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Abstract. This paper presents a semantics of goals that
deals with the problem of closeness under believed implica-
tions. The paper develops the semantics of wishes, its relation
to beliefs, and define goals in relation to wishes. Also, the se-
mantics of a priority or importance relation among proposi-
tions (and goals) is developed. Finally the paper advances in
extending this semantics to the multi-agent case.

1 Introduction

Goals are an important aspect of an agent’s mental state. The
“standard” semantics for goals (for example [2, 13]) is based
on an extension of the possible world semantic of knowledge:
besides an accessibility relation among the possible worlds
that defines the knowledge of an agent, one would also de-
fine a desirability relation that is the base of the definition of
goals. Like the accessibility relation, the desirability relation
has some constraints that define further properties of the goal
operator.

One of the main problems with that approach is that the
goal operator will have the unreasonable property of being
closed under believed implications, as it was pointed out in
[9]. That is, if G is the goal operator and B is the knowledge
or belief operator, then the expression below is true in a logic
with the “standard” goal definition.

GaAB(a — ) — Gp

The problem with this property is not that it presupposes
unreasonable abilities for the agent, like the axiom K for belief
that states that the agent knows all logical consequences of
its knowledge, but that it just does not correspond to any
definition of goal. Let us take an example from [9]. If an agent
has the goal of having his tooth filled, and the agent believes
the treatment will cause him pain, then one would not want to
conclude that the agent has the goal of feeling pain. It is not a
question of stating that in “some way” the agent wants to feel
pain, because besides this tooth filling treatment, the agent
will not seek to get pain by other means. What happens is
that the agent considers it more important to have the tooth
filled than to avoid pain.

A second problem of the standard semantic for goals is that
it does not model the important characteristic that goals have
different priorities. Agents continually have to decide which
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action to take in a situation when goals are potentially in
conflict, and they decide based on the priority of each of the
conflicting goals. For example, it is reasonable to assume that
the agent above has the goal of avoiding pain (for example,
he demands anesthetics in major surgery, and so on). So, not
only not getting pain is not one of the agent’s goals, but in
fact on of his goals is not to get pain. The agent was faced
with a conflict of goals: getting the tooth filled was in conflict
to avoiding pain, and the agent decided to pursue the first
goal because it had a higher priority than the second.

This paper will propose a semantic model of goals that ad-
dresses the problem of closure under believed implication and
which provides a very intuitive definition of priority of goals.
We will proceed by defining wishes, and its relation to beliefs.
Then we will discuss the semantics of the priority relation, and
define top level goals in relation to wishes. Finally the paper
will extend the logic from a single agent to many agents.

2 Formal Aspects

We will develop the semantics of a logic G that deals with
wishes, goals, belief and priorities. This logic will be based on
an underlying modal temporal logic, which we will call LTL,
since goals and time are strongly connected. For examples,
only propositions in the future can be goal: one cannot have
a goal of having been born in a different year because that
cannot be changed (although one may wish to having been
born in a different year).

We will first develop the basic underlying temporal logic,
then define wishes, discuss its relation to beliefs, define goals
and finally priorities.

2.1 The underlying temporal logic

We will use a modal linear-time, discrete temporal logic [3],
which we will call LTL, on top of which we will define the
semantics of belief and goals. We will define a time-line,
or a world, as an infinite set of states, where each state is
a function that attributes true or false to all propositional
symbols in the language; and a mapping from its states to
the integers. We will denote a world as the sequence w =
(+.-—k...T_1Zo%1...%;...) where z; is the state that cor-
responds to instant 2.

In this logic one can define the temporal operators: S a
which states that « will eventually hold in a future state; Ha
which states that o will always hold in future states; S a

which states that o did hold sometime in the past; and ]
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which states that o has always hold in the past. One can also
define other temporal operators like next, until, before, in ¢
moments in the future <; and so on [3]. The definition of some
of these operators is as follows, where |= should be interpreted
as |=rrL
w,i=a iff z; = o and o has no temporal operator
wiEDa if
wi =S o iff

. - .
w,i =0 o iff

Vi>1 w,jlEa
Gy >1 wjlEa
wit+t=a

A formula « is satisfiable if there is a world such that w, 0 |= «,
and a formula is valid if for all worlds w, w,0 |= a.

2.2 Relations among worlds

In order to define the logic G that deals with wishes, beliefs,
goals and priorities, we need to consider the set of all possible
worlds (time-lines) given a certain set of basic propositional
symbols, which we call W, and to define two relations among
the element of this set. The relation A is the standard acces-
sibility relation for belief, that is, A is serial, transitive and
Euclidean, which corresponds to a logic of belief that satisfy
the modal logic KD45 [8].

The > relation is a preference relation between worlds. “a >
b” states that the agent would rather be in world a than in
world b, or in other words, the agent considers world a more
desirable than world b. The preference relation is transitive
and assymetric.

Let us consider now the case of two worlds that cannot be
compared in terms of the relation >, that is, neither ¢ > b
nor b > a holds, which we will denote by ¢ =~ b. In such a
case, from the agent’s point of view, both a and b are equally
good worlds, and there is nothing “that matters for the agent”
that distinguish them. Thus if @ > ¢ then it must be the case
that also & > ¢ since whatever made a better than ¢ must
be also present in b since they are indistinguishable from the
point of view of “things that matters to the agent.” The same
reasoning holds if ¢ > a. Therefore, besides transitivity and
assymmetry, the > relation must have the property that if
a =2 band a > c then b > ¢, and if d > a then d > b. Finally
we will require the > relation to have an upper bound, that is,
there is at least one world z such that there is no other world
z' and 2z’ > z. This last requirement will be necessary for the
definition of wishes, but it imposes a strong constraint on the
preference relation since there are uncountably many possible
worlds. For example the preference relation cannot account
for things like “I would prefer to live as much as possible,”
since such preference relation would have no upper bound.?

Due to these properties, the preference relation > can be
seen as a linear order of clusters of equally preferred worlds
(figure 1). One can divide the set of all possible worlds W into
disjoint partitions or clusters Py, P1,... Py, ..., where each P;
is a maximal set of equally preferred worlds. Py is the set
of all maximally preferred worlds, P; is the set of all next

2 A technical and possibly unsatisfying solution for this problem
would be to limit the diversity of possible worlds by defining a
possible world to be a finite set of states. In this case the temporal
aspect of the logic would be bounded, and one could only refer
say to a million years into the future and into the past, and not
to the whole eternity.
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preferred worlds, and so on. There may or may not be a least
preferred partition. Two worlds in the same cluster are are
equally preferred, and they are preferred to all worlds in all
sets below them.

Furthermore, we can also see the relation A as a set of mu-
tually accessible possible worlds, or better, a set of epistemi-
cally possible worlds (that is, worlds that the agent considers
equally possible descriptions of the reality). Let us call this
set A.

(e P Most desirable
worlds
ga gb P1
wda o
i} Py Least desirable
worlds

Figure 1.

2.3 Wishes

We define the agent’s wishes (represented by the modal op-
erator W) as the formulas that are satisfied in all maximally
preferred worlds. The intuition is that wishes correspond to
partial descriptions of all the worlds the agent thinks are the
most desirable ones.

Definition 1 (W, wo, 4, >) = Wa iff (W, w,A,>) E «a,
for all w such that there is no w', w' > w. Or using the
partitions notation: (W, wo, A,>) E Wa iff (W,w, A, >) E
a, for allw € Py

We must point out that the temporal component of the logic
does not include the wish operator (or the other modal opera-
tors to be defined below). Thus, in the logic G one can express
a wish of having been rich (W > r), one cannot express hav-
ing had the wish of being rich (6 Wr).

Wishes have the following properties:

Woa if o is a LTL tautology (1)
Wa — -W-a (2)
WaAW(a— f)— Wg (3)
Wa & WWa (4)
“Wa - W-Wa (5)

(1) states that something that is necessarily true is a wish.
(2) states that wishes are consistent, and (3) that wishes are
closed under implication. (4) needs some more further elabo-
ration. The direction that seems interesting is WWa — Wa,
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which states that if one has a wish of having a wish, then one
have this wish. The intuition for this property follows from
reading the — as “causes,” and from seeing a wish as a “cog-
nitive action” that is very easy to achieve: a wish can appear
in one’s mind just by wishing that wish. The other direction
of the biconditional is less intuitive but it is probably harm-
less. The same holds for (5), but in this case referring to not
having a wish.

2.4 Beliefs and Wishes

The agent’s beliefs (B) is defined as usual based on the rela-
tion A:

Definition 2 (W, wo, 4, >) = Ba iff (W,w, A,>) = a, for
all w such that (wo,w) € A. Or using the set A approach:
(W, wo, A,>) = Ba iff (W,w, A, >) = a, for all w € A.

The definitions above imply that the knowledge operator has
the usual KD45 properties [8].

The relation of wishes and beliefs is captured by the fol-
lowing axioms:

Wa « BWa (6)
-Wa <+ B-Wa (7)

That is, wishes and lack of wishes are available for introspec-
tion.

It is important to point out that wishes are not closed under
believed implication. That is:

WaAB(a — ) g WS

On the other hand, wishes are closed under logical implica-
tion. That is, if « — 3 is a LTL tautology, then if « is a wish,
B will also be a wish. For example, if W(a A 3) then both
Wa and W§.

2.5 Priorities

Based on the > relation it is possible to define an ordering
of preference among propositions for the agent. We will use
a new binary modal operator J (called priority relation) to
state that a proposition has higher preference or priority than
another proposition. Informally, o 7 7 states that the agent
prefer worlds where 3 is false and « is true to worlds where
« is false and  is true. Formally:

Definition 3 (W, wo, A, P) = o 3 8 for o and B LTL for-
mulas iff for all worlds w such that w,0 |=r71 "o A 3 there
is a world w' such that w',0 =7 o A8 and w > w.

The “3” operator has the following properties:

if « 3Band 8 35 then o J% (8
if EFrrra<— vand o JF then vy 8 (9
if Errrf—vand o JF then a3y (10

)
)
)
a 1 f then B(a J6) (11)

-
-

Priorities are connected with choices. If a agent comes to
believe that if p were true, then eventually o would be true,
and @ would be false, and if p were false then eventually o
would be false, and # would be true, and if « 3 3, then the
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agent should choose to pursue p. Unfortunately the language
of G is not expressive enough to represent choice (but see the
discussion of goals below), and thus we cannot make use of
such intuition in a formal definition. Nevertheless, we believe
that the semantic definition of priorities is intuitive enough
and it can serve as a stepping stone for further investigation.

3 Goals

Defining goals is a harder task than defining wishes since the
intuitions about goals are less clear. People seem to use the
term goal as meaning propositions that would bring reality
closer to one’s wishes. It follows that there is no clear dis-
tinction between goals and subgoals since if one thinks that o
would bring reality closer to one’s wishes, and # (among other
propositions) would bring a to be true, then § will bring re-
ality closer to the wishes, and thus # is a goal. A complete
semantic definition of of goals would probably include aspects
of a causal theory [11, 5], and autoepistemic theory [10] so
it can model the following reasonable recursive definition of
goals (or subgoals): if the agent believes that only 8 causes «,
and o is a goal, then 3 is also a goal. For example, §# could a
conjunction 1 A f2 ..., which is the plan to achieve «, or a
disjunction 3 V 2, which would represent alternative plans
to achieve a.

We will not further develop these ideas beyond this point.
Intead, we will concentrate on the relation between goals and
wishes, or informally, the terminating case of the recursive
definition of goals above. There are goals that are not ex-
plained as being part of a plan to achieve other goals, but
refer directly to the agent’s wishes. They can be seen as top
level goals, but we will refer to them in the rest of the paper
as simply goals.

Other complications about goals is that they are always
about propositions in the future: one cannot have a goal of
having been born in a different year, but one can have a goal
of publishing seven articles before the end of the year.

3.1 Goals and wishes

There are two possible definitions for goals. The first one
states that goals are wishes about the future that the agent
considers possible. Formally:

Definition 4 We will define goals, represented by the modal
operator G, as wishes that the agent believe are possible. That

We will call goals of the form G 3 o as achievement goals,
and goals of the form G g o, permanent goals.’In this paper
we will consider only achievement goals.

The second possible definition for goals is that goals are
the formulas (about the future) that are satisfied by all maxi-
mally preferred worlds that are considered possible. Let us see

3 There seems to be another kind of goals, the cyclic goals, a re-
curent goal whenever a situation repeats itself. For example, the
goal of arriving early home after the working day. Cyclic goals

seems to be of the form O (B -3 a), or (s} (B -3y a).
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one example where the two definitions differ. Thus, instead
of considering the intersection of most preferred worlds with
the set of worlds considered possible, this second approach
would look at the maximally preferred worlds in the set A. In
this paper we will concentrate on the first definition, since it
has simpler formal properties. We are currently exploring the
consequences of the second definition.

Under the first definition goals exhibit the following prop-
erties:

GOa ifaisaLTL tautology (12)
Ga — G-a (13)
GaANG(a—f) — Gp (14)
Ga — GGa (15)
-Ga — G-Ga (16)

The proofs are based on the equivalence Ga = Wa A =B—-a.
Like wishes, goals are not closed under believed implica-
tions, but they are closed under tautological implication, so

for example, G(a A #) implies both Ga and Gf.

4 Tentative Extension for Multi-agents

The logic of goals above does not easily expand to a multi-
agent logic. The obvious expansion, creating an accessibil-
ity relation A; and a preference relation P; for each agent 1,
will not yield a logic with reasonable properties. In this logic,
which we call »-G, one can define belief, wishes, goals and
goal priority for each agent.

The main problem of the logic n-G is the relation of one
agent’s belief and wishes with another agent’s wishes. Under
such semantics, the formulas below would be are valid in the
logic n-G.

W;a — B;W;a
W,a — W;W;a

In particular, the first formula states that an agent’s wishes
are known by all other agents, and indeed one can prove that
they are common knowledge, which is clearly an unreasonable
property.

These properties do not carry over to goals, because of the
belief (or lack of belief) component of the definition of goals.
Therefore G;a would not imply B;G;a or G;G;«a in general.
Thus, although I know that you wish «, I may not think that
you believe o to be possible, and thus I would not believe
that o is one of your goals. Of course, although the result is
reasonable, that is, I do not know what are your goals, the
reason for that result is the wrong one. Goals should not be
mutually known because goals, like beliefs, are private mental
aspects of each agent.

4.1 Recursive Kripke models for goals

In order to accommodate many agents without the unreason-
able properties of the logic n-G we will use the device of recur-
sive Kripke structures [7]. The intuition is simple: we believe
that the model of wishes, goals and beliefs described for the
logic G is very intuitive when it refers to just one agent. What
needs to be reworked is the model of what does it means for
an agent to have a metal model of another agent. If the pair
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of relations A and > capture so well the intuition of the men-
tal state of a single agent, then for an agent to have a mental
model of another agent corresponds to assigning a pair (A, >)
to that agent. The pair (A, >) would describe the wishes and
beliefs of that agent. Thus, each possible world the agent con-
siders it possible (that is, in the A relation) should not only
be a possible time-line, but should also include an assignment
of pairs <Ai, >¢> for each agent ¢ (the other agents and itself).
Thus, a world will be accessible for agent 1 if it is a possible
description of reality as agent 1 sees it, and also if that world
attributes pairs (A4, >) in such a way that they describe agent
1’s view of the other agents’s (and itself) mental states. Simi-
larly for the preference relation: the agent does not only rank
two worlds in terms of the reality they describe, but also in
terms of what mental state (pairs (A, >)) each world assigns
to all agents.

The agglutination of a possible world (that is, a time line)
and n pairs of relations (A;, >;) is called an augmented possi-
ble world. Therefore, the relations A and > should be relations
among augmented possible worlds.

Definition 5 An augmented possible world ¢’ is a tu-
ple:

<w]’ <A{’ >{>’ <A%’ >%>’ s <Aiw >il>>

where the first entry is a possible world (time-line), and each
of the pairs {Al,>1) corresponds to an accessibility and a pref-
erence relation on all augmented possible worlds for agent 1.

Formally, let the set W, be the set of all augmented possi-
ble worlds, then both A{ and >f are subsets of W, x W,.
The relations A} and >? should also exhibit the properties
discussed in the previous section, that is A7 is serial, transi-
tive, and Euclidean; and >? should partition the set W, into
sets of equally preferred augmented possible worlds, with an
maximally preferred partition.

The definition of augmented possible worlds is recursive
and depends on relations defined over the set of all augmented
possible worlds. For the moment we do not have a proof that
this set is well defined, but we will proceed in this paper with
such assumption.

Satisfiability is defined below:

o o’ =p iff w?,0 =17 p where pis a LTL formula

o ¢’ = B;a iff @’ |= « for all augmented possible worlds a*
such that (a’,a*) € A

e o/ = W;a iff o’ |= o for all augmented possible worlds
@’ such that ¢’ is maximally preferred in >,

where o’ = (w?, (A7, >7),...(A4%,>%)). Goals and the prior-
ity relation 7 are defined as before, but are indexed by the
agent. Validity is defined as the satisfiability by all augmented
possible worlds.

Given the definitions above, goals and wishes satisfy the
properties (1) to (3), for each of the operators W;, and the
similar properties for goals. But to satisfy formulas that con-
tain subformulas of different depth (roughly, the number of
nested modal operators) like G;a — B;G;«a, one needs fur-
ther constraints on the relations A} and >7. To describe these
constraints it is convenient to see the relation A7 as a set of
augmented possible worlds, as we did for the single agent case,

written as A7. It will be also convenient to refer to the set of
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maximally preferred worlds in a relation >7, which will be
written as PJ;, that is, the most preferred partition of >7. If
—a —a
a® = (w*, (A, >‘1;>, (A4, >E>>
and a® = (w?, (4], >8),... (4,,>5)).

then we should have the following constraints:
for all a® € A}, then Z? =45
for all «® € P&, then P& = P2
for all a® € A7, then >%=>"

The first constraint forces the introspection properties of the
belief operator to be true for each agent. That is B;a —
B;B;a and -B;a — B;—B;a are both valid.

The second constraint forces the equivalent of introspection
for the wish operator for each agent, that is, properties (4) and
(5). This constraint can be weaken to, for example, get rid of
the non-intuitive property that W;oo — W,; W, «, while keep-
ing the property that W;W;a — W;a. This weaker version
of (4) is the result of changing the second constraint above
to:

for all a® € P&, then P& C P,

Finally, the third constraint is responsible for properties (6),
(7), and (11), that mix wishes and the priority operator J;
with the belief operator.

5 Conclusions

This paper presents a first step in a formalization of goals
that, in terms of the power of the logic, stands between the
standard formalization (for example [2] and the minimal for-
malization of [9]. Furthermore, the formalization proposed
here allows one to define a very clear semantics for the concept
of priorities among propositions in general or among goals in
particular.

The first incompleteness of the research reported in this
paper is the extension to multiagents: the application of the
concepts of recursive Kripke-structures [7] to model goals and
beliefs of many agents. We believe that the use of recursive
Kripke structures provides a clear intuition of modeling the
mental state of agents reasoning about other agents’ mental
states, but the technical parts of such approach are incom-
plete. In particular, as we mentioned above, it is not proven
that augmented possible worlds are well defined. It is possible
that the ideas of recursive Kripke structures can be casted in
the form of the knowledge structures (with an added dimen-
sion for the preference relation) of [4], which are incrementally
constructed, and thus are well defined.

The research also have to advance on a broader definition
of goals, one that includes causal and auto-epistemic aspects,
and further understand the different kinds of goals: perma-
nent, cyclic and achievement goals and how they interact with
the concept of priorities.

Finally, the semantics presented here have some interesting
and yet unexplored connections with two forms of nonmono-
tonic reasoning: conditional logics [6, 1] and preference logics
[12, 14]. The structure of the semantics of the logic G is equiv-
alent to the semantics CO* for conditional logics presented in
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[1], and the definition of the priority operator have some sim-
ilarities with the conditional operator defined therein. On the
other hand, if one sees the preference relation > not as a pref-
erence among worlds, but as a preference among models (of
LTL), the second definition of goals mentioned in this paper
would be very similar the definition preference entailment.
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