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1. A semiautomaton with n states and d letters is a directed graph G with vertices VG =
{0, .. n− 1}, where each vertex has out-degree d, and the d outgoing edges of each
vertex are labeled with distinct integers in the set {0, .. d− 1}. Therefore, for each
vertex v in VG, and each integer k in {0, .. d− 1}, we can denote by ǫG(v, k) the edge
out of v with label k; and by δG(v, k) the destination vertex of that edge.

Assume that the semiautomaton G is represented by a linked data structure, where
each record rv represents a state (vertex) v of G. The record contains the fields

• rv.ix, the numeric index v of the vertex, in {0, .. n− 1};

• rv.dst[], a list of d pointers, where rv.dst[k] is a pointer to the record that represents
the vertex δG(v, k), for k in {0, .. d− 1}.

(a) Suppose that a semiautomaton is represented by a set of linked state records, as
above, except that the index field .ix of every node contains arbitrary garbage.
Give an algorithm RenumberSA that, given a pointer rs to one of these records,
and the out-degree d, visits all state records that are reachable from that record,
and stores in the .ix field of each record a distinct sequential number, starting
from 0. The algorithm should return the number n of vertices found, and a list
v = (v[0], v[1], . . . , v[n− 1]) of pointers to the records found, such that v[k].ix = k
for all k in {0, .. n− 1}. Note that the algorithm does not know the number n in
advance.

Algorithm RenumberSA(d, rs) returns (n, v)
answer

Rec(rs);
return (n, v).

Procedure Rec(rt)
answer

endproc;
endalg.

(b) What is the running time of your algorithm, in the O/Θ/Ω notation, as a function
of n and d?
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2. Let G be a directed graph with vertices {0, .. n− 1}, with no parallel edges. The graph
G can be represented by its adjacency matrix, the n × n matrix of booleans G such
that Gi j = 1 if and only if (i, j) is an edge of G.

If A and B are boolean matrices with sizes m × n and n × p, let A ⊗ B denote their
boolean matrix product; that is, the m× p matrix C, such that

Ci j =

n−1∨

k=0

(Ai k ∧ Bk j)

If A is an n× n boolean matrix, let A(k) denote the boolean product of A with itself k
times; that is, A(0) is the n×n identity matrix, and A(k) = A⊗A(k−1) for any positive
integer k.

A walk in G with length m is a non-empty sequence of vertices P = (v0, v1, . . . , vm)
such that (vi−1, vi) is an edge of G, for all i in {1, .. m}. Note that the walk may go
several times through the same vertex. The walk is closed if v0 = vm.

(a) Write an algorithm HasClosedWalk(n,G,m) that, given n, the graph G as an
adjacency matrix, and a natural number m, determines whether G has a closed
walk of length m. The algorithm must use boolean matrix multiplication. Try to
get an algorithm that runs in time O(mn3).
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(b) A circuit of length m in G is a connected subgraph of G with m vertices and m
edges, where every vertex has in-degree 1 and out-degree 1. It is not hard to prove
that, if G has a closed walk with odd length m (1,3,5,. . . ), then it has a circuit
with some odd length p, where p ≤ m. Write an algorithm MinOddCirc(n,G)
that, given n and a graph G as an adjacency matrix, determines the smallest odd
natural number p such that G as a circuit with length p. The algorithm must use
boolean matrix multiplication.

(c) What is the running time of your algorithm for the item (b), in the O/Θ/Ω
notation, as a function of n?
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3. Suppose that n cities are connected by a network of telephone cables, such that there
is at most one cable between each pair of cities. We can represent the network by an
undirected connected graph G, with vertices {0, .. n− 1}, with an edge (i, j) for each
cable between cities i ad j

Each cable between cities i and j may work all day with some probability Pi j , or break
down during the day with probability 1 − Pi j . In particular, Pi j = 0 if there is no
cable between i and j.

Suppose that those cables cost money to keep working, so we would like to turn off as
many of them as possible, while leaving all the cities still connected. That is, we want
to find a spanning tree for G. Among all spanning trees, we want to find the one that
has the highest probability of remaining connected all day.

(a) What is the probability Q(T ) that a given spanning tree T of G will remain
connected during the day?

(b) Give an algorithm that finds the best T .
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