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Abstract

In many tracking applications, the deformable object of
interest suffers from frequent occlusions. Traditional aug-
menting methods use templates and measures of similarity
to recover from occlusions. In this paper, we break with
these methods. Instead, we model bad image correspon-
dences, which are induced by occlusions, as statistical out-
liers in the context of tracking high-dimensional deformable
models. This interpretation allows us to use robust statisti-
cal estimators in the deformable model’s parameter space
to detect and eliminate such outliers. Because fast-moving
occlusions can generate an excessively large outlier to in-
lier ratio in the occluded areas, we combine the robust sta-
tistical estimation with an initial rejection of correspon-
dences based on the magnitude of the optical flow, a simple
2D criterion. To improve robustness even further, we have
the final outlier rejection test take into account both the sta-
tistical distribution of the deformable model’s parameters,
and that different parameters are affected by different sub-
sets of correspondences. We validate and demonstrate our
technique on real sequences of American Sign Language,
which exhibit frequent and extensive occlusions caused by
fast movement of the subjects’ hands.

1. Introduction
Object tracking is one of the core computer vision ac-

tivities, and functions as a building block for many higher-
level recognition and cognition applications. Every applica-
tion has a different set of particular characteristics that can
constrain or simplify the problem, so tracking is a highly
specialized task, with a panoply of different approaches.
Yet, all these approaches have in common that they stumble
when the object of interest undergoes occlusions. In some
applications, such as sign language recognition, occlusions
come with the territory, and we cannot dismiss them as rare
anomalies or pathological cases. In this paper, we defend
the rather bold statement that a statistical representation of
the objects with random variables, and detecting statistical

outliers, gives rise to a fundamental theoretical framework
for dealing with occlusions.

Detecting and recovering from occlusions is a daunting
problem. The approach of choice in the literature is the use
of prototypes [5, 10, 19], which are exemplars of the object
in question. Along with measures of similarity, they help
identify incompatible changes. In contrast, we view occlu-
sions as 2D regions moving over the object of interest, such
as a hand in front of a face, and we assume that we have
a parameterized model for the object of interest. We de-
cide on a frame-by-frame basis whether a previously valid
tracked feature has to be discarded, using robust statistical
estimators for the distribution of the features in parameter
space.

The justification for this approach is that, generally,
the valid features outnumber the invalid ones, because at
any moment, previously valid features only become invalid
along the fringe of the occlusion. Even so, fast moving
occlusions with large jumps between frames exhibit large
fringes, and the number of invalid features can become
overwhelming. We address this problem by using an op-
tical flow-based rejection criterion as a preprocessing step,
which lowers the number of outliers sufficiently for robust
statistical estimators to take over. Coupling outlier rejection
and flow allows us to have both model and image informa-
tion working in a complementary manner, exploiting both
3D [7] and 2D [20] aspects of the problem.

We demonstrate these ideas in the context of a 3D de-
formable model-based face tracking system (Section 3),
and use it to track very difficult sequences from the Na-
tional Center of Sign Language and Gesture Resources
(NCSLGR) [14]. In them subjects tell stories in American
Sign Language (ASL), which exhibit fast head translations
and rotations, dynamic facial expressions, and abundant oc-
clusions of the face by the hands.

In addition to the practical results (Section 5), we make
four theoretical contributions, which all help us conquer oc-
clusions: the concept of applying outlier detection to deal
with occlusions (Section 4), the analysis and solution of the
problem when insufficient data skew results (Section 3.3),



the statistical improvement of an existing parameter-space
outlier rejection method [26] (Sections 4.2 and 4.3), and the
combination of outlier rejection with detecting fast 2D mo-
tions via Bayesian optical flow (Section 4.4).

2. Related Work
Bayesian filters are the base of statistical tracking. If we

model the random variables as Gaussians, the Kalman fil-
ter [13] and the Unscented Kalman filter [27] are popular
choices. If the random variables are treated as nonparamet-
ric entities, the usual choice is the particle filter [8, 9].

Many tracking applications deal with occlusion through
prior knowledge. A popular approach is to acquire tem-
plates of the subject at key locations [5, 10, 19], and to use
measures of similarity to discard points that do not conform
to the known model. Another possibility is to learn families
of shapes to constrain the search for configurations [4].

Outliers are an important field in the statistics litera-
ture [16], and have also attracted a lot of attention in com-
puter vision [2, 24]. Some methods, such as RANSAC [6],
MLESAC [25], and IMPSAC [23], look how to identify and
discard the outliers. On the other hand, M-estimators look
for an optimal weighting of each element [2, 3, 12].

The theory of deformable models is powerful and has
been used in a wide variety of applications in 2D [4, 11],
and in 3D, such as fitting [1, 18] and tracking [7, 22, 28].

3. Parameterized Deformable Models
A parameterized deformable model can be represented

by a set of points pi, arranged in a polygonal mesh, that de-
scribes a discretization of the underlying continuous shape.
Each point has a position and associated Jacobian

pi = Fi (~q) , and Ji =





| |
∂pi

∂q1

· · · ∂pi

∂qn

| |



 , (1)

with respect to the underlying parameter vector ~q ∈
� n.

To match a deformable model with some input media,
such as a 2D or volumetric image, we search for the value of
~q that best aligns the model points pi with the input media’s
points; in other words, deformable models can be viewed
as an optimization problem. In tracking applications, we
repeat this procedure recursively, taking advantage of tem-
poral and spatial cohesion by using the estimate from the
previous frame as a starting point for the next frame.

Thus, our goal is to minimize the alignment error be-
tween the predicted model positions Fi(~q) and the corre-
sponding points in the input image. The traditional opti-
mization procedure consists of a multivariate gradient de-
scent, using the Jacobian as the guide:

~̇q =
∑

i

~fgi =
∑

i

B
>

i
~fi, (2)

where Bi is the projection of the Jacobian Ji into the im-
age plane, and ~fi, also called an image force, is the dis-
placement between the desired location of point pi and the
current prediction based on Fi. These image forces are typ-
ically estimated by low-level computer vision algorithms,
such as point trackers or optical flow measurements. ~fgi

is the generalized force, which describes how the displace-
ment at point pi affects the parameter vector ~q. Solving the
system consists of integrating Equation 2 repeatedly with
small Euler steps until the new value of ~q converges.

3.1. Statistical Deformable Models

So far, we have described a deterministic deformable
model framework, where ~q is assumed to be known pre-
cisely. In reality, because of measurement errors and un-
certainties in the underlying low-level algorithms that es-
timate the image correspondences, ~q can only be approxi-
mated with a probability distribution. Instead of represent-
ing ~fi as a fixed quantity, each low-level vision algorithm
estimates the correspondences as random variables with an
associated error distribution [7, 20]. Goldenstein and col-
leagues [7] proved that, under certain assumptions, the dis-
tribution of ~̇q (Equation 2) is a multivariate Gaussian, and
that different algorithms can then be combined optimally
with a maximum likelihood estimator.

In this paper we exploit the representation of ~fi as ran-
dom variables to obtain an improved outlier rejection cri-
terion in Section 4.3. However, before we can tie outlier
rejection to occlusion handling, we need to review what it
means for model parameters to be affected by image forces.

3.2. The Unobservability Phenomenon

In the deformable model framework, the low-level algo-
rithms map the image forces ~fi to their generalized-force
counterparts ~fgi through B

>

i
~fi (see Equation 2). In param-

eter space, the effect of the correspondence ~fi on the jth

parameter of the model is

~fgi,j =
∂~pi

∂qj

· ~fi, (3)

where ~pi is the model point pi projected into image space.
If ~fgi,j = 0; that is, a particular parameter is unaffected

by this image force, there are two possible explanations. Ei-
ther qj is already at its best possible value, or ∂~pi

∂qj
= 0. In

the first case, we do not want the parameter to change, so
a zero component in the generalized force is correct. In
the second case, we simply cannot decide what to do, be-
cause the parameter qj does not affect the point pi. This
parameter is denoted as unobservable at point pi. Vogler
and colleagues showed that unobservability has widespread
repercussions for outlier detection and rejection [26]. In



particular, all statistical calculations and tests must be per-
formed on subspaces of the generalized forces ~fgi, where
the unobservable components have been dropped.

In the following, we will repeatedly refer to the subset of
generalized forces for which a parameter qj is observable:

Sj :=

{

~fgi

∣

∣

∣

∣

∂~pi

∂qj

6= 0

}

. (4)

3.3. Unobservability due to Occlusions

Surprisingly, all previous work in the field of 3D de-
formable models so far has missed the effect that unobserv-
able parameters can have on the correctness of the final gen-
eralized force ~fg in Equation 2. The point of this equation
is to average the contributions of the individual generalized
forces ~fgi from each correspondence. This averaging works
fine if each correspondence contributes equally to each pa-
rameter, but as soon as unobservability enters the picture,
the result becomes skewed, because the unobservable com-
ponents still contribute as zeroes in this equation. As a re-
sult, ~fgi can end up pointing in an incorrect direction.

As a simplified example, consider the three generalized
forces [1 1]

>
, [1 1]

>
, and [1 ·]

>
, where the second param-

eter is unobservable in the last force. Summing up these
forces according to Equation 2, with unobservable com-
ponents contributing zeroes, yields the final vector [3 2]> .

However, the observable parts of these forces hint that the
first and second parameters should be affected equally, so
the correct final vector is more likely to be [3 3]

>
, whose

direction differs by 11.3 degrees from [3 2]>.

Under normal circumstances the skew is slight, but is ex-
acerbated by the presence of occlusions, because a typical
occlusion can cover large areas of the image, and can al-
most completely hide regions that are affected by localized
parameters, such as the mouth in a deformable face. In such
situations there are likely to be large disparities in the sizes
of the observable force subsets Sj from Equation 4, result-
ing in a correspondingly larger skew. Thus, the parameters
need to be weighted by their corresponding number of ob-
servable forces, and Equation 3 becomes

~fgi,j =
N

|Sj |

∑

i

∂~pi

∂qj

~fi, (5)

where N is the total number of forces available.

4. Occlusion Handling via Outlier Rejection
The averaging in Equations 3 and 5 implies that wildly

incorrect correspondence estimates from the low-level im-
age processing algorithms, due to occlusions, can throw
off the tracking process arbitrarily. Thus, we need either
a method to recover from losing track after occlusions, or

Valid Region

Occlusion WavePrevious Occlusion

Figure 1. Occlusion “wave front.” Only points in this area are
newly occluded in this frame.

a method to prevent the system from losing track alto-
gether by detecting bad correspondences. Traditional oc-
clusion handling methods, such as templates and measures
of similarity across image patches, can serve in either role,
but make assumptions about image brightness constancy,
color constancy, and to a lesser degree, viewpoint invari-
ance. In other words, their success depends very much on
the specifics of the input images.

We now discuss a radically different take on the occlu-
sion problem. It consists of treating bad correspondences,
which are induced by occlusions, as statistical outliers. This
idea does not depend on any specific characteristics of the
input images at all, and emphasizes the prevention of losing
track. There are two fundamental assumptions underlying
this idea: First, we can estimate and represent the set of gen-
eralized forces ~fgi as a probability distribution in parameter
space. Second, at any point in time, only a fraction of all es-
timated correspondences are newly occluded in each frame,
so that the number of outliers does not exceed the break-
down point of the statistical estimator. The validity of the
second assumption is generally granted through the struc-
ture of typical occluding movements. As an example, con-
sider a subject’s hand occluding his face in Figure 1. The
hand creates a moving 2D area of occlusion, which overlaps
from frame to frame. Hence, only newly occluded points lie
on the wave front of the occluding object, as illustrated in
this figure. Nevertheless, there are cases when the second
assumption is not valid. We address them in Section 4.4.

The main task is to determine which subset of correspon-
dences is good. Although RANSAC [6] has been success-
fully applied in similar situations, it is not suitable for the
type of high-dimensional deformable models we use in this
paper. We now discuss the reasons, then describe and ex-
tend an approach based on robust statistical estimators.



4.1. RANSAC: Unsuitable for Deformable Models

The main stumbling block is that Equation 1 does not
provide a closed-form solution for ~q = F−1

i (pi), thanks to
highly nonlinear Fi. Thus, during a RANSAC trial [6], for
finding the parameters ~q, given a subset of the points {pi},
we have nothing better than integrating Equation 2. This
integration typically requires 600 iterations, and has to be
repeated for each trial.

Therefore, in the case of our 3D deformable models, the
RANSAC algorithm is computationally far too expensive.
For instance, the minimum required number of image forces
to estimate ~q correctly is 60–70 for a model with 12 param-
eters [7], although in experiments we still can obtain fair
approximations by using only three times as many points as
there are degrees of freedom; that is, n = 12 × 3 = 36. In
the presence of occlusions, an outlier percentage of at least
20% is reasonable, hence the probability of hitting a good
point is w = 0.8. According to [6], we should run 3×w−n

trials with n sampled image forces each, so we end up with
3 × 0.8−36 ≈ 9000 trials.

Running 600 × 9000 iterations on each frame to solve
for ~q, before we can apply the RANSAC consensus crite-
rion to select the proper subset of image forces, is pro-
hibitively expensive. Although it is possible to reduce the
minimum number of forces through subspace decomposi-
tions (see Section 4.2), solving the system 100 or 100,000
times is equally impractical. We now turn to robust pa-
rameter space-based outlier rejection techniques, according
to [26], and then improve on the rejection criterion by con-
sidering additional statistics.

4.2. Parameter Subspace-Based Outlier Rejection

As stated in the introduction to this section, we assume
that the generalized forces ~fgi obey a probability distribu-
tion, and in Section 3.2 we mentioned that the unobserv-
ability phenomenon forces us to calculate all statistics on
subspaces of the ~fgi, where the unobservable components
have been dropped. We now summarize the main results
from [26].

If two parameters qj and qk can be observed through the
same set of forces — that is, Sj = Sk (see Equation 4) —,
then we can treat them as correlated, otherwise we have to
make the simplifying assumption that they are independent,
because we cannot estimate cross-correlations between pa-
rameters that are affected by different numbers of points.
The respective correlated components of ~q and ~fgi can be
grouped together. For the lth such group, Pl({~fgi}) is de-
fined to be the set of forces that affect the parameter com-
ponents in this group, projected into the subspace spanned
by these components.

The mean of the probability distribution over the ~fgi is

~µ =
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mean
(

Pl

({

~fgi

}))











, (6)

where l is the number of groups, and mean(·) is the mean
from the robust minimum covariance determinant (MCD)
estimator [16], and

Λ=
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, (7)

where cov(·) is the covariance from the MCD estimator.
The MCD estimator can be configured to have a break-

down point between 0–50%. It is similar to the RANSAC se-
lection procedure in that it also searches for a subset of data
points, but its selection criterion consists of minimizing the
determinant of the covariance matrix, instead of consensus.
We choose this estimator, because it has many desirable sta-
tistical and computational properties: it is robust with a con-
figurable breakdown point, which is especially important to
prevent the many outliers that arise during occlusions from
masking one another; it is affine equivariant; it has reason-
able statistical efficiency; and there exists a fast randomized
algorithm for calculating a good approximation in arbitrar-
ily high dimensions [17]. Furthermore, experimental results
in [26] show that, even without any occlusions, tracking re-
sults using outlier rejection via MCD are significantly better
than with nonrobust estimators.

The rejection criterion is based on a modified Maha-
lanobis distance. If a point pi has k observable parameters,
we can build a projection matrix Pi, with dimensions k×n,
composed of only 0s and 1s, that projects ~fgi, ~µ, and Λ from
the n-dimensional parameter space into the k-dimensional
observable subspace. Then ~fgi is an outlier when

(

~fgi − ~µ
)>

P>

i PiΛ
−1P>

i Pi

(

~fgi − ~µ
)

> thresh, (8)

where thresh is the threshold determined by the well-
known χ2 probability distribution function:

thresh =
(

χ2

k

)−1

(0.975). (9)

This particular implementation of occlusion handling via
outlier rejection requires that the generalized forces con-
form to a unimodal Gaussian distribution, for which MCD
acts as a robust estimator. The principle itself, however, is
far more general, as the statistical estimators in Equations 6
and 7 are arbitrary. The only conditions are that the statistics



Figure 2. Sum of deformations over the base mesh.

and the rejection criterion can be computed efficiently. Con-
sequently, the outlier rejection procedure is independent of
the model parameters ~q, and thus needs to be performed
only once per frame, before the integration of Equation 2.

4.3. Uncertainties in Image Forces

The rejection criterion in Equation 8 was shown to work
well in [26], but it has the defect that it ignores any knowl-
edge about the probability distributions of the individual im-
age forces ~fi, and by extension ~fgi. Recall that these esti-
mates are provided by the low-level image processing al-
gorithms, as described in Section 3.1. When it comes to
occlusions, we need every bit of help that we can get, so
we now propose an extension to this criterion, so as to take
these probabilities into account.

Intuitively, if the difference between a generalized force
and the MCD mean, ~fgi − ~µ, falls onto a high-variance axis
of the force, then ~fgi is less likely to be an outlier than if it
falls onto a low-variance axis. If, as in [7], the uncertainties
in the image forces ~fi are represented by affine forms (i.e.,
regions of confidence) [21], with mean ~fi,

~̂fi = ~fi +
∑

k

~ai,kεi,k, where εi,k ∈ [−1, 1], (10)

the projection of ~̂fi into parameter space, according to
Equation 2, gives regions of confidence for the generalized
force

~̂fgi = B
>

i
~̂fi = ~fgi +

∑

k

~bi,kεi,k. (11)

Conceptually, a generalized force is an outlier if its region of
confidence does not overlap with the bulk of the MCD mean
and covariance. We can calculate the overlap by projecting
the force onto ~fgi − ~µ to obtain a 1D interval of confidence:

~̂faxis,i = ~fg,i +
∑

k

~d

∣

∣

∣

∣

∣

~d

||~d||
·~bi,k

∣

∣

∣

∣

∣

εi,k, (12)

~d = ~fgi − ~µ. (13)

Taking the absolute value of the dot product in this equa-
tion simplifies the task of finding the two endpoints of the

interval, because we can simply let

~ei,1 = ~̂faxis,i, where ∀k : εi,k = 1 (14)

~ei,2 = ~̂faxis,i, where ∀k : εi,k = −1 (15)

~fgi is an outlier if, and only if, both interval endpoints ex-
ceed the threshold in Equation 8 in Section 4.2, where we
substitute ~fgi with ~ei,1 and ~ei,2.

4.4. Fast Moving Occlusions and Recovery

As we stated in the introduction to this section, we as-
sume that only a fraction of all points are newly occluded
in each frame. Otherwise, if the occluding object is moving
too fast, the number of such points may exceed the statis-
tical breakdown point of the robust parameter space outlier
rejection technique. We can alleviate this problem by ap-
plying other techniques to detect occlusions, and running
outlier rejection only on the points that remain afterward.

Bayesian optical flow [20], in particular, is an ideal
match for outlier rejection. We calculate the flow over the
image sequence, a low-level 2D operation, and threshold
its magnitude to detect fast moving regions, shown in Fig-
ure 3. We first eliminate all 2D forces that touch the masked
region, thereby lowering the total number of outliers, and
then proceed with the algorithm from Sections 4.2–4.3.

Even though the thresholded Bayesian flow does not
identify the entirety of the occluding object, it has a low
incidence of false positives and catches many points on a
fast-moving occlusion wave front (cf. Figure 1). In other
words, it does best in exactly those situations that cause the
most problems for outlier rejection.

4.5. Tracking after Outlier Rejection

To summarize, for each frame we find the model-image
correspondences. We then reject a number of them via
the optical flow criterion described in the previous section.
We convert the remaining correspondences into generalized
forces via a projection into parameter space, and subject
them to the outlier rejection algorithms described in Sec-
tions 4.2–4.3. We then have a set of correspondences and
associated generalized forces left that are known to be good.
We plug these into Equation 2, and perform a gradient de-
scent procedure to minimize the distance between the model
points’ positions and their correspondences, at the end of
which the face model is aligned with the new frame.

5. Experiments
We applied our technique to several sequences taken

from the National Center of Sign Language and Gesture Re-
sources (NCSLGR) [14] using an all-purpose deformable
face model with 1101 nodes, 2000 triangles, and 12 param-
eters that controlled both the rigid transformation and the



Figure 3. Bayesian flow and thresholded rejection mask. Points that fall into the black area are eliminated.

facial deformations (eyebrows, lip stretching, smiling, lip
opening, jaw opening, etc.) of each of these nodes. Before
we can track a new subject, the model’s mesh first needs to
be fitted to the face in an image at rest position, without the
effect of deformations. This process needs to be only done
once for every subject, through methods such as [1, 15].

In these experiments, we use a face model parameter-
ized by 12 parameters. Seven parameters describe the rigid
transformation (quaternion for orientation and a translation
vector). One nonrigid parameter simultaneously simulates
the effect of the frontalis (eyebrow raise) and corrugator
(frowning) muscles. Two more simulate the zygomatic ma-
jor muscle and the risorius muscle, responsible for cheek
movements and smiling. The last two nonrigid parame-
ters are responsible for mouth opening, and jaw movement.
These deformations are smooth and applied individually
over the base mesh, and for simplicity we add the effects
of the different deformations on the mesh (Figure 2).

For the purposes of the validation experiments, we fitted
the model in a semi-automated way: the user manually se-
lected a few dozen model-image correspondences. Fitting
then consisted of solving Equation 2, with the user-defined
correspondences acting as the image forces ~fi using a finite-
element inspired set of shape deformations. Because the
definitions of the facial expression deformations are inde-
pendent of the base mesh, the model was ready for tracking
immediately after fitting.

For all experiments, the low-level image processing was
provided by a combination of a KLT feature tracker [19],
and an edge tracker, with the maximum number of integra-

tions of Equation 2 set to 600. The tracking speed was an
average of 0.9s per frame on an AMD Athlon 64 3500+,
with precomputed dense Bayesian flow, the calculation of
which took around 0.15s per frame.

In Figure 4, we display a few snapshots of a sequence
over 1000 frames long, where the subject signs “I was trav-
elling over the U.S. Route 80 on the highway across the
country. I was driving. The road was dry and plain. I
was driving and felt bored. So, I figured out what should I
do.” The accompanying video contains the full sequence,
downsampled to half of its original frame rate.

The center right picture in this figure typifies the differ-
ent contributions of this paper. The large combined number
of purple and red dots across the arm and hand implies that
more than half of all correspondences in this image were
bad, due to occlusions, and would have overwhelmed even
robust statistical estimators. With the optical flow prepro-
cessing, however, the remaining number of outliers drops
to approximately 25%; not too much of a challenge for the
MCD estimator. The eyebrows and jaw are almost fully oc-
cluded, with very few available correspondences, so with-
out the normalizing technique described in Section 3.3, the
generalized force would undergo serious skewing. Finally,
the points at the hairline come from the edge tracker, which
provides reliable information for movements perpendicular
to the edge, but is prone to detecting spurious movements
along the edge. Without the statistical extensions to the out-
lier rejection criterion in Section 4.3, such points are invari-
ably rejected, even though they contain useful information.



Figure 4. Snapshots of a tracking sequence. Top to bottom: original sequence, categorized image correspondences, final 3D model position.
The correspondences constitute a mix of KLT and edge tracking results. In the center row, blue points denote accepted correspondences,
red points denote rejected outliers, and purple points denote correspondences eliminated by optical flow thresholding.

6. Conclusions and Future Work

In this paper we have shown that outlier rejection is a
viable approach to handling occlusions. The following con-
tributions made it suitable for the task: extending the re-
jection criterion to take into account statistical correspon-
dences, developing a solution for the case when there are
large discrepancies in parameter observability, and using a
2D Bayesian optical flow algorithm to handle fast-moving
occlusions, which violate the assumptions behind the ba-
sic outlier rejection framework. From an artificial intelli-
gence interpretation, the outlier approach is unsupervised,
whereas template-based approaches are supervised. In ad-
dition, the KLT feature tracker that we used in our ex-
periments already contains a built-in template-based pro-
cedure to discard incorrect matches; yet it did not prevent
the tracker from choosing many incorrect correspondences
during occlusions. This result provides further evidence
that statistical outlier rejection is competitive with template-
based methods.

Sign language sequences pose the ultimate tracking chal-

lenge, because of the numerous quick movements, facial
actions, and occlusions. Large 3D rotations are common,
and make simple 2D tracking systems fail. The results
in this paper are encouraging, but detailed mouth move-
ments are still problematic. The reason is that outlier rejec-
tion does not help with recovery after occlusions, so future
work needs to include recovery via prototypes and template
matching. In addition, detailed movements require a large
number of tracking features, yet these are not easy to find
at the resolutions and view angles used in the NCSLGR se-
quences.
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