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Introduction

» Analysis of variance is called ANOVA.

» ANOVA 1s used to compare and statistically
test the difference between at least two groups
(1.e. at least two sample means).

**Example: The average number of years of
education 1s different for men than women.

“*Example: The average degree of racial tolerance is
different for people of different religions (Catholic,
Jewish, Protestant, other).



Introduction

» Groups in ANOVA are numbered from 1 to j
where j 1s the number of groups.

» ANOVA tests the null hypothesis that all j sample
means come from the same population and
therefore or all equal to 1) each other, and 2) the
mean without regard to group membership.

Hy =41, =...= U




Introduction

» The alternative hypothesis is that at least one sample mean
comes from a population that has a different mean than the
population associated with the remaining sample means.

» Rejecting the null hypothesis implies one of the following:

1. Each population mean differs from every other mean:

Hytpy # py #...# U,

2. Some subsets among the population means differ from one
another (e.g. i, 1s different from u, but 1s the same as y; and

fLy).

3. Some combination of means are different from a single mean
or combination of means from other groups (e.g. u, differs
from the average of ¢; and p,,.




Eftects of Variables

» If the j group means all equal each other, then
they also will equal the population mean, .

» We use this idea to measure the effect of being
in a group on a dependent variable.

a.=[l].—
J ’u] H
where :

a; = the effect

M= the mean of group j

u = the overall or grand mean




Effects Example

Average Sexual Frequency by Region

Means (n=2,320) Effects

Grand Mean, .y ge,=58.60
South, ©=58.91 58.91-58.60=0.31
Midwest, 1,,=59.73 59.73-58.60=1.13
Northeast, ©\=52.84 52.84-58.60=-5.76
West, py=62.28 62.28-58.60=3.68

1998 General Social Survey



Effects Example

Nam Statistics
Cells contam:
-Means o _ _ .
M of cases HO o lLlS = lLlM - ILlN - lLlW
, 52.84
1: Mortheast 450
28 9] Analvsis of Vanance
2 =outh
830 350 Eta sq  df IS0 IJ %
59.7 :
REGION | 2 Midwest LQ_:;S;S REGION 21832913 ooz 307277638 1650 1755
Eesidual | 10,218,179 844 998 2316 1 4.411.995
4 West 6{%3 Total 10,240,012757 | 1.000 2,319
3860
COL TOTAL 2,320




The ANOVA Model

» ANOVA tries to report the proportion of the variation in a
dependent variable that can be attributed to an observation (i)
being in a group (j).

» Each observation can be broken down or decomposed into
three components:

Yij =uta; te;

Where:
Y;; = the score of the i observation in the /™ group
1 = the grand mean common to all groups
a; = the effect of group j, common to every observation in that group

J
e; = the error score, unique to the i observation in the /™ group



The ANOVA Model

Lj=pt+a;+e; =1 —u-a,

» Rearranging terms we see that the error term, or residual, is
the part of the observed score that cannot be attributed to either
the common component or the group component.

» Error terms are discrepancies between observed scores and
those predicted by group membership.



The ANOVA Table: Sum of Squares

5SS
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otal — Z(

n

Y

l

T =335 -7)

j=1 i=l

S, N, ™,
1 |
w N~

=10

Slow Normal Fast

j=1
23
22
18
15
29
30
23
16
19
17

i=1
2 =3
27 23
28 24
33 21
19 25
25 19
29 24
36 22
30 17
26 20
21 23

SS, . =(23-24.47)" +(22-24.47)* +...+ (17-24.47)" +
(27 —24.47)* + (28 —24.47)" +...+ (21-24.47)* +
(23-24.47)" +(24—24.47)* +...+(23-24.47)°

=769.47




The ANOVA Table: Sum of Squares

[

v -Y=-Y -F
n —\2 J_ M —\2 _ _ _
SStotal ;(YZ_Y) _]Z::‘l:l(Yij_Y) :g}fl]_ ])_I_(Y]_Y)
A B
J ) J _ J _
225 =) =22 (¥, =1) + 2 n, (¥, -T)
j=1 i=l k'=1 i=l1 5 szl 5
4 B

Each observations deviation from the mean 1s a function of:
A) The deviation of each observation from 1t’s group mean, and
B) the deviation of each group mean from the grand mean




[

The ANOVA Table: Sum of Squares

The total sum of squares S,
two parts:

; may also be decomposed into

ola

SS total — SSWlthm T SSbetween
A B
J _ J —
SSwithin :ZZ(YU_Y]')z SSbetween :an (Y;_Y)z
j=1 i=l J=1

» The within-group SS summarizes or reflects the operation of
unmeasured or random factors.

» The between-group SS summarizes the effects of the
independent classification variable under study.



The ANOVA Table: Sum of Squares -

J

ARSI ARWAL)

j=1 i=l j=1 i=l

V V
within between

» If the null hypothesis is true, we would observe equal means in
all j groups and the group means would equal the grand mean.

** This means that the SS,,, .., 1s equal to zero, and therefore
SS 1s equal to S,

within

» In other words, all of the observed variation in the dependent
measure Y 1s due to random error variance.

SSt — SSwiz‘hin T SSbetween

otal*

otal




The ANOVA Table: Mean Squares

» After calculating the sum of squares, the next step is
to calculate the mean squares corresponding to

SS between and S§ within*

» Each mean square is an estimate of a variance.
¢ The first due to group effects

** The second due to error.

» If no group effect exists, the two estimates should be
identical.

> If a significant effect exists, SS, ..., Will be larger
than SS ...



The ANOVA Table: Mean Squares

» Mean squares are calculated by dividing the sum of
squares by the appropriate degrees of freedom (df).

*SS, i 18 divided by n-j and is called mean square
within, or MS, ;...

0SS, hoeen 18 divided by j-1 and is called mean
square between, or MS, .. ...

— J — —
> (1,-7,) >, (¥, -F)
MS,iipin = L MSpepseen = =

n—j Jj—1
N

between

<
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The ANOVA Table: F-Ratio

» Logically, we can examine the ratio of the two mean
squares, MS, .. .., 10 MS, ... .

¢ If the categorization or independent measure has no effect,
than this ratio will be small.

¢ If the categorization or independent measure has an effect,
the ratio will be large.

» The ratio of two mean squares is distributed as F.

Z]:”J( i~ )

S S between Jj=1

F. » MS between __ ] —1 _ J 1
e MS within SSwithin L
n—j Z - (YU J)

J:l l:

n—j




ANOVA Table

ANOVA Table
Source of
Variation SS df MS F
/ _ 2 SS MS
SS o = n. Y ‘ MS — between between
Between between ; J ( J ) ]_1 between ] 1 MSWl-thl-n
J N _ SS -
Within SS ithin = ZZ(YU B YJ) n-j MS i Wlthl.n
j=1 i=l n—Jj
J .
Total  |SS, = ZZ( Y, - Y) n-1
j=1 i=1




ANOVA Table

:uSouth = luMidwest = luNortheast = luWest
s = 58901 Analysis of Variance
Ly =59.73 1998 GSS AT (R A (e e B [
_ 5784 REGION 21,832,913 | .002 3(7,277.638 | 1.650 | .1759
HNortheast = 24 Residual | 10,218,179.844 | 998 2316 4411995
Hypes, = 02.28 Total 10240012757 1.000 | 2,319
sexfreq = 58.60
ANOVA Table
Source of
Variation SS df MS F
Between 21,832.913 3 7,277.638 1.650
Within 10,218,179.844 2,316 4,411.995
Total 10,240,012.757 2,319




a=.05

v, |1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120 o

161.4 199.5 215.7 224.6 2302 2340 2368 2389 2405 241.9 2439 2459 248.0 249.1 250.1 251.1 2522 2533 2543

1851 1900 1916 19725 19030 1032 10138 1027 10328 1040 1041 1043 1048 1048 1046 1047 104 1040 |10 0
Li—ar o x LA Ao E - g T L =74 T AT -~ LT T 7370 T 7o 7E - - 4 L7 T

oY 0o — oS00 T 75T T TISTY LTI TO L Y00

10.13 955 928 912 901 894 889 885 881 879 874 870 866 864 862 859 857 8.55| 853

771 694 659 639 626 6.16 609 604 6.00 596 591 586 580 577 575 572 569 566 5.63|

1
2
3
3
5 661 579 541 519 505 495 488 482 477 474 468 462 456 453 450 446 443 440 | 4.36
6 599 514 476 453 439 428 421 415 410 406 400 394 387 384 381 377 374 370 367
7 559 474 435 412 397 387 379 373 368 364 357 351 344 341 338 334 330 3.27| 323
8 532 446 407 384 369 358 350 344 339 335 328 322 315 312 308 304 301 297 293
9 512 426 386 363 348 337 329 323 318 314 307 301 294 290 28 283 279 275| 271

10 496 410 371 348 333 322 314 307 302 298 291 285 277 274 270 266 262 258 | 254
Il 484 398 359 336 320 3.09 301 295 290 285 279 272 265 261 257 253 249 245 240
12 475 389 349 326 311 300 291 285 280 275 269 262 254 251 247 243 238 234 230
13 467 381 341 318 303 292 283 277 271 267 260 253 246 242 238 234 230 225 221
14 460 374 334 311 296 285 276 270 265 260 253 246 239 235 231 227 222 218 2.13

15 454 368 329 306 290 279 271 264 259 254 248 240 233 229 225 220 216 211 | 207
16 449 363 324 301 285 274 266 259 254 249 242 235 228 224 219 215 211 206 | 201
17 445 359 320 296 281 270 261 255 249 245 238 231 223 219 215 210 206 201 | 196
18 441 355 316 293 277 266 258 251 246 241 234 227 219 215 211 206 202 197 | 1.92
19 438 352 313 290 274 263 254 248 242 238 231 223 216 211 207 203 198 193 | 1.88

20 435 349 310 287 271 260 251 245 239 235 228 220 212 2.08 204 199 195 190 | 1.84
21 432 347 307 284 268 257 249 242 237 232 225 218 210 205 201 196 192 187 | 181
22 430 344 305 282 266 255 246 240 234 230 223 215 207 203 198 194 189 184 | 1.78
23 428 342 303 280 264 253 244 237 232 227 220 213 205 201 19 191 186 181 | 1.76
24 426 340 301 278 262 251 242 236 230 225 218 211 203 198 194 189 184 179 | 1.73

25 424 339 299 276 260 249 240 234 228 224 216 209 201 196 192 187 182 177|171
26 423 337 298 274 259 247 239 232 227 222 215 207 199 195 190 185 180 175 ]| 1.69
27 421 335 296 273 257 246 237 231 225 220 213 206 197 193 188 184 179 173 | 1.67
28 420 334 295 271 256 245 236 229 224 219 212 204 196 191 187 182 177 171 | 165
29 418 333 293 270 255 243 235 228 222 218 210 203 194 19 18 181 175 170 | l1.e4

30 417 332 292 269 253 242 233 227 221 216 209 201 193 189 184 179 174 168 | 1.62
40 408 323 234 261 245 234 225 218 212 208 200 192 184 179 174 169 164 158 151
60 400 315 276 253 237 225 217 210 204 199 192 184 175 170 165 159 153 147 | 139
120 392 307 268 245 229 217 209 202 19 191 183 175 166 161 155 150 143 135|125
L 384 300 260 237 221 210 201 194 188 183 175 167 157 152 146 139 132 122 | 1.00

Source: Adapted from E. S. Pearson and H. O. Hartley: Biometrika Tables for Statisticians, 2nd ed. (Cambridge: Cambridge University Press, 1962).




ANOVA Example

» A study was done to understand the influence of

certain auditory and visual stimuli on the ability of
people to recall spoken materials.

¢ Specifically, what is the effect of lack of synchrony
between auditory and visual cues upon retention of
spoken words?

» The study:

¢ Thirty students randomly assigned to three groups. Each
group was shown a movie of someone reciting a list of
fifty words.
» Group 1 (Fast): sound preceded lip movements.

* Group 2 (Normal): sound and lip movement in normal
synchrony.

 Group 3 (Slow): lip movements precede sound.

¢ Participants were asked to recall as many of the fifty
words as possible

Fast

23
22
18
15
29
30
23
16
19
17

27
28
33
19
25
29
36
30
26
21

Normal Slow

23
24
21
25
19
24
22
17
20
23

» Research question: Is there a difference in the average
word recall between these three groups?




Steps 1n Hypothesis Testing

» There are five basic steps in hypothesis testing:
1) Assume the null hypothesis of no difference

2) We have to have an idea about the range of outcomes if the null
hypothesis is true. We obtain this from an appropriate sampling
distribution.

3) We have to decide or set a criterion for enough evidence to be
convinced that the null hypothesis 1s false. This is a significance level
called alpha or a.

4) We have to go to the real world and collect data. That is determine
some sample statistic.

5) We compare 4 with 3 and reject or fail to reject the null hypothesis. If
the value we calculate falls in the critical region or exceeds the critical
value associated with o, we must reject the null hypothesis; otherwise
we fail to reject it.



Steps 1n Hypothesis Testing

» There are five basic steps in hypothesis testing:

1) Assume the null hypothesis of no difference

Hy oy =y = fh
Hy oy # py # [




Steps 1n Hypothesis Testing

» There are five basic steps in hypothesis testing:

2) We have to have an 1dea about the range of
outcomes 1f the null hypothesis 1s true. We obtain
this from an appropriate sampling distribution.

When comparing more than two or more means we can use
an F-test. Therefore, we use the F' sampling distribution.




Steps 1n Hypothesis Testing

» There are five basic steps in hypothesis testing:

3) We have to decide or set a criterion for enough
evidence to be convinced that the null hypothesis
1s false. This 1s a significance level called alpha or
Q.

» Using 0=0.05 with 2 and 27 degrees of
freedom (j-1 and n-j, respectively, a...... ;1S
equal to 3.35.

*»If our calculated F' exceeds this value, we reject

the null hypothesis, otherwise we fail to reject the
null hypothesis.



a=.05

v, |1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120 o

161.4 199.5 |215.7 224.6 2302 2340 2368 2389 2405 241.9 2439 2459 248.0 249.1 250.1 251.1 2522 2533 2543
18.51 |19.00| 19.16 19.25 19.30 19.33 1935 19.37 1938 1940 1941 1943 1945 1945 1946 1947 1948 1949 19.50
10.13 | 955| 928 912 901 894 889 885 88F 879 874 870 866 864 862 859 857 855 853

771 | 694 659 639 626 616 609 604 600 596 591 58 580 577 575 572 569 566 563

1
2
3
4
5 661 | 579| 541 519 505 495 488 482 477 474 468 462 456 453 450 446 443 440 436
6 599 [ 514 476 453 439 428 421 415 410 406 400 394 387 384 381 377 374 370 3.67
7 559 | 474| 435 412 397 387 379 373 368 364 357 351 344 341 338 334 330 327 323
8 532 | 446 407 384 369 358 350 344 339 335 328 322 315 312 308 304 301 297 293
9 5.12 | 426 3.8 363 348 337 329 323 318 314 307 301 294 290 286 283 279 275 271

10 496 | 410 371 348 333 322 314 307 302 298 291 285 277 274 270 266 262 258 254
1l 484|398 359 336 320 3.09 301 295 290 285 279 272 265 261 257 253 249 245 240
12 475 | 389] 349 326 3.11 300 291 285 280 275 269 262 254 251 247 243 238 234 230
13 467 | 381 341 3.18 3.03 292 283 277 271 267 260 253 246 242 238 234 230 225 221
14 460 | 3.74| 334 311 296 285 276 270 265 260 253 246 239 235 231 227 222 218 213

15 454 | 368) 329 306 290 279 271 264 259 254 248 240 233 229 225 220 216 211 207
16 449 | 3.63| 324 301 285 274 266 259 254 249 242 235 228 224 219 215 211 206 201
17 445 | 359| 320 296 281 270 261 255 249 245 238 231 223 219 215 210 206 201 196
18 441 | 355| 316 293 277 266 258 251 246 241 234 227 219 215 211 206 202 197 192
19 438 | 352| 313 290 274 263 254 248 242 238 231 223 216 211 207 203 198 193 188

20 435 | 349 3.0 287 271 260 251 245 239 235 228 220 212 2.08 204 199 195 190 1.84
21 432 | 347 3.07 284 268 257 249 242 237 232 225 218 210 205 201 196 192 187 181
22 430 | 344| 305 282 266 255 246 240 234 230 223 215 207 203 198 194 189 184 1.78
23 428 | 342 303 280 264 253 244 237 232 227 220 213 205 201 19 191 186 181 176
24 426 | 340| 301 278 262 251 242 236 230 225 218 211 203 198 194 189 184 179 173

25 424 | 339 299 276 260 249 240 234 228 224 216 209 201 196 192 187 182 177 17
26 423 | 3371 2

27 421 | 335 296 273 257 246 237 231 225 220 213 206 197 193 188 18F 179 173

28 420 [334] 29 271 256 245 236 229 224 219 212 204 196 191 187 18 177 171 165
29 418 | 333| 293 270 255 243 235 228 222 218 210 203 194 19 18 181 175 170 164

30 417 | 332 292 269 253 242 233 227 221 216 209 201 193 189 184 179 174 168 162
40 408 | 323| 284 261 245 234 225 218 212 208 200 192 184 179 174 169 164 158 151
60 400 |3.15| 276 253 237 225 217 210 204 199 192 184 175 170 165 159 153 147 139
120 392 | 307| 268 245 229 217 209 202 196 191 183 175 166 161 155 150 143 135 125
L 384 | 300 260 237 221 210 201 194 188 183 175 167 157 152 146 139 132 122 100

Source: Adapted from E. S. Pearson and H. O. Hartley: Biometrika Tables for Statisticians, 2nd ed. (Cambridge: Cambridge University Press, 1962).




Steps 1n Hypothesis Testing

» There are five basic steps in hypothesis testing:

4) We have to go to the real world and collect data.
That 1s determine some sample statistic.

» In this case we need to calculate the within and
between mean squares.



ANOVA Example

SO otal = izj(yy _Y)z recall =23.467

j=1 i=l
Slow 23 0.22 Normal 27 12.48 Fast 23 0.22
Slow 22 2.15 Normal 28 20.55 Fast 24 0.28
Slow 18 29.88 Normal 33 90.88 Fast 21 6.08
Slow 15 71.68 Nl 19 19.95 Fast 25 2.35
Slow 29 30.62 Normal 25 2.35 Fast 19 19.95
Slow 30 42.68 Normal 29 30.62 Fast 24 0.28
Slow 23 0.22 Normal 36  157.08 Fast 22 2.15
Slow 16 55.75 Normal 30 42.68 Fast 17 41.82
Slow 19 19.95 Normal 26 6.42 Fast 20 12.02
Slow 17 41.82 Normal 21 6.08 Fast 23 0.22

SS

total

=(23,,~23.467) +(22,, ~23.467) +...+(23,,, ~23.467)
= 769.467




ANOVA Example

J N _ Fast=21.8
SSwithin = Z Z(K] - Y] ) Normal =27.4
/=1 = Slow=21.2

S8, = (2311 —21.8)" +(22,, ~21.8) +...

+(27,, -27.4) +(28,, ~27.4) +...
2 »

( (
+(23,,-21.2) +(24,,-212)
5




ANOVA Example

Fast =21.800
J
Normal =27.400
between n]
= Slow =21.200
Recall =23.467

SSyommeen =10(21.8-23.467)" +10(27.4-23.467)" +10(21.2-23.467)’
=233.867

5SS

total

=55

within

+ 59

between

769.467 = 535.600+233.867




ANOVA Example

ANOVA Table
Source of
Variation SS df MS F
/ _ 2 SS MS
SS o = n. Y ‘ MS — between between
Between between ; J ( J ) ]_1 between ] 1 MSWl-thl-n
J N _ SS -
Within SS ithin = ZZ(YU B YJ) n-j MS i Wlthl.n
j=1 i=l n—Jj
J .
Total  |SS, = ZZ( Y, - Y) n-1
j=1 i=1




ANOVA Example

ANOVA Table

Source of

Variation SS df MS F
Between 233.867 2 116.933 5.895
Within 535.600 27 19.837

Total 769.4677 29




Steps 1n Hypothesis Testing

» There are five basic steps in hypothesis testing:

5) We compare 4 with 3 and reject or fail to reject
the null hypothesis. If the value we calculate falls
in the critical region or exceeds the critical value
associated with o, we must reject the null
hypothesis; otherwise we fail to reject it.

»F .. .;1s greater than F_ .., (5.895 > 3.35),
so we reject the null hypothesis and conclude
that at least one group mean statistically
significantly differs from one of the other

means.



