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Abstract—Deformable models are a useful modeling paradigm in computer vision. A deformable model is a curve, a surface, or a
volume, whose shape, position, and orientation are controlled through a set of parameters. They can represent manufactured objects,
human faces and skeletons, and even bodies of fluid. With low-level computer vision and image processing techniques, such as optical
flow, we extract relevant information from images. Then, we use this information to change the parameters of the model iteratively until
we find a good approximation of the object in the images. When we have multiple computer vision algorithms providing distinct sources
of information (cues), we have to deal with the difficult problem of combining these, sometimes conflicting contributions in a sensible
way. In this paper, we introduce the use of a directed acyclic graph (DAG) to describe the position and Jacobian of each point of
deformable models. This representation is dynamic, flexible, and allows computational optimizations that would be difficult to do
otherwise. We then describe a new method for statistical cue integration method for tracking deformable models that scales well with
the dimension of the parameter space. We use affine forms and affine arithmetic to represent and propagate the cues and their regions
of confidence. We show that we can apply the Lindeberg theorem to approximate each cue with a Gaussian distribution, and can use a
maximum-likelihood estimator to integrate them. Finally, we demonstrate the technique at work in a 3D deformable face tracking
system on monocular image sequences with thousands of frames.

Index Terms—Statistical cue integration, deformable model tracking, affine arithmetic, face tracking, directed acyclic graphs,
deformable model representation.
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1 INTRODUCTION

FOR years, engineers and computer scientists have been
dealing with different abstractions to represent real

solid objects inside a computer. Once the computer has an
internal model of an object, we can analyze the object’s
properties and simulate its performance (with finite
elements, for example), we can transform the object to
achieve special effects, and we can even try to recognize the
object and its actions. We call a deformable model any object
whose shape changes according to a set of parameters.

Deformable models can represent a wide variety of shapes,
from manufactured parts to the soft surface of the human
body. In computer vision, deformable models constrain the
tracking problem through the classes of deformations that
they describe. In tracking, for example, we look for the value
of the parameters for each frame, instead of the 3D positions
of every point of the model. This restriction simplifies the
problem. The accuracy and reliability of a deformable model
tracking application is strongly dependent on how well the
object under tracking fits the family of shapes described by
the parameterization of the model. There is a fine balance
between getting the smallest possible parameter space, thus
dealing with more tractable problems, and capturing enough
variability in the shape.

It is hard to store and manipulate all these models in a
unified way and to parameterize them. Furthermore, with

large-scale models, computational efficiency becomes a
serious concern. The representation of models has been
extensively investigated in computer graphics [19], [22], [18],
but not in computer vision. In the first part of this paper, we
present a flexible data structure for representing the models
and associated parameterizations that is suitable for compu-
ter vision tracking applications. This data structure is based
on a directed acyclic graph (DAG), which describes how
points on the model depend on one another and on the
parameters. It allows us to compute the positions and
Jacobians of points efficiently, which are needed to track
deformable models. Superficially, this data structure bears
some similarities to graphical models, but differs from them
in that we do not propagate probabilities through it. The
concept of the DAG, however, is powerful enough that in
future work it could be extended to propagate probabilities
from the model parameters down to the point positions and
associated Jacobians.

However, proper representation is only part of the
picture. In deformable model tracking, each computer vision
algorithm identifies a large number of local image displace-
ments. These are then mapped into parameter space, using
the local projected Jacobian (see (2) in Section 5.2) and
summed up to form a single generalized force, also called a cue.
As long as only one cue is used at a time, estimation of the
model parameters is a straightforward process using a
dynamical system (see Section 3). The picture changes
dramatically, however, when multiple cues act on a model
at the same time. The cues may affect different parameters,
may yield conflicting information, and may even have their
properties change over time, invalidating prior assumptions
of the relative reliability of the cues.

Furthermore, due to the noise inherent in most low-level
computer vision cues, different cues will exhibit different
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degrees of reliability at different points on the model
surface. Even worse, usually the distribution of the noise is
unknown. As a result, estimating the probability distribu-
tions for the optimal automated integration of cues to yield
the best possible parameter estimate of the model is a
difficult and open research problem.

In the second part of this paper, we address this problem.
We describe a novel statistical approach to the estimation of
the probability distributions of the cues. Our method is based
on the interrelationships between affine forms, affine arithmetic,
and Gaussian probability distributions. We develop a method
for conversion between affine forms and Gaussians. This
method supports automated cue integration, scales well with
the dimension of the parameter space, and avoids most
assumptions about the probability distribution of the noise in
each of 2D image forces of the cues.

We use affine forms to represent the support of the local
image contributions, while avoiding making assumptions
about the actual shape of their probability distribution
functions. We use affine arithmetic to convert them to
generalized forces, and to sum them up to form the cue. Given
certain conditions (see Section 5.2), we can use Lindeberg’s
theorem to show that the sum of the local image contributions
making up a cue can be approximated by a Gaussian-
distributed random variable, whose support is represented
by an affine form. Moreover, we discuss how to bound the
error in theapproximation with the Berry-Esseen theorem.Once
each cue is represented as Gaussian distribution, their
integration becomes a task for a maximum-likelihood estimator.

The rest of this paper is organized as follows: We discuss
related work, then give a brief introduction to the
deformable model tracking framework. We follow with a
detailed description of the DAG representation and the
statistical cue estimation and integration framework.
Finally, we validate our approach both quantitatively and
qualitatively with face tracking experiments.

2 RELATED WORK

Affine forms and affine arithmetic were developed in the
1990s as an alternative to classical interval arithmetic. Affine
arithmetic provides tighter bounds than interval arithmetic in
cascaded operations. Unlike interval arithmetic [32], it also
preserves information about mutual dependencies between
results. Since then, it has been used in numerical applications
[31], electrical engineering [16], computer graphics [13], and
computer vision [21].

Gaussian probability distributions are a widely used tool
in engineering [17], as they have several desirable proper-
ties: preservation of linearity, compactness of representation
via the mean and covariance matrix, and several conver-
gence theorems, notably the central limit theorem.

A broad overview of the different methods for representa-
tion of objects in computer graphics can be found in [22]. One
of the first constructive representations of objects, Construc-
tive Solid Geometry, was a tree with Boolean operations to
construct the volume of the solid object [35]. Hierarchical
deformations have long been used to represent skeletons and
articulated rigid bodies in both computer graphics and
robotics [12], [18]. These kinds of hierarchies can be
represented as a tree. When probabilities are propagated
along a model, techniques such as Bayesian Networks [24] or
covariance propagation [1] can be used. They are different from

our DAG in that we do not yet use the structure to propagate
probabilities. In computer graphics, a very similar method to
our DAG approach has been used for dynamic control of
models and their constraints [19].

Deformable models and their representations are an active
area of research in both computer graphics and computer
vision. Snakes were a landmark in the literature of computer
vision [28] expanded to active shapes [11] and active contours [4]
to allow statistical representation of the shape of the model
and accomplish several tasks, from tracking to recognition.
Stereo and shape from shading obtain initial fits [36] and,
using a similar framework, [15] uses anthropometric data and
inspired deformations to generate faces. A learning-based
statistical model can help tracking of face models [6]. Eigen-
based approaches can successfully track, fit, and even
recognize objects [33], [5], [34]. In [9], the head is modeled
as a cylinder, and in [3] as a plane, and in [34] tracking is used
for animation, to mention just a few.

Cue integration is not a new topic. In [14], a two-cue
integration algorithm is presented based on the use of
constraints, in which optical flow is defined to be the
constraining (i.e., most important) cue, and edges are defined
to be the secondary cue. This framework requires an a priori
user-based definition of which cue is the most important one.
A voting approach for disambiguation of cue information,
along with a very thorough review and comparison of several
methods, is proposed in [7]. In this paper, we describe a
method for automated cue integration that is general enough
to merge contributions of cues that are structurally very
dissimilar. Unlike previous work, our approach avoids
making a priori assumptions about the distribution of noise
in cues and it weights each cue’s contribution dynamically
depending on how much noise it contains.

There are several statistical approaches designed for
tracking, estimation, and prediction. The Kalman filter [30],
for example, treats the parameters and the observations as
multivariate Gaussians, and also uses a linear predictive
model. Particle filter [23] techniques (condensation [26])
propagate the evolution of non-Gaussian sampled distribu-
tions through nonlinear operations. Unfortunately, they
require knowledge of the observations’ distributions and
the necessary number of samples of the distribution grows
exponentially with the dimension of the parameter vector.

3 DEFORMABLE MODELS

The shape, position, and orientation of the surface of the
model are controlled by a set of n parameters q. For every
point i on the surface of the model, there is a function Fi
that takes the deformation parameters and finds

pi � Fi q� �;

where pi is the point position in the world frame.
In addition, most computer vision applications, such as

deformable model tracking, require the first order deriva-
tives, so we restrict Fi to the class of functions for which the
first order derivative exists everywhere with respect to q:
This derivative is the Jacobian Ji, where

Ji �
j j
@pi
@q1

� � � @pi
@qn

j j

2

4

3

5:
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Each column l of the Jacobian Ji is the gradient of pi with
respect to parameter ql.

3.1 Fitting and Tracking
In principle, there is a clean and straightforward mathema-
tical approach to track the parameters of deformable models
across image sequences. Low-level computer vision algo-
rithms generate desired 2D displacements on selected points
on the model; that is, the differences between where the
points are currently according to the deformable model and
where they should be according to the measurements from
the image. These displacements, also called the image forces,
are then converted to one n-dimensional displacement f g in
the parameter space, called the generalized force and used as a
force in a first-order massless Lagrangian system:

_qq � f g � Finternal�q�; �1�

where Finternal�q� is the result of internal forces of the model
(i.e., elasticity). We integrate this system with the classical
Euler integration procedure, which eventually yields a fixed
point, where f g � 0: This fixed point corresponds to the
desired new position of the model.

In order to use the system of (1), we have to accumulate
all the 2D image forces from the computer vision algorithms
into f g: First, we convert each image force f i on a point pi
into a generalized force f gi in parameter space, which
describes the effect that the single displacement at point pi
has on the model parameters. Obtaining the single general-
ized force f g then simply consists of summing up all f gi :

f g �
X

i
f gi ; where f gi �

X

i
Bi
>f i; and Bi �

@Proj
@p

����
pi

Ji:

�2�

Bi is the projection of the Jacobian Ji from world
coordinates into image coordinates via the image projection
matrix Proj at point pi.

Generating the generalized force in this manner works fine
as long as all the image forces come from the same cue (i.e., the
same low-level vision algorithm on the same image). The
picture changes dramatically when there are multiple cues
via multiple computer vision algorithms at work. In this case,
each generates a distinct generalized force f g;c and we have to
integrate them into the single generalized force f g of (1).
Unfortunately, multidimensional cue integration is in no way
a simple problem. In Section 5, we describe the problem
further and develop a new method to integrate any number of
cues statistically in an optimal way.

The concept of the dynamical system works well only if
there is a close match between the model and the correspond-
ing image. As a result, it is important to start the tracking
process with a good initial “fit” of the model and its
registration to the first image. Fitting is a very interesting,
but hard problem in itself and is beyond the scope of this
paper. For the purposes of the experiments run in this paper,
we initially fit the model by manually specifying correspon-
dences between selected points on the model and the image
from the first frame.

4 DYNAMIC REPRESENTATION OF DEFORMABLE
MODELS

The representation that we choose for deformable models has
a significant effect on the tracking application in two areas:

First, it affects how easy it is to reconfigure the application to
track different models and, second, it affects computational
performance. As the demands of the computer vision
applications increase, so does the level of detail needed for
the models. A model detailed enough to track subtle facial
expressions; for example, requires thousands of polygons
with dozens of parameters. With such large numbers of
points, which are evaluated repeatedly during the integra-
tion of (1), it becomes essential to avoid repetitive computa-
tions, so we require a way to store common subexpressions.
In addition, most points on the model depend only on a few
parameters, so their Jacobians are accordingly sparse. Most
significantly, however, with large models memory perfor-
mance bottlenecks and cache sizes become a serious concern.
Because of the large number of nodes involved, and the
image processing that needs to be done on every frame, the
model data structure and intermediate results are flushed
from the CPU caches on a regular basis. Under these
circumstances, special measures are needed to minimize
the impact of cache misses.

To address these concerns, we now describe a directed
acyclic graph data structure for the description of arbitrary
deformable models. Its dynamic nature allows our tracking
framework to adapt over time, to optimize the computa-
tions, and to minimize cache misses.

4.1 Directed Acyclic Graph (DAG)
At the model’s core lies a discrete dynamic structure with a
finite number of points, whose positions and Jacobians
depend on one another and on the model parameters
according to a set of mathematical functions. We organize
the points and mathematical dependencies dynamically in a
graph, which we evaluate bottom-up, on an as-needed basis.

There are two basic elements in this structure: nodes and
dependencies. Nodes can be normal nodes and ghost nodes.
Normal nodes correspond to actual points on the surface of
the model. Ghost nodes, on the other hand, are not physical
points on the model’s surface. Rather, they are accumula-
tors of common subexpressions, temporary results, or
vectors. The dependencies are the mathematical building
blocks that allow us to propagate the positions and
Jacobians recursively through the deformable model.

Each node has one parent: a dependency, which in turn
can have multiple nodes as parents. Each dependency
represents a mathematical function that describes how the
position and Jacobian of a particular node is determined by
the positions and Jacobians of the respective parent nodes.
Whenever we query a node for its position, or Jacobian, the
node forwards the request to the respective parent
dependency. The dependency, in turn, gets the position,
or Jacobian, of the parent nodes, and calculates the resulting
position, or Jacobian (using the chain rule). To avoid
indeterminate expressions there are no loops;1 thus, this
structure is a directed acyclic graph (DAG). We now describe
the most important dependencies in more detail.

4.2 Dependencies of the DAG
We need only a small set of simple dependencies to model
affine deformations. They can approximate most complex
deformations, through the smart use of ghost nodes to hold
common subexpressions.
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Fixed Point. This dependency does not have any node as
a parent. It takes three constants �1, �2, and �3 to define its
position and Jacobian:

pi � �1 �2 �3� �> and Ji � 0: �3�

Almost every recursive evaluation of the DAG eventually
bottoms out at one or more fixed points.

Linear Combination of Points. This dependency re-
quires a set of nodes fn1; . . . ; nkg and a set of constants
f�1; . . . ; �kg: Then, as the name implies:

pi �
Xk

j�1
�jpj and Ji �

Xk

j�1
�jJj; �4�

where pj is the point represented by node nj; and Jj is the
associated Jacobian. This dependency is useful to specify
the barycentric coordinates of a point with respect to a
parameterized affine basis.

Add Parameterized Vector (“AddParVec”). This depen-
dency adds a vector represented by three constants �1, �2,
and �3, scaled by parameter l, to an existing node nj.

pi � pj � ql �1 �2 �3� �> and

Ji � Jj � � � �
0
0
0
� � �

�1

�2

�3|��������{z��������}
l

� � �
0
0
0
� � �

2

666664

3

777775
:

�5�

This dependency is useful to specify a point with respect to a
vector space basis. These three dependencies are only a small
subset of all the ones that we have implemented, but capture
most of the important deformations of a model in a tracking
application.

4.3 Advantages of the DAG
The advantages of using this data structure to represent
deformable models are manifold. It is fully dynamic, so it
can easily be constructed and modified at runtime, instead
of compile-time. As a result, it can be controlled through
scripting languages, which facilitates adapting and reconfi-
guring the framework for different applications with a
minimum amount of effort. An important consequence is
that the dependencies can be selected and built program-
matically through scripts, instead of having to be hand-
picked. We take advantage of this facility by specifying the
effect of deformations on regions of polygons in a
declarative style, which our scripting library automatically
translates into an appropriate DAG at runtime. Otherwise,
specifying deformations on large models with thousands of
polygons would be prohibitively cumbersome.

From an efficiency point of view, the data structure
allows for several highly effective optimizations.

Common subexpressions. Each node has an associated
storage area in which its position and Jacobian are cached.
They are recomputed only when the cached information has
become stale. As a result, by using a ghost node to represent
a common subexpression, our framework ensures that it is
computed only once.

Sparse matrices. Most of the nodes’ Jacobians depend on
very few parameters and, hence, are very sparse. Our

framework collects for each node the set of parameters, on
which it depends directly or indirectly. Based on this set, it
determines which rows of the Jacobians it actually needs to
compute, and which ones are simply set to zero. This
optimization dramatically cuts down on the number of
computations that need to be performed. It also potentially
allows for saving space, but doing so is a double-edged sword
because it interferes with the regularity of memory access
patterns in the next optimization.

Cache behavior. As mentioned before, because of the
size of the models and the nature of image processing, the
data structures are flushed from the CPU caches on a
regular basis. In the worst case, flushes happen at every
iteration while the framework integrates the dynamical
system, causing cache misses whenever the DAG is
accessed. The misses can be minimized to some extent by
clustering accesses to the DAG, but the latencies caused by
cache misses are by far the more serious problem and are
exacerbated by the ever increasing rift between CPU and
main memory speed. Modern CPUs support hardware
prefetching of cache lines, but, with the current state of the
art, this strategy is effective only if the memory access
patterns are regularly spaced and preferably linear.

It is in this area where using the DAG data structure pays
off the most. Through a modified topological sort, our
framework determines the order in which the nodes will be
accessed during the calculations of the positions and
Jacobians. It then lays out the associated storage areas in
memory to ensure that the access patterns during the
calculations are linear. It also schedules the read accesses to
this information during the computations of the generalized
forces to maximize the chance of regular patterns and
intersperses them with cache prefetch instructions; with the
net effect that the cache miss latencies are almost completely
eliminated in typical tracking applications. This optimization
would be very difficult to perform without a fully dynamical
data structure.

4.4 Putting It Together: A Deformable Face Model
The basis of the deformable face is a static mesh of the face.
Any model can be used, but the coarser the tessellation, the
harder it is for computer vision algorithms to select good
features. For our experiments, we started with a static
geometric model of a head, publicly made available by the
computer graphics group of the University of Washington2 as
part of [34]. We scissored a face mask out of the head model,
and simplified it. The result was a static mask model of a
generic face with 1,101 nodes and 2,000 faces. We defined
parameters and associated regions for the raising and
lowering of the eyebrows, for the smiling and stretching of
the mouth, for the opening of the jaw, as well as seven
parameters for the reference frame (a total of 11 parameters).
For simplicity, we modeled the jaw movement as an affine
transformation. This approximation is sufficient for small
openings of the mouth, even though a rotation operation is
the correct way to model the jaw.

Initially, all nodes on the static mesh are expressed as fixed
points, as schematically shown in Fig. 1a, center. In theory,
we could define a deformation for each node on the model by
hand, but doing so would be extremely cumbersome.
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Instead, we define deformations based on the concept of
regions. We project the static mesh into a cylindrical
coordinate space with the origin in the center of the head
(Fig. 1a, left). In this space for each parameter, we mark one or
more regions of nodes that are affected by it (see rows Fig. 1b
and Fig. 1c, left).

As an example, consider the upward curving of the mouth
in a smile. The general direction of the curving is upward and
away from the corners of the lips, so we would like to model
the deformations of those nodes with “Add Parameterized
Vector” dependencies, which all move in the same direction
�u1u2u3�> and share a common parameter that defines the
extent of the upward curving. However, not all nodes are
affected equally much: The nodes closest to the corners of the
lips move the most, with the effect gradually diminishing as
we consider nodes further away from this location. We
therefore need to scale the direction vector by a constant� that

depends on how much a given node is affected by the smile.
Thus, the final direction vector for the “Add Parameterized
Vector” dependency (5) becomes ��1�2�3�> � ��u1u2u3�>.

We scale the direction vector depending on the distance of
the node from the edge and the center of the marked region in
the cylindrical coordinate space. For most deformations, we
use a linear relationship to compute the scaling factors � from
the distances. However, for some deformations—especially
lip curving when the jaw opens—an exponential decay
function to compute � has proven to be more accurate. Note
that no matter what scaling function is used, these are
computed at the construction time of the DAG and, thus,
yield constants. As a concrete example, in Fig. 1b, left, the
node in question is closer to the center of the region than in
Fig. 1c, left. Thus, we scale the direction vector for the
dependency in Fig. 1b, center, significantly more than for the
one in Fig. 1c, center.
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Fig. 1. Construction of the face model through the use of layers of deformation. Diamonds represent dependencies, dashed circles represent ghost
nodes, and solid circles represent normal nodes. The left column shows the definition of regions in cylindrical coordinates. The center column shows
the application of layered deformations for a node from these regions via adding parameterized vectors, whose magnitudes depend on the distance
of the node from the center of the region. The right column shows the effect on the node in the deformable model.
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