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Abstract

Many graphics applications represent deformable surfaces through dynamic meshes. To be consistent during deformations, the

dynamic meshes require an adaptation process. In this paper we present a simple and flexible framework to adapt dynamic meshes

following deformable surfaces. Our scheme combines normal and tangential geometric corrections with refinement and simplification

resolution control. It works with different surface descriptions, and supports application-specific criteria. We also introduce a stochastic

sampling approach to measure the geometric error approximation. As an example, we couple our framework with numerical simulations,

such as a particle level-set method.

r 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

Triangulated meshes are a simple and fundamental tool
to represent complex geometries and 3D objects for
graphics applications ranging from animation, visualiza-
tion, and modeling. The simplicity of a mesh consists of a
pair of structural and geometric data. To achieve desired
results, a mesh must present good properties, such as a
small number of faces, well-shaped elements, and a
structure with graded regularity.

As the complexity of the surfaces increases, guaranteed
mesh quality becomes a challenge task. Mesh adaptation is
the procedure which intends to improve mesh quality
applying structural and geometric corrections. For static
models, there is an extensive set of adaptation techniques,
including multiresolution and remeshing approaches.
However, the problem of adapting dynamic meshes
received less attention up to now. Although part of the
e front matter r 2008 Elsevier Ltd. All rights reserved.
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results obtained for static meshes can be used for dynamic
meshes, truly effective computation can only be achieved
by exploiting the specific nature of deformable objects.
In this paper, we propose an efficient framework to

generate adapted dynamic meshes for deformable surfaces.
Our method is flexible: coupling application-specific
criteria into the adaptation process, and treating para-
metric and implicit, continuous and discrete objects.
During the simulation, we maintain the mesh adapted by
structural operations based on stellar theory, and adjusting
the vertex positions to preserve surface features. We also
present a stochastic sampling as an accurate and easy to
control geometric error metric. We enhance our framework
and error metric to track explicit boundaries evolved by
numerical simulations. These flows require an intense mesh
adaptation, expanding and contracting the surface in
different regions. For simplicity, we assume that the
surface topology does not change.
Our main contribution is a framework for adapting

surface meshes with the following properties:
�
 Simplicity: We develop a simple framework for adapta-
tion of dynamic meshes that approximate a time-varying
deformable surface. The resulting meshes exhibit very
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good properties in terms of mesh quality and temporal
coherence.

�
 Flexibility: Our framework supports different types of

surface descriptions and deformation simulations. It
also supports application-specific criteria in the adapta-
tion process.

�
 Resolution control: We build on the infra-structure

provided by semi-regular 4–8 meshes to create an
efficient mechanism for dynamic mesh resolution
adaptation using scheduled simplification and refine-
ment stellar operations.

�
 Geometric quality: We extend the intrinsic Laplacian

mesh smoothing to incorporate curvature-sensitive
behavior as the surface deforms. We are able to
maintain a triangulation that follows surface features
with controlled aspect ratio.

�
 Stochastic sampling: We employ stochastic stratified

sampling to estimate the error between the mesh
approximation and the true surface in a robust and
efficient manner.

The paper is organized as follows. Section 2 gives an
overview of related work on adapted dynamic meshes.
Section 3 describes the details of our framework. Section 4
explains the stochastic sampling approach to estimate
geometric approximation error. Section 5 presents examples
of our method into various deformable surfaces, including
fluid simulations. Finally, Section 6 concludes with an
evaluation of the results and discussion of future work.

2. Related work

A substantial amount of work has addressed mesh
adaptation using multiresolution representation [1]. This
structure can be built from a dense mesh using simplifica-
tion [2] or from a coarse mesh using refinement [3].
Variable resolution schemes [4] present a hybrid method to
adapt meshes using local operations for simplification and
refinement simultaneously, and serve as the foundation of
adaptation frameworks, such as progressive meshes [5] and
4-K meshes [6]. Here, we use a semi-regular 4–8 mesh
structure based on stellar operations [7].

Most of the applications of multiresolution schemes are
related with static meshes. Examples are view-dependent
visualization of terrain data [8,9] and mesh parameteriza-
tion [10]. Nonetheless, some work extended these schemes
to treat dynamic meshes. Shamir et al. [11] presented an
adaptive multiresolution representation called T-DAG,
which involves different poses of a model in the same
structure and treats arbitrary connectivity and topology
changes. A progressive representation for dynamic meshes
is given in [12], creating a time-varying multiresolution
hierarchy from an initial mesh and a sequence of update
operations. In [13], a multiresolution structure is built
from a dense and skeletally articulated mesh and a
probability function of potential poses. Goldenstein et al.
[14] pre-processed dynamic meshes with a semi-regular 4–8
mesh structure to compute a final mesh with low geometric
error over a set of possible deformations. This mesh was
used to track face dynamics in video sequences. Note that
all these approaches require a priori knowledge either of
the possible deformations or of the resulted deformed
meshes.
Remeshing techniques are another way to adapt meshes

constructing brand new meshes from input ones. These
methods provide a good user-control over the quality of
the final mesh, varying the density of points and the
alignment to surface features. Some relevant papers in this
category are [15–18]. Despite of excellent adaptation of
static models, remeshing can become very expensive if
applied at each deformation of a dynamic mesh.
Mesh editing has also presented adaptation techniques

to treat user interactions. In [19], a detail function is
derived from multiresolution structures to adapt mesh
connectivity during its modification. In [20], meshes are
adapted based on Lagrangian surface flows from distance
fields defined by the user.
In computational fluid dynamics, the explicit representa-

tion of fluid boundaries is a hard problem, and provides
many benefits during simulations as noted in [21,22]. Similar
to particle-based Lagrangian methods, evolving meshes
confronts difficulties to ensure good sampling of the surface,
no self-intersections, and to handle degenerate cases. Jiao et
al. [23] presented an anisotropic adaptation optimization to
control evolving meshes. The method combines edge
operations and an extension of the quadric-based surface
analysis [24] to redistribute vertices and guarantee geometric
accuracy. In [25], it is proposed a framework to track
explicit surfaces, treating topology changes and adapting
triangulations through vertex insertion and removal. In [26],
a Lagrangian approach uses the restricted Delaunay
triangulation to compute explicit interfaces for moving
surfaces undergoing topology changes.

3. The adaptation framework

In this section, we explain each step of our framework.
First, we give an overview of the whole process and show
its flexibility. After, we present details of the structural and
geometric operations.

3.1. Overview

There are several criteria for determining the quality of a
polygonal representation of a continuous surface. First, the
piecewise linear approximation given by the mesh should
be within a tolerance (according to some error metric).
Second, the mesh size (i.e., number of elements) should be
small. Third, the shape of polygons (i.e., aspect ratio,
orientation) should be bounded and adapted to surface
features. Fourth, the structure of the mesh (i.e., degree of
vertices) should be as regular as possible.
Note that the criteria above are interdependent and may

conflict with each other. For example, a large number of
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Fig. 1. Stellar operations on a mesh region.
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elements could be required for accurate approximations. In
essence, the construction of a good mesh can be posed as a
constrained optimization problem. One strategy to solve
such a problem is through a mesh adaptation process that
balances the different criteria according to restrictions.

The adaptation process controls mesh geometry and
topology to achieve its goals. Geometric control determines
the displacement of vertex positions—normal or tangential
to the surface. Topology control determines vertex
connectivity by structural operations that may also affect
the resolution of the mesh, such as vertex insertion and
removal.

However, when the underlying surface is deforming, the
adaptation process becomes even more complicated. The
deformation dynamics adds new constraints to the
adaptation process. During the deformation, the dynamic
mesh should present temporal coherence, while maintain-
ing the mesh quality.

Our adaptation framework works on dynamic meshes
through the combination of structural and geometric
operations at each time step of the deformation. It keeps
the surface approximation under some prescribed tolerance
using a small number of elements that are well shaped and
aligned to features. Furthermore, the resulting mesh
structure has bounded and graded regularity.

To adapt dynamic meshes, we assume the definition of
three ‘‘black boxes’’ given by the application. First of all,
the application must define a surface description, which
supports the sampling of points on the surface. The
application must also describe the deformation process,
computing displacement vectors for each point on the
surface. Note that these displacement vectors represent a
first order knowledge about the dynamics process, and
indicate the deformation time step. At last, the application
must specify an error metric to guide the mesh adaptation.

Therefore, given a deformable surface SðtÞ whose
topology does not change, and an initial mesh M that
has the same topology as S, our adaptation process works
as an iterative algorithm, i.e., it has an initialization phase
and a main loop. In the initialization, the initial mesh M is
converted to a semi-regular 4–8 mesh ~M, and then refined
to create a mesh M0 approximating S at t ¼ 0. In the loop,
at each time step t ¼ i of the simulation, the current mesh
Mi�1 is first deformed by the displacement vectors into the
mesh Mi. After that, the mesh Mi is adapted by structural
and geometric operations using a sampling of SðiÞ.

It is worth noting that the initial mesh M may not be a
semi-regular 4–8 mesh. We convert it into a semi-regular
4–8 mesh ~M using the algorithm proposed in [7]. This
method creates ~M from any triangulated mesh M with any
connectivity, and increases the number of faces by a factor
only slightly more than two.

3.2. Structural operations

We employ the stellar operations edge split and vertex

weld to change the structure of the mesh. Their action is,
respectively, to refine/coarsen a basic region of the mesh by
subdividing two triangles that share an edge/simplifying
four triangles incident to a vertex (Fig. 1).
In Section 3.1, we pointed out that the mesh representa-

tion has an underlying semi-regular 4–8 structure. As a
consequence, the mesh structure adaptation guarantees the
same bounded connectivity of the initial 4–8 mesh ~M for all
meshes Mi created during the simulation. That is, if the
degree of the vertices of ~M is limited by the interval
½dmin; dmax�, then all meshes Mi also have vertices whose
degrees are inside this interval. Furthermore, we do not
simplify vertices of the initial 4–8 mesh ~M, so the mesh ~M
indicates the coarsen resolution of the adaptation process.
We associate the adaptation error over basic mesh

regions with split edges and weld vertices. The set of these
regions covers the entire mesh (see [7]). Also, they play a
symmetric role for mesh adaptation: one is used for
refinement and the other for simplification. To make the
adaptation criteria consistent, we compute the error e from
the application metric over each basic mesh region, and use
e with a threshold T for refinement and simplification.
Split edges and weld vertices are kept on two priority

queues ordered by the error. At each time step t ¼ i of the
simulation, after we propagate the current mesh Mi�1 into
the mesh Mi using the displacement vectors given by the
deformation process, we update the error over each basic
region of Mi. Then, we simplify Mi by removing all
vertices with an associated error below T � �. After that,
we refine Mi by subdividing all edges with associated error
above T þ �. In this way, the mesh approximation stays
inside a tubular region around the true surface. Note that
we include a tolerance interval of 2� around the threshold T

in order to deal with hysteresis in the resolution adapta-
tion, such as pumping artifacts. In all experiments, we set �
to 10�6.

3.3. Geometric operations

During the structural adaptation, the vertex positions
are set to reflect the current state of the deformable surface.
However, there is no guarantee that all mesh triangles will
remain well shaped.
We want a mesh with a good parameterization. This

happens when neighbor triangles have similar-length edges.
We ensure this by performing an intrinsic Laplacian mesh
smoothing that is curvature and feature sensitive.
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Fig. 2. Geometric operation on a parametric height function. First row:

surface before and after geometric operation. Second row: absolute

maxima curvatures, principal directions, and absolute minima curvatures.

Colors indicate curvature values arising from blue to red.
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Let us call p a vertex of the mesh, c the centroid of p one-
ring neighbors, ~v ¼ p� c the offset vector, and ~n the
normal vector at p. Intrinsic Laplacian smoothing displaces
p along the projection of ~v on the tangent plane at p (i.e.,
along ~d ¼ ~v� h~v;~ni~n).

We need to keep vertices on the surface features and
regions with high curvature. The Laplacian adjustment has
to be curvature sensitive, and behave differently along each
principal curvature direction ~ui, depending on its principal

curvature value li. For this purpose, we weight the
displacement on each direction ~ui according to the absolute
value of li. Larger weights for lower curvatures.

To identify features and regions of high curvature, we
assume that the curvature is well defined and continuous
on the surface, and then we normalize its absolute values
using its minimum l� and maximum lþ absolute values.

We also define a parameter k to provide application
control of the sensitivity to features on the adaptation
process. High values of k indicate smaller weights, high
sensitivity to features, and an anisotropic adaptation. Low
values of k indicate larger weights, low sensitivity to
features, and an isotropic adaptation.

Therefore, the geometry operation displaces each mesh
vertex p according to

p ¼ pþ wðjl1jÞh~u1; ~di~u1 þ wðjl2jÞh~u2; ~di~u2,

wðxÞ ¼
exp �k

x� l�

lþ � l�

� �� �
; l�alþ;

expð�kÞ; l� ¼ lþ:

8><
>: (1)

After displace each vertex on its tangent plane, we
reproject it onto the surface. This reprojection step depends
on the surface description. In case of parametric surfaces,
the projection is trivial, since we can evaluate the
parameterization over the mesh. In the case of implicit
surfaces, we use the gradient field of the implicit function
for the projection.

The surface description must also define the computa-
tion of its principal curvature values and directions. So
the current mesh is not used to compute curvatures.
In a special case, if the surface is complex and the
computation of its curvatures is difficult, the application
may estimate the curvature values and directions from the
mesh [27].

The geometric operation must be applied until the vertex
positions converge or until the aspect ratio of the mesh
triangles achieves an application-specific value. In our
implementation, the application can set the desired number
of iterations of the geometric operation. More iterations
result in a mesh with a better alignment to features.

Fig. 2 shows a mesh approximating a parametric height
function before and after geometric operation. The
curvature-sensitive adjustment plays a crucial role to keep
the feature tips and to align mesh triangles into the
concentric circumferences of the surface, while the error
criteria controls the adaptation everywhere else.
4. Stochastic sampling and error metrics

Despite different application-specific criteria, the com-
mon metric required for mesh adaptation is the geometric
approximation error between the mesh and the underlying
surface. In order to evaluate the correct level of approx-
imation, we need to integrate the error over surface
regions. The computation of this integral depends on the
surface complexity. An alternative and efficient method to
estimate the geometric error independently of the surface
complexity is the stochastic sampling.
Stochastic sampling selects points in the region of

interest, and keeps the density of samples per area constant
with uniform distribution. The quality of the integral’s
approximation (the sum of the sample errors) is related to
the sampling density. All that this strategy requires is the
sampling of points on the surface, which is already
provided by our surface description.
In our experiments, we sample mesh regions in the

initialization phase and updated them at each time step of
the simulation. For this purpose, we keep a stratified
pattern (in barycentric coordinates) on mesh triangles with
an application-prescribed density (Fig. 3).
Stochastic sampling also provides a flexible mechanism

to learn the dynamics of the deformation. For instance, we
can estimate the deformation velocity and acceleration on a
surface region through the analysis of the sample displace-
ments.
Moreover, our framework also supports the combina-

tion of different error metrics following application-specific
criteria. In Fig. 4, we apply two different criteria to adapt a
deformable surface defined by the implicit function
jxjp þ jyjp þ jzjp ¼ 1, pX2. In the beginning, the surface
is a sphere ðp ¼ 2Þ. We deform it by increasing p. At the left
hemisphere, we adapt the mesh using the geometric error
estimated by stochastic sampling. At the right hemisphere,
we fix the edge size. With small values of p, the surface is
close to a sphere, and has high curvature values. Then, the
edge size criteria generate coarser meshes than the geometric



ARTICLE IN PRESS

Fig. 4. Multicriteria adaptation of an implicit surface. The left hemisphere

uses the geometric error metric with stochastic sampling, and the right

hemisphere fixes edge size.

Table 1

Time statistics in milliseconds of our framework

ms Sinc Cube Twist Vortex� Spiraling� 2spheres� Liquid–air

Init 1 95 200 264 475 566 183

Deform 3 31 97 3211 3208 6543 105

Adapt 28.7 317 673.5 290 562 470 265

Total 31.7 348 770.5 3501 3770 7013 370

For each example, we measure the initialization time, an average time for

deforming and adapting the current mesh, and the total average time. In

level-set examples (marked with �), the deforming time also includes the

time required by the particle level-set method [28].

Fig. 3. Stratified sampling pattern on mesh regions.
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error. Increasing p, the surface area grows and the high
curvatures concentrate on surfaces creases. This leads
geometric error criteria to coarser meshes, while the right
hemisphere is more refined to preserve the fixed edge size.
5. Results

We present some preliminary results of our adaptation
framework for deformable surfaces. All experiments were
carried on a 3.2GHz Pentium four machine with 2GB
RAM. Table 1 reports time statistics. In all examples, we
use only the geometric error criteria estimated with our
stochastic sampling approach. Note that our method
achieves pleasurable surface approximations with a small
number of faces in the order of milliseconds, being
excellent for real-time applications.

In Fig. 5, we show an implicit surface modified by a twist
deformation. The surface is the extrusion of a L5 curve,
defined implicitly as jyj5 þ jzj5 ¼ 1. The twist deformation
rotates each transversal section of the object by an
increasing angle according to its x coordinate. In the top
row of Fig. 5, the rate of rotation is increased at each time
step, and the surface becomes closer to a screw. In the
bottom row, the rate of rotation is decreased, and the
surface goes backward to its initial geometry.
We combine our framework with numerical simulations,

such as the level-set method. Level-set method [29,30] is a
powerful Eulerian scheme to track and evolve surfaces. The
great advantages of this method are the transparency to
define surface propagations, and the implicit detection and
solution of collisions and topology changes. Specifically,
we also use the particle level-set method [28] to minimize
volume dissipation, preserving sharp features.
The implicit function maintained by the level-set

methods describes the surface as the zero-set of a signed
distance function. So the level-set methods do not maintain
an explicit surface representation, which is desirable in
many applications [21,22]. On the other hand, our method
provides an explicit surface representation for the evolving
front, using the level-set method as a ‘‘black box’’ that
describes the surface deformation. As reported in the level-
set examples (marked with �) in Table 1, the average time
spent to adapt the dynamic meshes is insignificant in
comparison with the average time spent to propagate the
level-set fronts.
Note that the dynamic mesh maintained by our frame-

work is not used in the level-set method. Consequently, it
does not change the accuracy of the level-set method.
The next three examples illustrate the coupling of our

adaptation process with the particle level-set method [28],
using an uniform 1003 grid.
First, we use the level-set method to deform a sphere of

radius 0.15 centered at ð0:5; 0:75; 0:5Þ with a static single
vortex velocity field given by

uðx; y; zÞ ¼ sin2ðpxÞðsinð2pzÞ � sinð2pyÞÞ;

vðx; y; zÞ ¼ sin2ðpyÞðsinð2pxÞ � sinð2pzÞÞ;

wðx; y; zÞ ¼ sin2ðpzÞðsinð2pyÞ � sinð2pxÞÞ:

8><
>: (2)

Fig. 6 shows some instants of the adapted surface, using
five smoothing iterations at each time step.
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Fig. 5. Implicit twisted surface. The rows show the surface deforming by increasing and decreasing rate of rotation, respectively.

Fig. 6. Adapted meshes generated with a single vortex deformation at iterations 0, 25, 50, 70, and 94, using 0.008 as time step.

Fig. 7. Adapted meshes generated with the spiraling field [28] at iterations 0, 20, 30, 35, and 63, using 0.012 as time step.

Fig. 8. Negative normal flow on the union of two spheres.
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We also use the level-set method with the spiraling
analytical field from [28], which advects a sphere of radius
0.15 centered at ð0:35; 0:35; 0:35Þ with velocity

uðx; y; zÞ ¼ 2 sin2ðpxÞ sinð2pyÞ sinð2pzÞ;

vðx; y; zÞ ¼ � sinð2pxÞ sin2ðpyÞ sinð2pzÞ;

wðx; y; zÞ ¼ � sinð2pxÞ sinð2pyÞ sin2ðpzÞ:

8><
>: (3)
Fig. 7 shows results applying 10 smoothing iterations at
each time step. In both cases, we modulate the time by the
function cosðpt=1:5Þ (see complete animations at supple-
mental material).
In Fig. 8, we use the level-set method and our framework

to apply a negative normal flow into the union of two spheres
of same radius. Note how the adaptation process controls the
resolution structure at the transition between spheres.
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Fig. 9. Adapted meshes for the liquid–air interface propagated by [31]. Each row shows a different step of the animation. Each column shows the original

particles, the adapted mesh, a Gouraud shading, and a realistic rendering.
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Finally, we adapt a liquid–air interface propagated by a
particle-based non-Newtonian fluid simulation [31]. The
interface and the velocity fields were extrapolated into grids
of resolution 120� 75� 25, computed separately from our
framework. Fig. 9 shows various steps of the animation,
including the original particles, the adapted mesh, a
Gouraud shading, and a realistic rendering.

6. Conclusion

In this paper, we present a simple and flexible framework
to dynamically adapt meshes that approximate deformable
surfaces with good properties. Our method is based on a
two step adaptation scheme defined by structural and
geometric operations. We develop support to different
application criteria, and introduce a stochastic sampling
approach to estimate geometric error approximation.

We apply our framework to various types of surfaces
and deformations, including parametric and implicit
examples. In particular, we combine it with dynamic
surfaces arising from numerical simulations, such as the
particle level-set method [28] and the particle-based non-
Newtonian solver [31].

A number of issues can be explored with our framework.
First of all, we intend to incorporate new mesh operators to
treat topology changes. Future work also involves the reuse
of our framework to adapt mesh during user editing, and
to increase the accuracy of the level-set methods exploiting
the adapted meshes.
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