2 is empty.

» If the number of balls in the first n — 1 bins is known, then the number of
balls in the n-th bin is totally determined.
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Suppose that m balls are thrown uniformly at random into » bins.

> Let Xi(m) ar.v. that gives the number of balls in the i-th bin (note that the

I.VS. Xl(m), ..., X\ are not independent).

» We can approximate these variables by independent Poisson r.vs. Yi(m)
with average m/n. .e., each bin receives independently a random

quantity of balls.

» Note that with variables Y l.(m) we can obtain a total number of balls that is
different from m.
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Theorem: The distribution (Y l(m), ceey Y,Em)) conditioned to ) ;Y i(m) =kis
the same as (X Ek) yenn ,X,(,k) ), independently from m.
Proof. We will show that

and

attain the same value.
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e When we throw k balls into n bins, the probability that
xM . xW) = (ky,..., k) is given by

Pr((xﬁm),...,x,ﬁ””) — (kiy. v k) :k)
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eLetky,...,k,suchthat } ,k; = k.

Pr<(Y1('"),...,Y( ) = (k.. IZY )

" 6_%(%)ki
I S
- e Mmk
k!
Bn | (myki+tk
(Rt g
kil ... k! e . mk
k!
k! - ky! - nk
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Using the previous result, we can prove stronger results for any non-negative
function on the number of ball into bins.

Theorem: Letf(xy,...,x,) a non-negative function. Then,

EfFx\™ . xi")) < ey/m-E[ff(x\™, ... vi™)]
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Y

(%)

(using the inequality m! < ey/m - (%)m (exercise))

m!

—m n

e -m
EfFx™, .. x)

ev/m-mt-e M

=

210/296
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The previous theorem is valid for any non-negative function, inclusively for
indicator functions (0 or 1) of the occurrence of an event.

We call the scenario
e with m balls and n bins as Exact Case
e approximated by independent r.vs. with average “* as Poisson Case

Corollary: Any event that occur with probability p in the Poisson case, occur
with probability at most p - e - \/m in the exact case.

Proof. Let f an event indicator function. So, E[f(-)] is exactly the probability
of the event occur. The result follows from the previous theorem. g

The corollary above is very useful, mainly when p is small.

Flavio Keidi Miyazawa (Unicamp) Randomized Algorithms Campinas, 2018 211/296



A particular case with better approximation:

Theorem: Iff(xi,...,x,) is a non-negative function such that
E[f(X gm)’ e ,X,(,m) )] is monotonically increasing, or monotonically
decreasing in m, then

EF(x™, . X <2 E[f(r™, .., )]
Proof. Exercise. O
The proof of the next corollary is straightforward.
Corollary: Let £ an event with probability that is monotonically increasing

or monotonically decreasing in the number of balls. If € has probability p in
the Poisson case, then £ has probability at most 2 - p in the exact case.
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Example: Maximum number of balls in a bin: Consider n balls uniformly
thrown into n bins and Xmax the maximum number of balls in a bin.

We prove that Pr(Xmax > 31nn/Inlnn) < . Now, we use the previous result
and prove that Pr(Xpax < Inn/Inlnn) < 1 b I.e., with high probability, the
maximum number of balls is ©(Inn/Inlnn).

Lemma: When n balls are thrown into n bins we have
Pr(Xmax > Inn/Inlnn) > 1 — ffor n sufficiently large.

Proof. Let M = 1“" and consider the Poisson case:

Pr(Bin i has > M balls in the Poisson case)

> Pr(Bin i has exactly M balls in the Poisson case)
e ""(n/n)M 1

M! e-M!
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ILe.,

1
e-M!

Pr(Bin i do not have M balls in the Poisson case) < 1 —

and therfore

1 n
Pr(No bin have M balls in the Poisson case) < (1 — >

IA
//~
®
)

gl
N———
S
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Now, we show that e~ an < n% Because, proving this inequality, we can use
the Poisson approximation to bound the probability in the exact case.

Pr(No bin have M balls in the exact case)

< e +/nPr(No bin have M balls in the Poisson case)
1

e \/1’7172
n

AN

IN
[

, for sufficiently large n.
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So, we show that e an <n?

Applying In(+) in both sides, it is equivalent to prove that

n
—— >2lnn
eM!

Isolating M!, we have to prove that

M< —
— 2-e-Inn

Using the fact that M! < evV/M (%)M <M (%)M, it is sufficient to prove that
MA\M
() st o

e ~— 2-e-lnn
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M
M<M> <"y

e ~—2-e-Inn

Applying In(-) in both sides, it is sufficient to prove that
InM+MInM—M <lInn—Inlnn —In(2e)

Replacing M = 1“ and developing only the left side:

Inlnn

InM+MInM—M

1 1
= (Inlnn—Inlnlnn) + an (Inlnn —1Inlnlnn) — nn
Inlnn Inlnn
< Inn
nn—
- Inlnn

< Inn—Inlnn—In(2e) (for sufficiently large n)

[
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Application: Hashing

Problem: Password Verification: Given the set of words in a Dictionary
(unacceptable passwords) P, verify if a given word x belongs to P.

Suppose we have a hashing function 2 : U — {0, ...,n — 1} such that
> h(x) = j with probability 1 Vj € {0,...,n—1}
» h(x) is independent for different values of x.

We consider that words are stored in a Chain Hashing.

Flavio Keidi Miyazawa (Unicamp) Randomized Algorithms Campinas, 2018 218/296



Chain Hashing of n position:
» Each position of the hashing stores words with linked list.
» Insert each x € P in the list of index Alx].

Observations:

» Expected number of words in each position: 7

v

Expected number of comparisons to search x ¢ Pis <

v

Expected number of comparisons to searchx € Pis < 1+ mTfl

» If » = m, maximum number of comparisons is O( hﬂ;’ﬂ) with high
probability

v

Several positions may stay empty
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Hashing Bit Strings: Consider the application of unacceptable passwords

>

>

>

>

Suppose that 4(x) — {0, 1}?, where b is a number of bits.
The function &(x) works as a fingerprint of x.

Instead of storing the word x, we only store the b bits of i(x).
Let H ={h(x): x € P}.

To verify if x € P, we ask if h(x) € H.

Although we can save space, we may have false positives (word y ¢ P
such that h(y) € H).

As b increases, the chance to obtain false positives decreases.

How large does b have to be so that Pr(word is false positive) < rln ?
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How large does b have to be so that Pr(word is false positive) <
Let P be a set of m unaccepted passwords, x ¢ P.

?

1
m

Then |
Pr(h(x) = h(y)) = % for any word y € P
Pr(h(x) #h(y))=1— % for any word y € P
= Pr(h(x) #h(z): Vz€P) = <1 — 2117>

= Pr(h(x) =h(z): forsomez € P) =1— (1 B 21}7>m

1 m
= Pr(x is false positive) = 1 — <1 — 2,9)

= Pr(x is false positive) ~ 1 — e b
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Pr(x is false positive) ~ 1 — e b
Given constant probability p, to have Pr(x is false positive) < p we must have
l—e ? <p

m

= e?>1—p

= blalmn )

Le., b = Q(In(m)).
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On the other hand, if we use b = 21g,(m) and x ¢ P, we have

1 m
Pr(x is false positive) = 1 — (1 — 2b>

1 m
R
1 m
= 1—(1—,712)

1 .
< — (exercise)
m

So, if we have 65000 words,

1
Pr(x is fal iti < —
r(x is false positive) < 53000
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Bloom Filters

» is a generalization of the previous model.

» Using k hashing functions 4; : U — {0,...,n— 1}, fori=1,...,k.

Initialization of bit vector:
» Fori—Oton—1doAl[i] <0

» For eachx € Pdo
Fori « 1tokdo
Alhi(x)] 1

Query of a word y:
> Return (Al (y)] AAl (VD) A - .. A Al ()])

Can also leads to false positives.
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Let y ¢ P. What is Pr(y is false positive) ?
Leti € {l1,...,k}.

ki
Pr(Ali(y)] =0) = (1—)"

1 km
S Pr(Al()] = 1) = 1— (1 - n)

= Pr(yis false positive) = Pr(1=Al[h;(y)]=...=All(y)])

k
1 km k
z(l—(l—) > %(1—67](7”/”)
n

» If k is large the chance to have false positives is small, as more bits are
tested.

Note that

» On the other hand, if & is large, more bits of A will be set to 1.

Given m and n, what is the best value for k ?
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We know thatif y ¢ P,
on/m\ K
Pr(y is false positive) = (l —e m/") .

Letf = (1 —e /)" and g=kin(1 —e~km/m).
The minimum value of f can pode obtained deriving f:

G _ s
dk dk

km

m k T
= ot [(n(1—e ) + 20 [
n 1—e

= 0, whenk=(In2)-
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So, the smallest value for
Pr(y is false positive)

is obtained when k = (In2) - = Le.,

Q

(1 _1H2~ﬂ.£>(ln2).%
e " n

B | 1\ (n2)-2
- 2

0.6185"/™

Pr(y is false positive when k = (In2) - )

Q

Example: In many applications, as the password example, it is sufficient to
have Pr(y is false positive) =~ 2%.
To have this, we setn «— 8 -m and k «— 6:

r=(1 —e*km/")k =(1 —e*6'é)6 —0.0215...
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Breaking Symmetry
We can also consider the hashing functions /(-) in the set S, of n elements to

» Choose a leader S
We may choose the largest /(x) for x € S.

» Choose a permutation of S
We may sort S using A (x)

The problem are the collisions/ties!
What is the probability of collisions/ties occur ?
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Given x € S, what is the probability that /(x) = h(y) for some othery € § ?

Pr(h(x) = h(y), forfixedy € S, x #£y) = %

= Pr(h(x) # h(y), forfixedy € S, x#y) =1— %
n—1
= Pr(h(x) # h(y), foranyy € S, x #y) = <1 _ 211))

1 n—1
= Pr(h(x) =h(y), forsomey e S, x£y)=1— (1 - 2b>

< % (exercise)
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What is the probability to exists x,y € S such that h(x) = h(y) ?
LetS = {x1,...,x,}.

Pr(3x,y € S: h(x) = h(y))
= Pr((IyeS:hlx)=h(y)U...U(FyeS:h(x,) =h(y)

n—1
s o
< n2

So, setting b = 3log, n we have

Pr(dx,y € S: h(x) = h(y))
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Random Graphs

We will consider the random graph models G, , € G, v.

Notation:
» V set of vertices
» n number of vertices in V.

» K, set of edges in a complete graph of n vertices

Some problems can be
» modeled/investigated using random graphs

» and have good properties with high probability
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Model G, ,: Graph with n vertices and each pair {i,j} for i, j € V is an edge
with probability p.

» Each graph with m edges has probability p™ (1 — p) ()= to be in the
graph.

» Expected number of edges is (5) - p.

» Expected degree of a node is (n — 1) - p.
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Model G, y: Graph with n vertices and exactly N edges.

To generate a graph in G, y:
1.E—0
2. Repeat N times
3. Choose e € K,, \ E uniformly at random
4. E—FE+e
5. Return G(V, E).

» There is ((;2;)) distinct graphs, each one equally probable.
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There are similarities with the Balls and Bins model:
Throwing edges into the graph (to generate G, y) is like throwing balls into
bins. Each edge can be seen as two balls in two distinct bins.

Theorem: Let N = %(n Inn + cn). Then, the probability that there exists an
isolated vertex (degree 0) in G, x converges to e ¢ ‘

Proof.

Exercise. Idea: In the coupon collector problem, after n In n 4 cn balls, the

probability to have empty bins converges to e . g
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.6

Hamiltonian Circle in Random Graphs

Find a Hamiltonian Circle (H.C.) in a graph is an NP-hard problem.
We describe an algorithm to find a H.C. in a random graph with high
probability.
The algorithm do the following:
Rotation(P, i, k)

1. Let P = (ViyeuuyVio1yViyVitlyesy Vi1, Vk)

/
2. Return P’ = (vl,...,v,-_l,v,-,vk,vk_l,...,v,-+1)

Vi v vz Vi Vigl Vi Vel Vi
P oe—eo—0o—0o /—c/o/—o—/i
Vi ovaovz v Vi Vigl Vig2 Vo1 Vk
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Notation:

» Head(P): last node in P, also called head of P.
Ex.: If P = (vq,..., V) then Head(P) = v.

» Used(v): incident edges to v already considered by the algorithm.
Initially empty.

» NonUsed(v): non-used edges of v. Initially is the set of edges incidents
to v.

We will see
> An Algorithm 1, that is natural, but hard to analyse.

» An Algorithm 2, that is less efficient but find H.C. with high probability
for certain graphs (used/non-used edges model).

» An Algorithm 3, that uses Algorithm 2 and obatin H.C. with high
probability in a graph G, for p > 40102,
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Algorithm 1(G = (V, E)), where |V| = n.
1. NonUsed(v) « {e € E : e is edge incident to v}

2. choose v € V uniformly at random
3. let P « (v) and v the head of P
4. while NonUsed(Head(P)) # ()

5.

10.
11.
12.

6
7.
8
9

let P = (vi,...,vr) where vy is the head
let {vk, u} the first edge in NonUsed(Head(P))
remove (vg, u) from NonUsed(vy) and from NonUsed (u).
ifu ¢ Pthen P+ P|lu (and u becomes head)
else
let u = v;, where v; € P
if i = 1 and k = n then return the obtained H.C.

else let P « Rotation(P, i, k) (and v; | becomes the head)

13. return fail.
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It is difficult to analyse Algorithm 1, as each step is dependent with the
previous.

About Algorithm 2

» At each iteration, the current path is either increased, inverted or rotated.

» The algorithm consider that there are lists of Used and NonUsed edges
for each head of a path.

» Initially the set Used(v) is empty for each vertex v.

» Initially the set NonUsed(v) is obtained choosing independently each one
of the n — 1 possible edges with probability ¢, for each vertex v. Le., if
e = {u, v} it can also occur that e € NonUsed(v) and e ¢ NonUsed(u).
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About Algorithm 2

» When the edge e = {u, v} is removed from NonUsed(v) do not remove
the edge from NonUsed(u) (in case it belongs to this set).

» Just after the list NonUsed(v) is generated, it is shuffled, for each v.

Algorithm 2(G = (V,E))
where |V| = n, NonUsed(v) and Used(v) are part of the input, under the
previous conditions.

1. choose v uniformly at random from V

2. let P «+ (v) and the head of P as vertex v
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3. while NonUsed(Head(P)) # () and has no H.C.
4 let P = (vi,...,v¢) where v is head
5 execute i) or ii) or iii) (exactly one of them) with probability
6. % %w and 1 — % — WM;M, respectively
7 i) revert the path P making v; as head
8 ii) choose a random edge {vy, v;} € Used(vy)
9 rotate and make v;, | the new head
10. iii) let {vy, u} the first edge of NonUsed(vy).
11. if u ¢ P then let u = v and v the new head
12. else if u = v;, rotate with {vg, v;} and make v;, | head
13. (the loop finish if edge {v,, v1} is chosen).

14. update Used(vy) and NonUsed(vy)

15. return H.C. if found, or fail otherwise.
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Lemma: Consider Algorithm 2. Let x; the head after the t-th step. Then, for
all nodes u, whenever there exists a non-used edge in the head vertex,

1
Prx;c1 = ulx; =ty X1 = Us_1y...,X0 = Up) = .

L.e., We can consider that the head is chosen randomly between all vertices in
each step, independently from the previous steps.
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Proof. Let P = (v1,...,v;). We can consider the possible cases, for the
vertices in P and outside P.

e The unique manner that v; becomes head is reverting the list. In this case,
the applied probability is %

o If u is a vertex of the path and {vi, u} is edge in Used(v;) then the
probability that x,11 = u is

|Used (vy)| 1 1

n . |Used(vy)| n

The first fraction is the probability to enter the case. The second fraction is the
probability to choose a specific vertex by one a used edge.
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e Now, suppose that we pick the edge e € NonUsed(vy), where e = (v, u)

Although the edges have been chosen/generated with probability g, the
probability that e is incident to one of the n — 1 — |Used (v )| possible vertices
is the same (given that we have e). So, the probability that x;1; = u is

<1_1_|Used(vk)|>‘( 1 ) 1
n n n—1—|Used(vi)|) n’

The first term is the probability to enter this case. The second is the
probability to chose a specific vertex using a non-used edge. g
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Generate a random graph in the model of Used/NonUsed edges

Let H a graph, in the model of Used and NonUsed edges, where each

(possible) edge of a vertex v is inserted in NonUsed(v) with probability
20Inn
q ="

We show that Algorithm 2 obtain a H.C. in H
» in O(nlnn) steps,
» with high probability: 1 — O(4).
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Lemma: If Algorithm 2 make at least 3n Inn iterations of step 3, then the
probability to not find a H.C. is at most %

Proof.

Note that in this case, we suppose that the algorithm do not fail before this
number of iterations.

First, we prove that with 2n In n iterations of step 3, we obtain all vertices of
H with probability 1.

The proof is basically the same of the Coupon Collector problem, where we

want n different vertices (cupons) in the path.

In each iteration, the chance to take a vertex as head is the same: %
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The probability that a specific vertex is not chosed after 2x In n iterations is:

2nl
<1_1> e Selel’ll’l: iz-
n n

So, the probability that some vertex is not chosed after 2n In n iterations is

(bounded by the probability of the sum) 7 - n% =1

n

Now, we can show that with more 7 In n iterations, the last vertex close with
the first vertex. The probability to not close is:

1
<1_1>nnn§elnn:1'
n n

Therefore, the probability that Algorithm 2 do not find a H.C. is at most 2 - %
0
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Lemma: The probability that there exists a vertex v of H with less than
101nn edges in NonUsed(v) is at most %

Proof.

Let Y¢ a binary variable to indicate if an edge e is chosen in NonUsed(v) and
Y, = ), Y{ the number of edges in NonUsed(v).

We have that E[Y,] = (n — 1) - ¢ = (n — 1) - 222 > 191nn, for n sufficiently
large. So,

9
Pr(Y <10Inn) = Pr(Yy < (1-— E)19lnn)
e~ (1910n)(9/19)2/2

1
n2

IN

<

Therefore, the probability that one of the vertices do not have 10 In 7 non used
edges (by the prob. of the sum) is at most 7 - n% g
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Lemma: The probability that Algorithm 2 remove at least 9 Inn edges from
NonUsed(v) for some vertex v of H in 3nlnn iterations is at most %

Proof.

Let v € V. The number of edges removed from NonUsed(v) is bounded by
the number of times v was head.

The probability that v becomes head in an iteration is % Let X the number of
times vertex v was head.

1
EX] = (3nlnn) - o= 3Inn.
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So,

Pr(X >9Inn) = Pr(X > (1+2)31nn)

o2 3lnn
< (o)

62 3lnn
< (5)
< 1
S 2
Therefore, the probability that one of the vertices have at least 9 In n removed
non-used edges (by the prob. of the sum) is at most 7 - n% g
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Theorem: Algorithm 2 obtain a H.C. of H in 3nInn iterations with
probability 1 — O(%) (in the used/non-used model).
Proof.
» The probability that there exists a vertex v in H with
|[INonUsed(v)| < 101nn is at most %

» The probability the algorithm remove from a vertex v at least 9 Inn edges
from NonUsed(v) in 3nIn n iterations, is at most %
e So, the probability that algorithm fail in 3n In n iterations for having set

NonUsed(v) empty is (by the sum) at most %

e The probability the algorithm do not find a H.C. of H in 3nInn iterations is
at most %

[

Therefore, the probability of fail in 3x In n iterations is at most %.
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Algorithm 3(G, ), where p > %.
1. Construct a graph H as follows:
2. Letg € [0,1] be such that p = 2g — ¢°.
For each edge e = {u, v} in G, , execute

i) or ii) or iii) (exactly one of them) with probability

_ q(1—q) _ q(1—q)
Pu - zq,qz s v — zq,qZ

3
4
5
6. i) Put e in the set of non-used edges of u.
7
8
9

2 .
and p,, = qufqz, respectively

ii) Put e in the set of non-used edges of v.
iii) Put e in the set of non-used edges of u and v
. Execute the Algorithm 2 in H.
10. If obtained H.C. then return the circuit.
11. Else return fail.
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First, note that the probabilities of step 5 are well defined, as
Pu+ Dy +Puw = 1.

. . . . . 201
Fact: If q is obtained from p, as made in Algorithm 3, then ¢ > ="
Proof.

2
q
> _ 1
q =2 ¢q 5
2 2
401nn_201nn
- 2n  n
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Lemma: An edge e = {u, v} is inserted in NonUsed(u) with probability q and
NonUsed(v) with probability q. Furthermore, both insertions are made in an
independent way.

Proof.

The edge e will belong to NonUsed(u) if e belongs to G, , and if e is inserted
in i) or iii). So,

Pr(e € NonUsed(u)) = p-(pu+ pw)

q(1—q) ¢
~ - ( n
-1 29—q*>  29—¢*

= 49

The proof that Pr(e € NonUsed(v)) = ¢q is analogous.
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Now, we prove that the insertions of e = {u, v} in NonUsed(u)) and in
NonUsed(v)) are independent.
Pr(e € NonUsed(u) N e € NonUsed(v))
= P DPw
= (29—4¢%)-
= q2
= Pr(e € NonUsed(u)) - Pr(e € NonUsed(v))

2q9—q
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As the graph H generated by Algorithm 3 satisfy all required conditions by
Algorithm 2, this obtain a H.C. from H, and consequently from G, with high
probability.

Theorem: The Algorithm 3 obtain a H.C. for the graph G, ,, where
p> ‘mnﬂ, with probability 1 — 0(%)

Corollary: A graph in G, for p > “Onﬂ, has a H.C. with high probability.
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THE PROBABILISTIC METHOD

Method to prove existence of an object.

Idea: To prove the existence of an object with certain properties, it is
sufficient to prove that the probability of its existence is positive.
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6.1

THE BASIC COUNTING ARGUMENT

Theorem: If (Z) 27@+1 < 1 then it is possible to color the edges of a graph
K, with two colors such that there is no subgraph monochromatic Kj.
Proof.

» Consider a random coloring, each edge of K, colored with probability %

» Consider all the (") different cliques with k vertices in an order

k
. n
i = 1,...,(k).
> Let A; the event that clique i is monochromatic. Then,

Pr(4;) = — =2 (¥

200
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The probability that one subgraph K is monochromatic is less than 1:

Pr <ui@1A,-> < Pr(A;)

<

So, the probability that there is no monochromatic Kj is

Pr (ml@lA,) —1-Pr <ul.(f)1Ai> >0

As such probability is not null, there must exists such coloring. g
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Example: It is possible to color a Koy without monochromatic Ky.
Forn < 2k/2 and k > 3, we have

n\ . (x nk o _ken
<k>2 (5)+1 < H'Z 1
- (2%)]('2*@4’1
- k!
95+l
K
< 1

From the previous theorem, there exists a coloring of Kjpoo without
monochromatic K.

How do we can find such a coloring ?
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Now, we will find a coloring of Kjgg9 without monochromatic Ky.

From the previous theorem, the probability to have a random coloring with
monochromatic K} is at most

f41 D4
(n) B <2 2 g5 1016

k! 20!

Then, a random coloring already leads to a coloring without monochromatic
K>o with good probability (Monte Carlo Algorithm).

If we need a Las Vegas algorithm, for constant , it is sufficient to repeat the
Monte Carlo algorithm and stop when we obtain a coloring without
monochromatic Kj.
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6.2

THE EXPECTATION ARGUMENT

This argument is based in the following lemma:
Lemma: Suppose that we have a sample space S and rv. X defined in S
such that E[X] = u. Then

Pr(X>u) >0 and Pr(X<u)>0.

Proof. Suppose that Pr(X > p) = 0. Then,

p:ZxPr ZxPr

X x<pu

= u Contradiction!

The proof that Pr(X < ) = 0 is analogous.
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Application: MaxCut

Problem: MaxCut: Given a non-oriented graph G = (V, E), find a partition
(A, B) of V such that the number of edges in (A, B) is maximum.

Theorem: The MaxCut problem is NP-hard.
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Theorem: Given a non-oriented graph G = (V, E) with n vertices and m
edges, there exists a partition of V into sets A and B such that there exists at
least %5 edges in the cut (A, B) (set of edges connecting vertices from A and
B).

Proof. Start A and B as empty sets and add each vertex of V to A or B with
probability %

Let E ={ey,...,en}. Let X; a binary variable with value 1 if and only if
e; € (A,B)and X = ) " | X; (X is the size of the cut ).

Clearly, E[X] = 7. Therefore, from the previous lemma, there must exists a
cut with at least 5 edges. ]
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6.2

Now, consider obtaining a Las Vegas algorithm to find a cut with at least 5
edges.

First, obtain a bound to p = Pr(|C| > %)

% = ElY]
= ) i Pr(Y=i)+) i-Pr(¥Y=i)
i<#-1 iz
< ¥ (%—1)-Pr(yzi)+zm-1>r(y:i)
i<mo1 iz3
— (%—1)~Pr(Y<%)+m-Pr(YZ%)
— (%—1)-(1—p)+m-19-
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ILe.,

m m
m < ——1)- - .
7 < (2 (L=p)+m-p
Isolating p, we have

SN
+
—_

Therefore, the expected number of steps of the Las Vegas algorithm to obtain
a cut of size 7 is at most 5 + 1.
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Application: MaxSat

Def.: A formula is in Conjunctive Normal Form (CNF) if it is a conjunction
of clauses (by logic /\’s), each one is a disjunction of literals (by logic \/’s).

Problem: MaxSat: Given a boolean formula in CNE, find an assignment to
the variables in such a way to maximize the number of true clauses.

Example: Does the formula below is satisfiable ?

= VRVBIANXVHB)A X VoV A ViE) A (g Vi)

Theorem: The MaxSat problem is NP-hard.
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6.2

Theorem: Given a set of clauses, C ={C1,...,Cy}, let k; the number of
literals in the clause C; and k = min,c,,) k;. Then, there exists an assignment
that satisfy at least

1 1
4 (1 — 2k‘> >m <1 — 2,{) clauses.
i=1
Proof.

Assign each variable x; with true or false with probability %

LetY = Z;": | Xi the number of satisfied clauses and let X; a r.v. that indicates
if clause C; is satisfied.

on-$on-5 (- 4)on(-3)

i=1 i=1

=

The result follows from the previous lemma.

Flavio Keidi Miyazawa (Unicamp) Randomized Algorithms Campinas, 2018 267 /296



6.3

DERANDOMIZATION USING CONDITIONAL

EXPECTATIONS

If we can compute conditional expectations in the choices made by the
algorithm efficiently, we can derandomize the algorithm, obtaining a
deterministic algorithm.

Consider the MaxCut problem. The algorithm considered assign each vertex
to one of the parts with probability % and finds a cut with expected size

E[Y] > 3, where Y is the expected number of edges in the cut and m is the
number of edges in the graph.
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The derandomized algorithm is such that

» it considers an arbitrary order of the vertices v,...,v, and a
deterministic assignment of them

» to chose an assignment of a vertex, consider the calculation of
conditional expectations

Idea: let x; the indication of assignment of v; to A or B in the i-th iteration of
the algorithm, then the algorithm chose x; such that

m
5 < E[Y] <E[Y|x;] <E[Y|x1,x] <...<E[Y|x1,x2,...,%]

The decision x; is based in the calculation of conditional expectations.
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Suppose that x1, ..., x; were already decided such that
T <EWI <ElYl] <. <ElYfn,...,x]

Let Y11 r.v. that indicate the assignment of v;| to one of the parts with
probability %:

1

ElY|x1y...,x¢] = EE[Y|X1,...,X1¢,Y]¢+1:A]+
1
SEWlxs, ..y xi Yerr = Bl

Once we know how to calculate conditional expectations efficiently we verify
which one is larger

E[Yle,...,xk,YkH:A] or E[Yle,...,xk,YkH:B]

Flavio Keidi Miyazawa (Unicamp) Randomized Algorithms Campinas, 2018 270 /296



If we have
ElY|x1y... x5, Yio1 = Al < E[Y|x1,... X, Yio1 = Bl
then we make x;1 as the assignment of v, to B, else to A.
1
So, E[Y|xiy...,x] = EE[Y|X1,---,xk> Vi1 = Al +

1
EE[Y|~X1)“')xk)Yk+1 = B]

IN

1
EE[Y|X1, e ,xk,xk+1] +

1
EE[Y|XI) cee ,)Ck,Xk.H]

= E[Ylxiy. .., Xk Xpt1]

Repeating this process, we obtain a deterministic algorithm that guarantee at
least 75 edges.
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Simplification: Consider an assignment of vi 1.

>

>

Let (A’, B') the cut defined by vertices v1, ..., V.

Each edge that connect v, | to the vertices of A’ U B’ have probability %
to enter in the cut.

Let N4 and Nj the number of edges that connect v, ; to A" and B, resp.
In the probabilistic algorithm, the contribution of v give us an
expected number of % more edges in the cut.

The conditional expectation indicate that the set will give us more
number of edges that will be added to the cut.

Therefore, the derandomized algorithm is basically a greedy algorithm that
assign the vertex to the part which leads to a larger number of edges in the cut.

Theorem: The MaxCut greedy algorithm guarantee at least 5 edges in the

cut.
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SAMPLE AND MODIFY

Idea: Break the argument in two stages.

» In the first stage, build a random structure which may not have the
desired properties.

» In the second stage, modify the structure to obtain the desired propertity.
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(X

Application: Independent Set

Def.: Given a graph G = (V,E), a set S C V is said independent if there are
no edges in E connecting two edges in S.

Problem: Maximum Independent Set: Given a graph G, find an independent
set of G of maximum size.

Theorem: The Independent Set Problem is NP-Hard.
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Theorem: Let G = (V, E) a graph with n vertices and m edges. Then, G has
an independent set with at least % vertices.

Proof.

Letd = 27’" the average degree of the vertices in G.

Algorithm: Algorithm Ind(G)
1. Remove each vertex of G and its edge with probability 1 — %.
2. For each remaining edge erase one of the extremes.

3. Return the obtained independent set.
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Let X and Y the number of remaining vertices and edges, after step 1, resp.
Each vertex survive with probability %, SO

n
EX] = -.
(X] 7
As we have m edges, we have
ElY] 1\?> nd 1 n
= m - — = — _ = —
d 2 d* 2

As each edge of Y is removed in step 2, removing one of the extremes, the
number of vertices Z of the independent set is such that
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(X

Application: Graphs with large girth

Def.: Given a graph G, its girth is the size of the smallest cycle.
ATE
1

Theorem: For each k > 3, there is a graph with n vertices and at least
edges and girth at least k.

Proof.

Consider a random graph G, , with p = ni .
Let X be the number of edges in the graph. Then,

Flavio Keidi Miyazawa (Unicamp) Randomized Algorithms Campinas, 2018 2771296



Let Y the number of cycles of size smaller than or equal to k — 1.
Each cycle of size i, for 3 < i < k — 1 has probability p’ to occur.
Furthermore, there are N; possible cycle of size i,

So,

IA IA
H'I\/] \‘I\/| |
S =3
~ =

. ok
=
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< k-n®D/E

Now, remove one edge from each of these small cycles. Now, the resulting
graph has girth at least k.
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Let Z the number of remaining edges:

E[Z] > EX-Y

1+1
- n

2
1 1
i 1
e _— — k ‘n k
2 2
1
it

v

, for sufficiently large n.
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6.5

METHOD OF THE SECOND MOMENT

Method based in the following theorem:
Theorem: If X is an integer r.v. then

var[X]

Pr(X =0) < EX

Proof.
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6.5

Application: Threshold in Random Graphs

Consider the G, , model and the property TT. It is frequent to have a function
f(n) such that

» When p is a bit smaller than f(n) then almost all graphs do not satisfy TT.
» When p is a bit larger than f(n) then almost all graphs satisfy TT.
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Given property TT over certain structure, we denote by TT(S) the event that S
has the property TI.

Theorem: Consider the graph G, p,, with p = f(n) and property T1 that
indicate if a graph has a clique of size 4 or more.

a) Iff(n) =o0 (nz%) then for ¢ > 0 and n sufficiently large, Pr(TT1(G)) < e.

b) Iff(n) = w (#) then for ¢ > 0 and n sufficiently large, Pr(T1(G)) < «.
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Proof.
Let Cy,..., C(n) all sets with exactly 4 vertices.

4
Let X; r.v. that indicates if C;isacliquein Gand X = ) . X;.
Consider the case a) and p = f(n) = o (#)

So,
_ (™) 6
EX] = ( 4>p

IN
|
[e)}

So, for sufficiently large n, E[X] < e.
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Therefore, as X is non-negative r.v.,

PrX>1) = Pr(X=1)+Pr(X=2)4---
< 1-PrX=1)42-Pr(X=2)+---
= E[X]
< €

So, the probability that the graph has TT is smaller than ¢.
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Consider the case b) and p = f(n) = w (nz%)
Analogously, we show that
E[X] - oo whenn — oo.
This is not sufficient to prove that G, , has K4 with high probability.

We will use the theorem of the second moment. It is sufficient to prove that
var[X] = o((E[X])?). With this, we prove that
var[X]

Pr(X =0) < iy =oll).
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Lemma: LetY;, fori=1,...,m, binaryrv.sandY =} ,Y;. Then
var[Y] < E[Y] + Zi# cov(Y;, Y;).

Proof.

For any sequence of r.v.s Y1, ..., Y, we have

var[Y] = Var[Z Y] = Z varlY;] + Z cov(Y;, Y;).
i i i£j

When Y; is binary r.v. we have E[Y?] = E[Y]].
Therefore
var[Y}] = E[Y}] — (E[Y])* < E[Y}] = E[Y}]

So,
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Now, we calculate the cov(X;, X;).
Note that
cov(X;, X;j) = El(X; — EIXi]) - (X; — EIX])] = E[X; - Xj] — EIXi] - EIX]].
» If |C; N Cjl =0or |C; N Cj| = 1 are disjoint cliques then X; and X are
independent and cov(X;, X;) = 0.
> If|C; N G =2

cov(X;, X)) = EIX; - X} — EIX}] - EIX;] < E[X; - X;] = p',

and there are () sets fo 6 vertices, each one of these with (,5.,)

possibilities.

» If |C; N Cj| = 3, in the same manner, we have

COV(Xi)Xj) < p9’

and there are (g’) sets of 5 vertices and each one of these with (3,?,1)

possibilities.
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varlX] < EX]+ ) cov(X;, X))
i#j

n 6 n 6 11 n 5 9
< . 0
- <4> . <6> (2;2;2)p * (5) (3; I 1)” +

= olr®p"?)

As (EIX])? = ((}) - p%)* = O(n®p'?), we have that
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(X

THE CONDITIONAL EXPECTATION INEQUALITY

» For sum of Bernoulli r.v.

» Easier to apply than the Second Moment Method.
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Theorem: LetX =) | X;, where X; is binary r.v. Then

n

Pr(X > 0) > Z

i=1

Pr(Xi = 1)
EX|X; = 1]’

Obs.: rv.s X;’s do not need to be independent.
Proof.
LetY = % if X > 0 and Y = 0 otherwise. Then

Pr(X >0)=E[X Y] = ZE[Xi Y]
i=1
= Z(E[Xi -Y|X; =1]-Pr(X; = 1) + E[X; - Y|X; = 0] - Pr(X; = 0))
i=1

- Z ElYIX; =1]-Pr(X; = 1)
i=1
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So,

Pr(X >0) = ) E[YIX;=1]-Pr(X; = 1)
i=1

L |
- ;E[Xm =1]-Pr(X; =1)

n

1
* L= =Y

where the last inequality follows from the Jensen Inequality and the fact that

f(x) =1L is convex. a

T x
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An alternative proof for part b) of the theorem:

Theorem: Consider a graph G, p, with p = f(n) and a property T1 that
indicates if the graph has a clique of size at least 4.

a) Iff(n) =o0 (#) then for ¢ > 0 and sufficiently large n, Pr(TT1(G)) < e.

b) Iff(n) = w <nz%) then for € > 0 and sufficiently large n, Pr(T1(G)) < e.
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» Let Cy,..., C(Z) all set of 4 vertices.

» Let X; r.v. that indicates if C; is a clique in G and let X = ) _ ; Xi.

» Incase b), we have p = f(n) = w (#)

» To use the previous theorem, we calculate Pr(X; = 1) and E[X|X; = 1].
» For a set C;, we have
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We calculate E[X|X; = 1]. To this end, we consider each Pr(X; = 1|X; = 1),
when C; intersects or not set C;.

» There are (” 14) sets C; that do not intersect C;. Each one with
probability p°.

» There are (‘1‘) (";3) sets C; that intersect C; in exactly 1 vertex. Each one

with probability pS.

» There are (‘2‘) (" ;4) sets C; that intersect C; in exactly 2 vertices. Each

one with probability p°.

» There are (g) ("74) sets C; that intersect C; in exactly 3 vertices. Each
one with probability p>.
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Summing up, we have

(3)
EX|X;=1]=) EX|X;= 1]
i=1

n—4 n—4 n—4 n—4
=1 64 6 54 3.
(e ()

Applying the theorem, we have

(4)p°

Pr(X > 0) > _ _ _ .
L+ ("0 4050+ 6(,)p5 +4(" )P

That tendsto 1 asn — oo
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