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a b s t r a c t 

The Unconstrained Binary Quadratic Programming problem ( UBQP ) belongs to the NP-hard class and has 

become a framework for modeling a variety of combinatorial optimization problems. The methods most 

commonly used to solve instances of the UBQP explore the concept of neighborhood of a solution. Given 

a binary vector x ∈ {0, 1} n , solution to a UBQP instance, a neighborhood of x can be defined by flip moves. 

Flip moves consist on selecting one or more elements (positions) of x and “flip” their values to their com- 

plementary values (i.e., from 1 to 0 or from 0 to 1). Normally, those methods compute a large number 

of flip moves, and so the whole process to solve an instance can be quite time consuming. In order to 

reduce this time, some works have proposed ways to efficiently evaluate one or two flip moves, and 

also extensions to higher order moves. In this paper we propose two closed-form formulas for evaluating 

quickly any order of flip moves. To test our theoretical findings, we executed an extensive set of com- 

putational experiments over well-known instances for the problem. Against common belief, our results 

show that it is possible to compute high order flip moves very fast. 

© 2019 Elsevier Ltd. All rights reserved. 
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. Introduction 

The Unconstrained Binary Quadratic Programming problem

 UBQP ) can be defined as 

ax f (x ) = x T  Qx = 

n ∑ 

i =1 

n ∑ 

j=1 

x i q i j x j 

s.t.: x ∈ { 0 , 1 } n 

here Q = [ q i j ] is an n × n matrix of rational coefficients. The gen-

ral case of the UBQP is NP-hard ( Pardalos and Rosen, 1987 ) while

ome special cases of the problem are known to be polynomial

ime solvable ( Barahona, 1986; Chakradhar and Bushnell, 1992;

ardalos and Jha, 1991; Punnen et al., 2015 ). 

The UBQP is also referred to as QUBO (Quadratic Uncon-

trained Optimization Problems) ( Glover and Kochenberger, 2019 ).

s stated in Beasley (1998) , it is sometimes termed as uncon-
∗ Corresponding author. 

E-mail addresses: eduardo.anacleto@ufabc.edu.br (E.A.J. Anacleto), 

laudio.meneses@ufabc.edu.br (C.N. Meneses), santiago.ravelo@inf.ufrgs.br (S.V. 

avelo). 

b  

b  

2  

2  

L  

e  

ttps://doi.org/10.1016/j.cor.2019.104774 

305-0548/© 2019 Elsevier Ltd. All rights reserved. 
trained quadratic bivalent programming problem ( Gulati et al.,

984 ); unconstrained quadratic zero-one programming problem

 Chardaire and Sutter, 1995 ); quadratic zero-one programming

roblem ( Helmberg and Rendl, 1998 ); unconstrained pseudo-

oolean quadratic problem ( Simone, 1990 ); unconstrained pseudo-

oolean quadratic zero-one programming problem ( Sherali et al.,

995 ); Boolean quadratic programming problem ( Anstreicher,

998 ) and binary quadratic program ( Glover et al., 1998 ). Accord-

ng to Lucas (2014) , the UBQP is also the same as the Ising Spin

lass problem. 

Despite the simplicity of its formulation, a wide range of com-

inatorial optimization problems can be modeled as UBQP , some

f them are: Robust Graph Coloring Problem ( Wang and Xu, 2011 ),

aximum Cut Problem ( Kochenberger et al., 2011 ), Sum Coloring

roblem ( Douiri and Elbernouss, 2012 ), Generalized Vertex Cover

roblem ( Kochenberger et al., 2015 ) and Maximum Vertex Weight

lique Problem ( Wang et al., 2016 ). Since several problems can

e formulated as UBQP , many researches focused on solving it

y using exact methods ( Dinh et al., 2010; Gueye and Michelon,

009; Kochenberger et al., 2015; Li et al., 2012; Mauri and Lorena,

012; Pan et al., 2008 ) or heuristic algorithms ( Hanafi et al., 2013;

iefooghe et al., 2014; Lü et al., 2011; Shylo and Shylo, 2011; Wang

t al., 2012a; 2012b; 2013 ), furthermore a survey of the different
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strategies to approach the UBQP can be found in the literature

( Kochenberger et al., 2014 ). 

In order to solve the UBQP , most of the proposed methods (ex-

act or heuristic) evaluate flip moves. Flip moves consist on choos-

ing one or more binary variables and changing their values to their

complementary values (i.e., from 1 to 0 or from 0 to 1). Usually,

flip move evaluations occur several times during the algorithm ex-

ecution, then applying an efficient strategy to evaluate flip moves

will improve the performance of different algorithms. 

Some studies were made in the direction of efficiently eval-

uate flip moves, that are the cases of Glover and Hao proposals

( Glover and Hao, 2010a; 2010b ), giving efficient methods to evalu-

ate flip moves selecting one and two variables (1-flip move and 2-

flip moves). Glover and Hao also presented extensions of the meth-

ods to higher order moves. Those ideas were implemented in a

tabu search with 1-flip move ( Lü et al., 2010 ), in a local search

heuristic with 1-flip and 2-flip moves ( Hanafi et al., 2013 ), and

in a tabu search which combined 1-flip and 2-flip moves ( Wang

et al., 2016 ). The cases of flip moves with higher order are not fre-

quently encountered in the literature, mostly due to the common

belief that evaluating large neighborhoods of a solution is always

expensive. 

The r -flip moves using the 1-flip or 2-flip evaluation techniques

in Glover and Hao (2010a,b) require O ( nr ) asymptotic time com-

plexity. This occurs because O ( n ) operations are used to update an

auxiliary vector each time the 1-flip or the 2-flip evaluation are

performed. 

In this work we developed two closed-form formulas to reeval-

uate the objective function value of the UBQP after an r -flip move

and we provide algorithms for these formulas with computational

complexities of O ( nr ) and O ( r 2 ). These formulas differ from the ex-

isting methods, which usually apply incremental ideas. Also, our

formulas are easy to implement and very fast to compute. 

This paper is organized as follows. In Section 2 we introduce

some notations. In Section 3 we give a closed-form formula to

evaluate any order of flip moves and an algorithm to compute it.

In Section 4 we propose a second closed-form formula, which con-

siders the existence of an auxiliary vector in order to reduce time

consumption. In Section 5 we present computational experiments

of heuristics implemented with the proposed formulas. Finally, in

Section 6 , we give some final comments. 

2. Notations and definitions 

Before the discussion of our results we specify the notation we

use. First, we denote by N 

∗ the set of positive natural numbers.

Then, for any n ∈ N 

∗, we denote by B 

n the set of binary vectors of

dimension n , and by Q 

n ×n the set of rational matrices with dimen-

sion n × n . 

Notice that the UBQP receives an n ∈ N 

∗ and a rational matrix

Q ∈ Q 

n ×n . In Glover and Hao (2010a) was observed that UBQP over

a general matrix Q can be reduced to the case in which Q is lower

triangular. So, from now on, we only consider rational matrices for

the UBQP that are lower triangular, and we formally define the

UBQP as follows. 

Problem 1. Unconstrained Binary Quadratic Programming problem

( UBQP ) 
Input : a positive natural number n ∈ N 

∗ and a lower triangular

matrix of rational coefficients Q ∈ Q 

n ×n . 

Output : a binary vector x ∈ B 

n such that the function f (x ) =
x T Qx = 

∑ n 
i =1 

∑ i 
j=1 x i q i j x j is maximized. 

Now we introduce the concepts related to neighborhood and

flip moves. 
efinition 1. Given two positive natural numbers n, r ∈ N 

∗ and a

inary vector x ∈ B 

n , we define the r -neighborhood of x as the set

f binary vectors N r (x ) ⊆ B 

n , such that y ∈ N r (x ) iff y differs from

 in exactly r positions (i.e., | x − y | = 

∑ n 
i =1 | x i − y i | = r). 

Given two binary vectors x and y of same dimension, if y ∈
 r (x ) we say that y was obtained by r -flip moves from x , and we

efine the r -flip moves by the set of positions the vectors differ: 

efinition 2. Given two positive natural numbers n, r ∈ N 

∗ and

wo binary vectors x, y ∈ B 

n , such that y ∈ N r (x ) . We define the r -

ip moves that takes from x to y , as the set of positions where x

nd y differ: 

 r (x, y ) = { i | x i � = y i and 1 ≤ i ≤ n } . 
e also define the complement of that set, as the set of positions

here x and y are equal: 

 r (x, y ) = { i | x i = y i and 1 ≤ i ≤ n } . 
here N = { 1 , 2 , . . . , n } = N r (x, y ) ∪ N r (x, y ) . Observe that

 N r (x, y ) | = r and | N r (x, y ) | = n − r. 

If the binary vectors x and y are implicit by the context, then

e denote N r ( x, y ) and N r (x, y ) by N r and N r , respectively. 

The problem we approach in this paper is not to solve the

BQP , but to evaluate the objective function of UBQP after r -flip

oves, for an arbitrary positive natural r . In order to define that

roblem, we consider an instance ( n, Q ) of UBQP is given with two

olutions x, y ∈ B 

n , such that y ∈ N r (x ) , for some positive natural

 . The objective is to calculate f (y ) = y T Qy, on the assumption we

lready know the value for f (x ) = x T Qx and we also know the sets

 r and N r . Formally: 

roblem 2. r -flip move evaluation problem for UBQP 
Input : an instance I = (n, Q ) of UBQP , a number r ∈ {1, 2, ���,

 }, two solutions x, y ∈ B 

n for I such that y ∈ N r (x ) , a rational value

f (x ) = x T Qx and the sets N r and N r . 

Output : the value of f (y ) = y T Qy . 

Observe that the r -flip move evaluation problem for UBQP is

olynomial time solvable, since a simple O ( n 2 ) algorithm may ob-

ain the value for f (y ) = y T Qy . Our objective is not just to calculate

 ( y ), but to compute such value as efficiently as possible. In that di-

ection, next sections present closed-form formulas and algorithms

o efficiently obtain f ( y ). 

. r-flip move evaluation for UBQP 

Given an instance I = (n, Q, r, x, y, f (x ) , N r , N r ) of the r -flip

ove evaluation problem for UBQP , we propose, in this section,

 closed-form formula to evaluate the objective function f (y ) =
 T

 Qy . 

In order to obtain that formula, first we rewrite f (z) =
 n 
i =1 

∑ i 
j=1 z i q i j z j , for any vector z ∈ B 

n , by splitting and group-

ng the summatory in terms that depend on the partition of

 1 , 2 , . . . , n } defined by N r and N r . The following fact shows us how

o rewrite f ( z ). 

act 1. Given an instance I = (n, Q ) of UBQP , a solution z ∈ B 

n for

 and a partition (N r , N r ) of the set N = { 1 , 2 , . . . , n } , the formula

f (z) = z T Qz = 

∑ n 
i =1 

∑ i 
j=1 z i q i j z j can be written as 

f (z) = 

∑ 

i ∈ N r 

∑ 

j∈ N r 
j� i 

z i q i j z j + 

∑ 

i ∈ N r 
z i 

[ ∑ 

j∈ N r 
j < i 

q i j z j + 

∑ 

j∈ N r 
j > i 

z j q ji + 

∑ 

j∈ N r 
j� i 

q i j z j 

] 
. 

roof. First we split the sum in four terms depending on the parti-
ion (N r , N r ) , then we rewrite the third term, and finally we group
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ogether the last three terms of the formula: 

f (z) = 

n ∑ 

i =1 

i ∑ 

j=1 

z i q i j z j = 

∑ 

i ∈ N 

∑ 

j∈ N 
j≤i 

z i q i j z j 

= 

∑ 

i ∈ N r 

∑ 

j∈ N r 
j� i 

z i q i j z j + 

∑ 

i ∈ N r 

∑ 

j∈ N r 
j < i 

z i q i j z j + 

∑ 

i ∈ N r 

∑ 

j∈ N r 
j < i 

z i q i j z j + 

∑ 

i ∈ N r 

∑ 

j∈ N r 
j� i 

z i q i j z j 

= 

∑ 

i ∈ N r 

∑ 

j∈ N r 
j� i 

z i q i j z j + 

∑ 

i ∈ N r 

∑ 

j∈ N r 
j < i 

z i q i j z j + 

∑ 

i ∈ N r 

∑ 

j∈ N r 
j > i 

z j q ji z i + 

∑ 

i ∈ N r 

∑ 

j∈ N r 
j� i 

z i q i j z j 

= 

∑ 

i ∈ N r 

∑ 

j∈ N r 
j� i 

z i q i j z j + 

∑ 

i ∈ N r 
z i 

[ ∑ 

j∈ N r 
j < i 

q i j z j + 

∑ 

j∈ N r 
j > i 

z j q ji + 

∑ 

j∈ N r 
j� i 

q i j z j 

] 
. 

�

Notice that Fact 1 allows us to write f ( z ) for any vector z ∈ B 

n ,

articularly we may write f ( y ) and f ( x ) as follows 

f (y ) = 

∑ 

i ∈ N r 

∑ 

j∈ N r 
j� i 

y i q i j y j + 

∑ 

i ∈ N r 
y i 

[ ∑ 

j∈ N r 
j < i 

q i j y j + 

∑ 

j∈ N r 
j > i 

y j q ji + 

∑ 

j∈ N r 
j� i 

q i j y j 

] 

f (x ) = 

∑ 

i ∈ N r 

∑ 

j∈ N r 
j� i 

x i q i j x j + 

∑ 

i ∈ N r 
x i 

[ ∑ 

j∈ N r 
j < i 

q i j x j + 

∑ 

j∈ N r 
j > i 

x j q ji + 

∑ 

j∈ N r 
j� i 

q i j x j 

] 
. 

By subtracting f ( x ) from f ( y ) we obtain 

f (y ) − f (x ) = 

∑ 

i ∈ N r 

∑ 

j∈ N r 
j� i 

(y i q i j y j − x i q i j x j ) 

+ 

∑ 

i ∈ N r 
y i 

[ ∑ 

j∈ N r 
j < i 

q i j y j + 

∑ 

j∈ N r 
j > i 

y j q ji + 

∑ 

j∈ N r 
j� i 

q i j y j 

] 

−
∑ 

i ∈ N r 
x i 

[ ∑ 

j∈ N r 
j < i 

q i j x j + 

∑ 

j∈ N r 
j > i 

x j q ji + 

∑ 

j∈ N r 
j� i 

q i j x j 

] 
. 

By definition x i = y i for all i ∈ N r , then 

 

 ∈ N r 

∑ 

j∈ N r 
j� i 

(y i q i j y j − x i q i j x j ) = 0 . 

Also x i = 1 − y i for all i ∈ N r , so we obtain 

f (y ) − f (x ) = 

∑ 

i ∈ N r 
y i 

[ ∑ 

j∈ N r 
j < i 

q i j y j + 

∑ 

j∈ N r 
j > i 

y j q ji + 

∑ 

j∈ N r 
j� i 

q i j y j 

] 

−
∑ 

i ∈ N r 
(1 − y i ) 

[ ∑ 

j∈ N r 
j < i 

q i j y j + 

∑ 

j∈ N r 
j > i 

y j q ji + 

∑ 

j∈ N r 
j� i 

q i j (1 − y j ) 
]

= −
∑ 

i ∈ N r 

[ 
(1 − 2 y i ) 

( ∑ 

j∈ N r 
j < i 

q i j y j + 

∑ 

j∈ N r 
j > i 

y j q ji 

)

+ 

∑ 

j∈ N r 
j� i 

q i j (1 − y i − y j ) 
] 
. 

From the above equation we may express f ( y ) depending on the

revious calculated value of f ( x ): 

f (y ) = f (x ) −
∑ 

i ∈ N r 

[ 
(1 − 2 y i ) 

( ∑ 

j∈ N r 
j < i 

q i j y j + 

∑ 

j∈ N r 
j > i 

y j q ji 

)

+ 

∑ 

j∈ N r 
j� i 

q i j (1 − y i − y j ) 
] 
. 
We denote this result as the r -flip evaluation formula for UBQP
nd we enunciate it in the form of a theorem, which takes advan-

age of the previous known value of f ( x ) to compute the value of

 ( y ): 

heorem 1. Given an instance I = (n, Q, r, x, y, f (x ) , N r , N r ) of the r-

ip move evaluation problem for UBQP , the value of f ( y ) may be ob-

ained by 

f (y ) = f (x ) −
∑ 

i ∈ N r 

[ 
(1 − 2 y i ) 

( ∑ 

j∈ N r 
j<i 

q i j y j + 

∑ 

j∈ N r 
j>i 

y j q ji 

)

+ 

∑ 

j∈ N r 
j� i 

q i j (1 − y i − y j ) 
] 
. 

An interesting result we derive from the r -flip evaluation for-

ula for UBQP , is given by the following corollary, which states

hat we may compute f ( y ) without actually using any value of y ,

nly depending on x, f ( x ) and the partition (N r , N r ) . Such result

ould be useful during a local search, where it is common to evalu-

te the objective function on a neighbor solution without the need

f registering its variables. 

orollary 1. Given an instance I = (n, Q, r, x, y, f (x ) , N r , N r ) of the r-

ip move evaluation problem for UBQP , the value of f ( y ) may be ob-

ained by 

f (y ) = f (x ) + 

∑ 

i ∈ N r 

[ 
(1 − 2 x i ) 

( ∑ 

j∈ N r 
j<i 

q i j x j + 

∑ 

j∈ N r 
j>i 

q ji x j 

)

+ 

∑ 

j∈ N r 
j� i 

q i j (1 − x i − x j ) 
] 
. 

roof. The r -flip evaluation formula states that 

f (y ) = f (x ) −
∑ 

i ∈ N r 

[ 
(1 − 2 y i ) 

( ∑ 

j∈ N r 
j < i 

q i j y j + 

∑ 

j∈ N r 
j > i 

q ji y j 

)

+ 

∑ 

j∈ N r 
j� i 

q i j (1 − y i − y j ) 
] 
. 

Since y i = 1 − x i ∀ i ∈ N r and y i = x i ∀ i ∈ N r , we have 

f (y ) = f (x ) −
∑ 

i ∈ N r 

[ 
(1 − 2(1 − x i )) 

( ∑ 

j∈ N r 
j < i 

q i j x j + 

∑ 

j∈ N r 
j > i 

q ji x j 

)] 

−
∑ 

i ∈ N r 

∑ 

j∈ N r 
j� i 

q i j (1 − (1 − x i ) − (1 − x j )) 

= f (x ) + 

∑ 

i ∈ N r 

[ 
(1 − 2 x i ) 

( ∑ 

j∈ N r 
j < i 

q i j x j + 

∑ 

j∈ N r 
j > i 

q ji x j 

)

+ 

∑ 

j∈ N r 
j� i 

q i j (1 − x i − x j ) 
] 
. 

�

Also, the r -flip evaluation formula can be adapted to the cases

f 1-flip and 2-flip moves, obtaining new closed-form formulas

or those cases, already studied in the literature ( Glover and Hao,

010a; 2010b ). Corollaries 2 and 3 give us these formulas. 

orollary 2. Given an instance I = (n, Q, 1 , x, y, f (x ) , { k } , N \ { k } ) of

he 1-flip move evaluation problem for UBQP , the value of f ( y ) may
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be computed by 

f (y ) = f (x ) − (1 − 2 y k ) 
(

q kk + 

k −1 ∑ 

j=1 

q k j y j + 

n ∑ 

j= k +1 

q jk y j 

)
. 

Proof. The r -flip evaluation formula states that 

f (y ) = f (x ) −
∑ 

i ∈ N r 

[ 
(1 − 2 y i ) 

( ∑ 

j∈ N r 
j<i 

q i j y j + 

∑ 

j∈ N r 
j>i 

q ji y j 

)

+ 

∑ 

j∈ N r 
j� i 

q i j (1 − y i − y j ) 
] 
. 

Since N 1 = { k } and N 1 = { 1 , . . . , n } \ { k } , we have 

f (y ) = f (x ) −
[ 
(1 − 2 y k ) 

( k −1 ∑ 

j=1 

q k j y j + 

n ∑ 

j= k +1 

q jk y j 

)

+ q kk (1 − y k − y k ) 
] 

= f (x ) − (1 − 2 y k ) 
(

q kk + 

k −1 ∑ 

j=1 

q k j y j + 

n ∑ 

j= k +1 

q jk y j 

)
. 

�

Corollary 3. Given an instance I = (n, Q, 2 , x, y, f (x ) , { k, � } , N \
{ k, � } ) of the 2-flip move evaluation problem for UBQP , where k < � ,

the value of f ( y ) may be computed by 

f (y ) = f (x ) − (1 − 2 y k ) 
(

q kk + 

k −1 ∑ 

j=1 

q k j y j + 

n ∑ 

j= k +1 
j � = � 

q jk y j 

)

−(1 − 2 y � ) 
(

q �� + 

� −1 ∑ 

j=1 
j � = k 

q � j y j + 

n ∑ 

j= � +1 

q j� y j 

)

−q �k (1 − y � − y k ) . 

Proof. By replacing the values of N 2 = { k, � } and N 2 = N \ N 2 in

the r -flip evaluation formula we obtain 

f (y ) = f (x ) −
∑ 

i ∈ N r 

[ 
(1 − 2 y i ) 

( ∑ 

j∈ N r 
j<i 

q i j y j + 

∑ 

j∈ N r 
j>i 

q ji y j 

)

+ 

∑ 

j∈ N r 
j� i 

q i j (1 − y i − y j ) 
] 

= f (x ) −
[ 
(1 − 2 y k ) 

( k −1 ∑ 

j=1 

q k j y j + 

n ∑ 

j= k +1 
j � = � 

q jk y j 

)

+ q kk (1 − y k − y k ) 
] 

−
[ 
(1 − 2 y � ) 

( � −1 ∑ 

j=1 
j � = k 

q � j y j + 

n ∑ 

j= � +1 

q j� y j 

)

+ q �k (1 − y � − y k ) + q �� (1 − y � − y � ) 
] 

= f (x ) − (1 − 2 y k ) 
(

q kk + 

k −1 ∑ 

j=1 

q k j y j + 

n ∑ 

j= k +1 
j � = � 

q jk y j 

)

−(1 − 2 y � ) 
(

q �� + 

� −1 ∑ 

j=1 
j � = k 

q � j y j + 

n ∑ 

j= � +1 

q j� y j 

)
− q k� (1 − y k − y � )
�

These results are useful to evaluate the objective function when

he neighborhood structure of the designed algorithm requires a 1-

ip or 2-flip moves, commonly used in the literature ( Hanafi et al.,

013; Lü et al., 2010; Wang et al., 2016 ). Also, by implementing

hese specific formulas instead of the general case, we may reduce

he computational effort. 

Algorithm 3.1 , give us how to compute f ( y ) using the r -flip eval-

ation formula with time complexity O ( nr ), improving the O ( n 2 )

Algorithm 3.1: r-Flip_Evaluation. 

Input : n , Q , r, y , f x , N r , N r 
Output : f y 

1 f y ← f x 
2 for i ∈ N r do 

3 for j ∈ N r do 

4 if y j = 1 then 

5 if j < i then f y ← f y − (1 − 2 y i ) q i j 

6 else f y ← f y − (1 − 2 y i ) q ji 

7 f y ← f y − (1 − 2 y i ) q ii 
8 k ← 1 

9 j ← N r [ k ] 

10 while j < i do 

11 f y ← f y − (1 − y i − y j ) q i j 

12 k ← k + 1 

13 j ← N r [ k ] 

hat calculates f ( y ) from scratch (without using previous informa-

ion). Notice that, for fixed values of r , the time complexity results

n O ( n ), achieving a linear algorithm to compute f ( y ). 

. r-flip evaluation with a reevaluation vector 

Inspired by the results in Glover and Hao (2010a,b) , in this sec-

ion we show how to reduce the computational effort needed to

alculate the r -flip evaluation formula by maintaining a vector with

he values of f (z) − f (x ) for each z ∈ N 1 (x ) , besides knowing f ( x ),

 r and N r . 

From now on, we denote by �x the vector containing the

alues of f (z) − f (x ) for each z ∈ N 1 (x ) , where �x i represents

f (z) − f (x ) iff z can be obtained by flipping the i th position of x .

hen, by Corollary 2 

x i = f (z) − f (x ) 

= 

[ 
f (x ) − (1 − 2 x i ) 

(
q ii + 

i −1 ∑ 

j=1 

q i j x j + 

n ∑ 

j= i +1 

q ji x j 

)] 
− f (x ) 

= −(1 − 2 x i ) 
(

q ii + 

i −1 ∑ 

j=1 

q i j x j + 

n ∑ 

j= i +1 

q ji x j 

)
. 

On the hypothesis we know �x , which we call by reevaluation

ector of x , the following theorem gives us a new closed-form for-

ula to solve the r -flip move evaluation problem for UBQP . 

heorem 2. Given an instance I = (n, Q, r, x, y, f (x ) , N r , N r ) of the r-

ip move evaluation problem for UBQP and the vector �x, the value

f f ( y ) may be obtained by 

f (y ) = f (x ) −
∑ 

i ∈ N r 

[ 
�x i + y i 

∑ 

j∈ N r 
j < i 

q i j (1 − 2 y j ) 

− (1 − 2 y i ) 
∑ 

j∈ N r 
j>i 

q ji (1 − y j ) 
] 
. 
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roof. The r -flip evaluation formula states that 

f (y ) = f (x ) −
∑ 

i ∈ N r 

[ 
(1 − 2 y i ) 

( ∑ 

j∈ N r 
j<i 

q i j y j + 

∑ 

j∈ N r 
j>i 

q ji y j 

)

+ 

∑ 

j∈ N r 
j� i 

q i j (1 − y i − y j ) 
] 

= f (x ) −
∑ 

i ∈ N r 

[ 
(1 − 2 y i ) 

( ∑ 

j∈ N r 
j<i 

q i j y j + 

∑ 

j∈ N r 
j>i 

q ji y j 

)

+ q ii (1 − y i − y i ) + 

∑ 

j∈ N r 
j < i 

q i j (1 − y i − y j ) 
] 

= f (x ) −
∑ 

i ∈ N r 

[ 
(1 − 2 y i ) 

(
q ii + 

∑ 

j∈ N r 
j<i 

q i j y j + 

∑ 

j∈ N r 
j>i 

q ji y j 

)

+ 

∑ 

j∈ N r 
j < i 

q i j (1 − y i − y j ) 
] 
. 

Since y i = 1 − x i ∀ i ∈ N r and y i = x i ∀ i ∈ N r , then we can re-

lace y i by x i in (1 − 2 y i ) 
(

q ii + 

∑ 

j∈ N r 
j<i 

q i j y j + 

∑ 

j∈ N r 
j>i 

q ji y j 

)
and ob-

ain 

f (y ) = f (x ) −
∑ 

i ∈ N r 

[ 
(1 − 2(1 − x i )) 

(
q ii + 

∑ 

j∈ N r 
j<i 

q i j x j + 

∑ 

j∈ N r 
j>i 

q ji x j 

)

+ 

∑ 

j∈ N r 
j < i 

q i j (1 − y i − y j ) 
] 

= f (x ) −
∑ 

i ∈ N r 

[ 
− (1 − 2 x i ) 

(
q ii + 

∑ 

j∈ N r 
j<i 

q i j x j + 

∑ 

j∈ N r 
j>i 

q ji x j 

)

+ 

∑ 

j∈ N r 
j < i 

q i j (1 − y i − y j ) 
] 
. 

Since N = N r ∪ N r , then 

f (y ) = f (x ) −
∑ 

i ∈ N r 

[ 
− (1 − 2 x i ) 

(
q ii + 

∑ 

j∈ N 
j<i 

q i j x j −
∑ 

j∈ N r 
j<i 

q i j x j 

+ 

∑ 

j∈ N 
j>i 

q ji x j −
∑ 

j∈ N r 
j>i 

q ji x j 

)
+ 

∑ 

j∈ N r 
j < i 

q i j (1 − y i − y j ) 
] 

= f (x ) −
∑ 

i ∈ N r 

[ 
− (1 − 2 x i ) 

(
q ii + 

∑ 

j∈ N 
j<i 

q i j x j + 

∑ 

j∈ N 
j>i 

q ji x j 

)

+ (1 − 2 x i ) 
( ∑ 

j∈ N r 
j<i 

q i j x j + 

∑ 

j∈ N r 
j>i 

q ji x j 

)
+ 

∑ 

j∈ N r 
j < i 

q i j (1 − y i − y j ) 
] 
. 

Notice that, for each i ∈ N 

x i = −(1 − 2 x i ) 
(

q ii + 

i −1 ∑ 

j=1 

q i j x j + 

n ∑ 

j= i +1 

q ji x j 

)

= −(1 − 2 x i ) 
(

q ii + 

∑ 

j∈ N 
j<i 

q i j x j + 

∑ 

j∈ N 
j>i 

q ji x j 

)
. 
Then 

f (y ) = f (x ) −
∑ 

i ∈ N r 

[ 
�x i + (1 − 2 x i ) 

( ∑ 

j∈ N r 
j<i 

q i j x j + 

∑ 

j∈ N r 
j>i 

q ji x j 

)

+ 

∑ 

j∈ N r 
j < i 

q i j (1 − y i − y j ) 
] 
. 

By replacing x i = 1 − y i ∀ i ∈ N r , we obtain 

f (y ) = f (x ) −
∑ 

i ∈ N r 

[ 
�x i + (1 − 2(1 − y i )) 

( ∑ 

j∈ N r 
j<i 

q i j (1 − y j ) 

+ 

∑ 

j∈ N r 
j>i 

q ji (1 − y j ) 
)

+ 

∑ 

j∈ N r 
j < i 

q i j (1 − y i − y j ) 
] 

= f (x ) −
∑ 

i ∈ N r 

[ 
�x i + y i 

∑ 

j∈ N r 
j < i 

q i j (1 − 2 y j ) 

− (1 − 2 y i ) 
∑ 

j∈ N r 
j>i 

q ji (1 − y j ) 
] 
. 

�

Similarly to the r -flip evaluation formula, we may express this

ew result in terms of x , without using the values of y . 

orollary 4. Given an instance I = (n, Q, r, x, y, f (x ) , N r , N r ) of the r-

ip move evaluation problem for UBQP and the vector �x, the value

f f ( y ) may be obtained by 

f (y ) = f (x ) −
∑ 

i ∈ N r 

[ 
�x i − (1 − x i ) 

∑ 

j∈ N r 
j < i 

q i j (1 − 2 x j ) 

+ (1 − 2 x i ) 
∑ 

j∈ N r 
j>i 

q ji x j 

] 
. 

roof. Theorem 2 states that 

f (y ) = f (x ) −
∑ 

i ∈ N r 

[ 
�x i + y i 

∑ 

j∈ N r 
j < i 

q i j (1 − 2 y j ) 

− (1 − 2 y i ) 
∑ 

j∈ N r 
j>i 

q ji (1 − y j ) 
] 
. 

ince y i = 1 − x i ∀ i ∈ N r , we have 

f (y ) = f (x ) −
∑ 

i ∈ N r 

[ 
�x i + (1 − x i ) 

∑ 

j∈ N r 
j < i 

q i j (1 − 2(1 − x j )) 

− (1 − 2(1 − x i )) 
∑ 

j∈ N r 
j>i 

q ji (1 − (1 − x j )) 
] 

= f (x ) −
∑ 

i ∈ N r 

[ 
�x i − (1 − x i ) 

∑ 

j∈ N r 
j < i 

q i j (1 − 2 x j ) 

+ (1 − 2 x i ) 
∑ 

j∈ N r 
j>i 

q ji x j 

] 

�

By using the result from Theorem 2 , we designed

lgorithm 4.1 with O ( r 2 ) time complexity. Notice that, for

xed values of r this algorithm runs in constant time, and overall

s asymptotically better than Algorithm. 
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Algorithm 4.1: r-Flip_RV_Evaluation_y. 

Input : n , Q , r, y , f x , N r , �x 

Output : f y 
1 f y ← f x 
2 for k = 1 to r do 

3 i ← N r [ k ] 

4 f y ← f y − �x i 
5 for � = 1 to r do 

6 j ← N r [ � ] 

7 if j < i then 

8 if y i = 1 then f y ← f y − (1 − 2 y j ) q i j 

9 else if j > i then 

10 if y j = 0 then f y ← f y + (1 − 2 y i ) q ji 
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The neighborhood N r (x ) contains O ( n r ) solutions. So, if we use

Algorithm to evaluate all those solutions, the time complexity

would be O (n r nr) = O (n r+1 r) , while if we use Algorithm 4.1 , the

time complexity would result in O ( n r r 2 ) plus the time of comput-

ing the vector �x . If r = 1 , then, by using Algorithm, to evaluate

the neighborhood will take O ( n 2 ) time, so any algorithm A that

computes �x in time O ( n 2 ) will guarantee also O ( n 2 ) time com-

plexity when using Algorithm 4.1 . But, if r > 1 then, the same algo-

rithm A (with time complexity O ( n 2 )) will guarantee the neighbor-

hood evaluation by Algorithm 4.1 in time O ( n r r 2 ), better than the

O (n r+1 r) given by Algorithm. Next subsection will discuss strate-

gies to maintain the reevaluation vector of x in better times than

O ( n 2 ). 

4.1. Reevaluation vector maintenance 

First, we must show how to initialize the reevaluation vector

of x . In order to first compute that vector, we use a simple and

straightforward O ( n 2 ) method given by Algorithm 4.2 . So, by using

Algorithm 4.2: Initial_Reavaliation_Vector. 

Input : n , Q , x 

Output : �x 

1 for i = 1 to n do 

2 �x i ← q ii 
3 for j = 1 to i − 1 do 

4 if x j = 1 then �x i ← �x i + q i j 

5 for j = i + 1 to n do 

6 if x j = 1 then �x i ← �x i + q ji 

7 if x i = 0 then �x i ← −�x i 

this method we already raise an improvement over the proposed

solution without using reevaluation vector (given by Algorithm ). 

In the direction of avoiding to compute �x , from the very be-

ginning, for each new solution x , we propose to update the reeval-

uation vector of x . That is, once a move is made from x to y , where

y ∈ N r (x ) , we will update the revaluation vector instead of initial-

izing it again. Proposition 1 gives us a result that will allow us to

realize such update. 

Proposition 1. Given an instance I = (n, Q, r, x, y, f (x ) , N r , N r ) of the

r-flip move evaluation problem for UBQP and the vector �x, the

reevaluation vector of y can be obtained by 

�y i = 

{
−�x i + (1 − 2 y i ) βy i if i ∈ N r 

�x i + (1 − 2 y i ) βy i if i ∈ N r 

where βy i = 

∑ 

j∈ N r 
j < i 

q i j (1 − 2 y j ) + 

∑ 

j∈ N r 
j > i 

q ji (1 − 2 y j ) for all i ∈ N. 

Proof. Let D i be the difference between the reevaluation vectors

�y and �x , that is D = �y − �x ∀ i ∈ N. By the �y definition
i i i i i 
e know 

y i = −(1 − 2 y i ) 
(

q ii + 

i −1 ∑ 

j=1 

q i j y j + 

n ∑ 

j= i +1 

q ji y j 

)
. 

Then 

 i = −�x i − (1 − 2 y i ) 
(

q ii + 

i −1 ∑ 

j=1 

q i j y j + 

n ∑ 

j= i +1 

q ji y j 

)

= −�x i − (1 − 2 y i ) 
(

q ii + 

∑ 

j∈ N 
j < i 

q i j y j + 

∑ 

j∈ N 
j > i 

q ji y j 

)
. 

Since N r ∪ N r = N, we have 

 i = −�x i − (1 − 2 y i ) (
q ii + 

∑ 

j∈ N r 
j < i 

q i j y j + 

∑ 

j∈ N r 
j < i 

q i j y j + 

∑ 

j∈ N r 
j > i 

q ji y j + 

∑ 

j∈ N r 
j > i 

q ji y j 

)
. 

By definition y i = 1 − x i ∀ i ∈ N r and y i = x i ∀ i ∈ N r , then 

 i = −�x i − (1 − 2 y i ) 
(

q ii + 

∑ 

j∈ N r 
j < i 

q i j (1 − x j ) + 

∑ 

j∈ N r 
j < i 

q i j x j 

+ 

∑ 

j∈ N r 
j > i 

q ji (1 − x j ) + 

∑ 

j∈ N r 
j > i 

q ji x j 

)
. 

Since N r ∪ N r = N, we have ∑ 

j∈ N r 
j < i 

q i j x j = 

∑ 

j∈ N 
j < i 

q i j x j −
∑ 

j∈ N r 
j < i 

q i j x j and 

∑ 

j∈ N r 
j > i 

q i j x j = 

∑ 

j∈ N 
j > i 

q i j x j −
∑ 

j∈ N r 
j > i 

q i j x j . 

Then 

 i = −�x i − (1 − 2 y i ) 
(

q ii + 

∑ 

j∈ N 
j < i 

q i j x j + 

∑ 

j∈ N 
j > i 

q ji x j + 

∑ 

j∈ N r 
j < i 

q i j (1 − 2 x j )

+ 

∑ 

j∈ N r 
j > i 

q ji (1 − 2 x j ) 
)

= −�x i − (1 − 2 y i ) 
(

q ii + 

∑ 

j∈ N 
j < i 

q i j x j + 

∑ 

j∈ N 
j > i 

q ji x j 

)

−(1 − 2 y i ) 
( ∑ 

j∈ N r 
j < i 

q i j (1 − 2 x j ) + 

∑ 

j∈ N r 
j > i 

q ji (1 − 2 x j ) 
)
. 

Since x i = 1 − y i for all i ∈ N r , we have 

 i = −�x i − (1 − 2 y i ) 
(

q ii + 

∑ 

j∈ N 
j < i 

q i j x j + 

∑ 

j∈ N 
j > i 

q ji x j 

)

−(1 − 2 y i ) 
( ∑ 

j∈ N r 
j < i 

q i j (1 − 2(1 − y j )) + 

∑ 

j∈ N r 
j > i 

q ji (1 − 2(1 − y j )) 
)

= −�x i − (1 − 2 y i ) 
(

q ii + 

∑ 

j∈ N 
j < i 

q i j x j + 

∑ 

j∈ N 
j > i 

q ji x j 

)

+(1 − 2 y i ) 
( ∑ 

j∈ N r 
j < i 

q i j (1 − 2 y j ) + 

∑ 

j∈ N r 
j > i 

q ji (1 − 2 y j ) 
)
. 
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We defined βy i = 

∑ 

j∈ N r 
j < i 

q i j (1 − 2 y j ) + 

∑ 

j∈ N r 
j > i 

q ji (1 − 2 y j ) . Then 

 i = −�x i − (1 − 2 y i ) 
(

q ii + 

∑ 

j∈ N 
j < i 

q i j x j + 

∑ 

j∈ N 
j > i 

q ji x j 

)
+ (1 − 2 y i ) βy i . 

Now, we divide in two cases: 

• Case 1. If i ∈ N r , then y i = 1 − x i and 

D i = −�x i − (1 − 2(1 − x i )) 
(

q ii + 

∑ 

j∈ N 
j < i 

q i j x j + 

∑ 

j∈ N 
j > i 

q ji x j 

)

+ (1 − 2 y i ) βy i 

= −�x i −
(

− (1 − 2 x i ) 
(

q ii + 

i ∑ 

j=1 

q i j x j + 

n ∑ 

j= i +1 

q ji x j 

))

+ (1 − 2 y i ) βy i 

= −2�x i + (1 − 2 y i ) βy i . 

• Case 2. If i ∈ N r , then y i = x i and 

D i = −�x i − (1 − 2 x i ) 
(

q ii + 

∑ 

j∈ N 
j < i 

q i j x j + 

∑ 

j∈ N 
j > i 

q ji x j 

)
+ (1 − 2 y i ) βy i 

= −�x i + �x i + (1 − 2 y i ) βy i 

= (1 − 2 y i ) βy i . 

From the above cases we obtain 

 i = 

{
−2�x i + (1 − 2 y i ) βy i if i ∈ N r 

(1 − 2 y i ) βy i if i ∈ N r 

Since �y i = D i + �x i , then 

y i = 

{
−�x i + (1 − 2 y i ) βy i if i ∈ N r 

�x i + (1 − 2 y i ) βy i if i ∈ N r 

�

Similarly to previous results, we can express the formulas to

pdate the reevaluation vector of y without using the actual values

 , depending only on x . 

orollary 5. Given an instance I = (n, Q, r, x, y, f (x ) , N r , N r ) of the r-

ip move evaluation problem for UBQP and the vector �x, the reeval-

ation vector of y can be obtained by 

y i = 

{
−�x i + (1 − 2 x i ) βx i if i ∈ N r 

�x i − (1 − 2 x i ) βx i if i ∈ N r 

here βx i = 

∑ 

j∈ N r 
j < i 

q i j (1 − 2 x j ) + 

∑ 

j∈ N r 
j > i 

q ji (1 − 2 x j ) for all i ∈ N. 

roof. Since, y i = 1 − x i for all i ∈ N r , we have 

y i = 

∑ 

j∈ N r 
j < i 

q i j (1 − 2 y j ) + 

∑ 

j∈ N r 
j > i 

q ji (1 − 2 y j ) 

= 

∑ 

j∈ N r 
j < i 

q i j (1 − 2(1 − x j )) + 

∑ 

j∈ N r 
j > i 

q ji (1 − 2(1 − x j )) 

= −
[ ∑ 

j∈ N r 
j < i 

q i j (1 − 2 x j ) + 

∑ 

j∈ N r 
j 4 > i 

q ji (1 − 2 x j ) 
] 

= −βx i . 

So, by Proposition 1 and knowing that βy i = −βx i , we have 

y i = 

{
−�x i − (1 − 2 y i ) βx i if i ∈ N r 

�x i − (1 − 2 y i ) βx i if i ∈ N r 
Since y i = 1 − x i for all i ∈ N r and y i = x i for all i ∈ N r , we ob-

ain 

y i = 

{
−�x i + (1 − 2 x i ) βx i if i ∈ N r 

�x i − (1 − 2 x i ) βx i if i ∈ N r 

�

Algorithm 4.3 shows us how to use the result from

roposition 1 to update the reevaluation vector from solution x to

Algorithm 4.3: Reevaluation_Vector_Update_y. 

Input : n , Q , r, y , N r , �x 

Output : �y 

1 j ← 1 

2 for k = 1 to r do 

3 i ← N r [ k ] 

4 β ← Get_ β(i, r, y, Q, N r ) 

5 �y i ← −�x i + (1 − 2 y i ) β

6 while j < i do 

7 β ← Get_ β( j, r, y, Q, N r ) 

8 �y j ← �x j + (1 − 2 y j ) β

9 j ← j + 1 

10 j ← j + 1 

11 while j ≤ n do 

12 β ← Get_ β( j, r, y, Q, N r ) 

13 �y j ← �x j + (1 − 2 y j ) β

14 j ← j + 1 

 in O ( nr ) time complexity, improving the O ( n 2 ) required in case

e initialized the vector at every solution. This algorithm uses the

uxiliary Algorithm 4.4 , with time complexity O ( r ), to compute the

alues of βy i . 

Algorithm 4.4: Get_ β . 

Input : i , r, y , Q , N r 
Output : β

1 β ← 0 

2 for k = 1 to r do 

3 j ← N r [ k ] 

4 if j < i then β ← β + (1 − 2 y j ) q i j 

5 else if j > i then β ← β + (1 − 2 y j ) q ji 

. Computational experiments 

The previous sections gave us theoretical results that extend the

nes in Glover and Hao (2010a,b) . Moreover, our results are simple

o implement and run very fast. 

In this section we present computational experiments showing

hat those results also may improve the performance of algorithms

ased on neighborhood evaluations. The selected algorithms to ex-

cute the tests were classical heuristics: two Local Searches and

 Variable Neighborhood Search (VNS). We compare three imple-

entations of each one of those heuristics: using Algorithms, 4.1 ,

n O ( n 2 ) method based on the objective function formula given

y Algorithm 5.1 and the 1-flip computation of Glover and Hao

2010a) given by the Algorithms 5.2 –5.4 . 

The improvement comparison from one implementation to an-

ther is based on the following speedup measure: Given two pro-

rams A and B that solve the same problem, the speedup of B com-

ared to A quantifies how many times B is faster than A and is

alculated by t A / t B , where t A and t B are, respectively, the process-

ng times of the programs A and B . Observe that, depending on the

alue of the speedup of B compared to A we have three possibil-

ties: if that value is lower than 1, then B is slower then A ; if the

alue is equal to 1, then both programs have the same processing
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Algorithm 5.1: Basic_Evaluation. 

Input : n , x , Q 

Output : v 
1 v ← 0 

2 for i = 1 to n do 

3 if x i = 1 then 

4 for j = 1 to i do 

5 if x j = 1 then v ← v + q i j 

Algorithm 5.2: 1-Flip_Evaluation_GH. 

Input : k , f x , x , Q , rowValue , colValue 

Output : f x 

1 di f ← rowValue [ k ] + colValue [ k ] + q kk 

2 if x k = 1 then f x ← f x − di f 

3 else f x ← f x + di f 

Algorithm 5.3: RowCol_Init_GH. 

Input : n , x , Q 

Output : rowVal ue , col Val ue 

1 Initialize rowValue and colValue with zeros 

2 for i = i to n do 

3 for j = 1 to i do 

4 if x j = 1 then rowValue [ i ] ← rowValue [ i ] + q i j 

5 for j = i + 1 to n do 

6 if x j = 1 then rowVal ue [ i ] ← col Val ue [ i ] + q ji 

Algorithm 5.4: RowCol_Update_GH. 

Input : n , k , x , Q , rowValue , colValue 

Output : rowVal ue , col Val ue 

1 for i = k + 1 to n do 

2 rowValue [ i ] ← rowValue [ i ] + (1 − 2 x k ) q ik 

3 for i = 1 to k do 

4 col Val ue [ i ] ← col Val ue [ i ] + (1 − 2 x k ) q ki 
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time; otherwise B is faster than A (when the value is greater than

1). 

In order to execute our experiments we selected instances from

OR-Library, available in the public website http://people.brunel.ac.

uk/ ∼ma stjjb/jeb/orlib/bqpinfo.html . Each instance is identified as

bqp n , where bqp means binary quadratic programming and n is

the size of the instance, representing the number of elements in a

solution vector. There are 10 instances for each one of the available

sizes: 50, 100, 250, 500, 1.000 and 2.500. The nonzero coefficient

of the instances matrices are integers in the range [ −100 , 100] . 

Finally, all of our implementations were done in C program-

ming language, compiled with gcc 5.4.0, executed on a Processor

Intel Xeon(R) CPU E5-1620v2 4 cores of 3,70 GHz each and 8 GB

of RAM, under Linux Ubuntu 16.04 LTS 64 bits and the CPU times

were obtained by using the gettimeofday() function. 

Next subsections will discuss the results of our tests. 

5.1. Local search experiments 

Before discussing the computational tests on the local search

heuristics, we describe the two variants of this strategy imple-

mented by us. The general local search starts at a solution x and

move to a neighbor solution y that improves the objective func-

tion value at x , if the solution y exists the process restarts, other-

wise it finishes. Usually there are more than one neighbor better

than x (i.e. that improve the objective function value at x ), so when
here are at least two neighbors better than the current solution,

e can select the movement in two different ways: to move to

he first neighbor better than x , or to move to the best among the

eighbors better than x . Algorithms 5.5 and 5.6 give us two local

Algorithm 5.5: Local_Search_Best_First. 

Input : n , nb, r, x , Q 

Output : x 

1 repeat 

2 better ← false 

3 for j = 1 to nb do 

4 y ← Select a random vector in N r (x ) 

5 if f (y ) < f (x ) then 

6 bet ter ← t rue 

7 x ← y 

8 break 

9 until better = false 

Algorithm 5.6: Local_Search_Greedy. 

Input : n , nb, r, x , Q 

Output : x 

1 repeat 

2 better ← false 

3 Di f f ← 0 

4 for j = 1 to nb do 

5 y ← Select a random vector in N r (x ) 

6 if f (y ) − f (x ) < Di f f then Di f f ← f (y ) − f (x ) 

7 if Di f f < 0 then 

8 bet ter ← t rue 

9 x ← y 

10 until better = false 

earch implementations, each one based on a different movement

election strategy. Also, both algorithms receives a parameter nb to

ound the number of solutions of each neighborhood to be ana-

yzed, in our case all the tests were made with nb = n . 

Observe that, both Algorithms 5.5 and 5.6 must evaluate, at

ach iteration, the objective function for each neighbor y selected

rom a subset of random solutions of N r (x ) . Such evaluation can be

xecuted by using either of the Algorithms, 4.1 or 5.1 , so we ana-

yzed the speedups of the implementations using Algorithms and

.1 , compared to the one using Algorithm 5.1 . For a given instance,

he exactly same sequence of solutions is evaluated by the local

earch with each algorithm:, 4.1, 5.1 and 5.2 . So, each implementa-

ion produces the same sequence of objective values for the same

equence of flipped variables. 

The speedup values of the Algorithms 5.5 and 5.6 are shown

n Tables 1 and 2 , respectively. On those tables, the speedup val-

es associated to the implementations based on Algorithm 5.2 are

n the column (r1-flip), the speedup values associated to the im-

lementations based on Algorithm are in the column (r-flip), and

he speedup values associated to the implementations based on

lgorithm 4.1 are in the column (r-flip-RV). 

The (BF) column states for Algorithm 5.1 and contains the pro-

essing time in seconds of that algorithm. 

Most of the speedup values from Tables 1 and 2 are larger than

 and raise as the instance sizes increase, implying that the im-

lementations based on Algorithms, 4.1 and 5.2 are faster than

hose based on Algorithm 5.1 . Also, we observe that the speedup

ssociated to the implementation based on Algorithm 4.1 (r-flip-

V column) is always greater than 1. Even more, for values of r

reater than 1, the speedup values associated to Algorithm 4.1 im-

lementation is much greater than the speedup values associated

o the implementations of the Algorithms 5.2 (r1-flip column) and

http://people.brunel.ac.uk/~ma
http://stjjb/jeb/orlib/bqpinfo.html
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Table 1 

Speedups of the Local_Search_Best_First implementations. 

inst 

Local_Search_Best_First 

BF r1-flip r-flip r-flipRV BF r1-flip r-flip r-flipRV BF r1-flip r-flip r-flipRV 

bqp r = 1 r = 2 r = 50 

250 t(s) speedup t(s) speedup t(s) speedup 

1 0.13 10.70 9.01 10.51 0.15 7.38 6.89 9.89 0.06 1.89 1.27 4.62 

2 0.10 9.44 7.98 9.04 0.18 6.57 6.16 8.83 0.05 1.83 1.21 4.47 

3 0.10 8.08 6.82 8.08 0.08 6.44 6.06 8.51 0.02 1.75 1.20 4.05 

4 0.11 10.33 8.72 10.29 0.15 7.76 7.26 10.28 0.04 2.02 1.34 4.78 

5 0.10 9.09 7.75 8.92 0.10 6.75 6.35 9.00 0.04 1.80 1.22 4.29 

6 0.07 8.53 7.40 8.43 0.14 7.89 7.41 10.59 0.04 1.92 1.30 4.60 

7 0.11 10.36 8.81 10.29 0.12 7.34 6.44 9.80 0.03 1.82 1.22 4.33 

8 0.08 11.52 9.94 11.47 0.12 7.56 7.08 10.06 0.03 1.84 1.23 4.22 

9 0.12 8.98 7.70 9.08 0.07 6.00 5.69 7.96 0.03 1.78 1.22 4.19 

10 0.12 9.18 7.77 9.12 0.13 7.89 7.30 10.15 0.05 1.77 1.18 4.23 

bqp r = 1 r = 2 r = 100 

500 t(s) speedup t(s) speedup t(s) speedup 

1 0.96 19.00 15.57 18.93 1.62 13.61 12.59 19.05 0.32 1.50 1.08 5.54 

2 1.27 18.87 15.22 18.76 1.42 13.12 12.15 18.35 0.32 1.58 1.12 5.66 

3 0.85 16.33 13.45 16.24 1.00 13.06 12.36 18.34 0.24 1.57 1.09 5.50 

4 0.69 18.91 15.74 18.77 0.95 12.63 11.72 17.47 0.24 1.53 1.09 5.45 

5 0.76 19.52 16.26 19.45 1.26 12.94 11.98 17.91 0.21 1.50 1.08 5.58 

6 0.62 17.93 14.93 17.75 1.81 12.68 12.45 19.56 0.21 1.69 1.21 6.07 

7 1.27 19.12 15.58 19.06 1.30 13.70 12.96 19.28 0.24 1.56 1.11 5.63 

8 0.89 18.78 15.55 18.70 1.08 11.89 11.07 16.62 0.36 1.51 1.07 5.44 

9 0.94 18.53 15.16 18.48 1.37 13.39 12.48 18.82 0.26 1.53 1.10 5.50 

10 0.80 19.63 16.27 19.57 1.28 13.32 12.33 18.57 0.26 1.50 1.08 5.43 

bqp r = 1 r = 2 r = 200 

1000 t(s) speedup t(s) speedup t(s) speedup 

1 8.33 37.82 29.60 37.76 10.85 24.38 21.75 35.72 2.28 1.27 0.89 7.47 

2 8.64 36.96 28.65 37.17 23.15 24.86 21.76 37.11 1.75 1.23 0.87 6.62 

3 8.58 35.35 27.27 35.21 8.56 23.01 20.46 33.58 3.38 1.22 0.86 7.17 

4 12.10 35.35 26.79 35.31 10.91 25.18 22.40 36.89 1.60 1.24 0.87 6.94 

5 12.69 36.25 27.72 36.30 7.82 23.39 20.77 34.04 1.92 1.29 0.90 7.61 

6 10.49 36.39 27.78 36.34 10.21 24.99 22.44 36.54 3.29 1.25 0.87 7.40 

7 13.03 36.02 27.45 36.06 17.05 23.59 20.82 35.03 2.22 1.20 0.84 7.11 

8 11.28 35.21 26.77 35.21 11.03 23.65 20.92 34.73 1.75 1.21 0.85 6.98 

9 11.44 35.09 26.79 35.04 13.53 23.97 21.14 35.45 1.42 1.24 0.87 7.11 

10 9.33 34.59 26.52 34.47 11.87 23.44 20.95 34.43 2.04 1.26 0.88 7.28 

bqp r = 1 r = 2 r = 500 

2500 t(s) speedup t(s) speedup t(s) speedup 

1 347.69 97.40 67.66 97.01 360.79 58.31 52.27 97.81 25.94 0.83 0.82 8.10 

2 162.55 100.34 72.61 99.23 453.93 59.39 52.96 100.23 23.06 0.82 0.82 7.99 

3 265.49 99.47 70.43 98.67 340.40 61.03 54.85 102.35 18.16 0.82 0.83 8.06 

4 245.73 102.52 72.03 101.93 440.93 59.67 53.19 100.27 36.37 0.80 0.79 7.85 

5 259.17 100.47 68.40 99.49 546.84 57.98 50.65 100.41 22.38 0.80 0.79 7.79 

6 245.21 96.11 65.99 95.16 442.63 56.53 49.55 97.35 16.57 0.80 0.76 7.51 

7 384.65 99.90 67.01 99.37 500.95 56.79 49.61 98.62 28.80 0.79 0.76 7.69 

8 433.14 95.77 64.52 95.31 380.85 55.57 49.11 95.30 34.98 0.83 0.79 8.09 

9 213.32 91.24 63.20 90.10 351.47 56.49 49.94 96.70 22.90 0.79 0.78 7.61 

10 290.14 99.01 67.60 98.21 403.81 59.11 52.00 101.61 31.41 0.80 0.78 7.79 
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r-flip column). Moreover, for r = 1 , the greater speedup values

rom Table 2 still are from Algorithm 4.1 implementation (r-flip-

V column), but those values are very close to the ones given by

lgorithm 5.2 implementation (r1-flip column) which are slightly

etter in Table 1 . 

Figs. 1 and 2 also compare, respectively, the speedups of the

mplementations of the Algorithms 5.5 and 5.6 . Such speedup com-

arison was based on the implementations of the heuristics using

lgorithms, 4.1 and 5.2 to evaluate flip moves. 

Notice that charts (a)–(d), in both Figs. 1 and 2 , show that the

ocal search algorithms have a much better performance for the

ower values of r , when they use the reevaluation vector tech-

ique given by Algorithm 4.1 . For greater values of r this perfor-

ance decreases, until the local search algorithm using the basic

eevaluation obtain better performances. That can be explained by
he fact that, for greater values of r (i.e. r = �(n ) ), the computa-

ional complexities of the reevaluation techniques given by Algo-

ithms, 4.1 and 5.2 for computing r -flip moves become O ( n 2 ) with

elated constants greater than the one related to Algorithm 5.1 .

esides, we observe that, in Figs. 1 and 2 , the proportion of per-

ormance in their respectively chart (d) is higher than in charts

a), (b) and (c), which means that the higher the size of the in-

tance, the better the speedup of our implementations of local

earch heuristic based on Algorithms, 4.1 , and 5.2 to evaluate flip

oves. 

.2. VNS experiments 

We implemented and tested not only the local search heuristic,

ut also the VNS metaheuristic. In this subsection we show and



10 E.A.J. Anacleto, C.N. Meneses and S.V. Ravelo / Computers and Operations Research 113 (2020) 104774 

Table 2 

Speedups of the Local_Search_Greedy implementations. 

inst 

Local_Search_Greedy 

BF r1-flip r-flip r-flip RV BF r1-flip r-flip r-flipRV BF r1-flip r-flip r-flipRV 

bqp r = 1 r = 2 r = 50 

250 t(s) speedup t(s) speedup t(s) speedup 

1 1.23 7.96 6.21 8.29 0.71 6.11 5.42 8.77 0.10 1.36 0.94 3.73 

2 1.07 7.87 6.12 8.19 0.58 4.38 4.03 6.28 0.08 1.85 1.12 4.83 

3 0.87 5.62 4.47 5.84 0.60 7.02 6.12 10.08 0.11 1.72 1.04 4.48 

4 1.22 10.93 8.40 11.37 0.58 6.91 6.06 9.92 0.09 1.45 0.95 3.90 

5 1.32 9.27 7.15 9.64 0.54 4.97 4.51 7.14 0.19 2.23 1.41 6.07 

6 1.20 6.91 5.45 7.20 0.77 10.07 8.93 14.50 0.10 2.38 1.56 6.63 

7 1.43 13.82 10.58 14.37 0.73 9.70 8.53 13.96 0.11 1.72 1.05 4.48 

8 1.33 14.17 10.89 14.74 0.66 6.93 6.07 9.96 0.11 1.60 1.00 4.21 

9 1.13 8.54 6.62 8.89 0.35 5.09 4.62 7.31 0.10 2.40 1.60 6.73 

10 1.25 8.20 6.38 8.54 0.66 10.78 9.59 15.51 0.08 1.86 1.12 4.86 

bqp r = 1 r = 2 r = 100 

500 t(s) speedup t(s) speedup t(s) speedup 

1 20.16 20.59 15.19 21.35 10.56 12.65 10.86 18.82 0.80 1.23 0.87 4.93 

2 17.17 17.68 13.05 18.34 8.07 8.86 7.93 13.18 0.94 2.08 1.39 8.56 

3 15.39 12.47 9.44 12.93 11.12 18.92 16.44 28.21 1.01 2.01 1.32 8.19 

4 24.60 25.80 19.04 26.76 13.08 17.53 15.17 26.10 0.98 1.50 0.95 5.89 

5 21.76 27.08 20.01 28.09 9.22 11.76 10.11 17.51 0.83 1.39 0.91 5.47 

6 20.23 18.12 13.34 18.80 10.14 10.68 9.26 15.90 0.86 2.15 1.48 8.93 

7 18.35 15.52 11.46 16.09 12.00 19.18 16.68 28.58 0.79 1.57 0.99 6.15 

8 24.53 26.71 19.87 27.70 8.45 13.12 11.22 19.53 1.00 2.00 1.33 8.12 

9 18.22 20.34 14.89 21.10 10.42 18.33 15.89 27.31 0.65 1.61 1.02 6.31 

10 23.22 25.92 19.18 26.40 10.44 12.99 11.10 19.34 0.82 1.37 0.91 5.40 

bqp r = 1 r = 2 r = 200 

1000 t(s) speedup t(s) speedup t(s) speedup 

1 372.97 52.51 37.39 54.37 175.44 34.32 29.52 53.41 6.54 1.21 0.83 7.45 

2 349.72 51.39 36.68 53.22 148.48 21.37 17.89 33.40 7.59 1.12 0.80 6.94 

3 307.99 32.91 23.08 34.11 128.39 19.01 16.14 29.68 8.53 1.72 1.25 10.99 

4 292.49 28.93 20.45 29.97 189.15 35.17 30.37 54.95 7.18 1.33 0.90 8.19 

5 367.75 53.63 38.51 55.45 149.59 24.66 20.64 38.51 7.46 1.65 1.20 10.48 

6 287.73 38.92 27.36 40.36 179.77 33.94 29.18 53.00 5.46 1.34 0.91 8.30 

7 344.52 51.02 36.41 52.84 140.62 23.90 20.24 37.86 4.26 1.05 0.78 6.51 

8 297.39 36.70 25.68 37.97 135.17 18.61 15.88 29.08 4.04 1.12 0.79 6.90 

9 267.83 29.03 20.55 30.04 128.93 20.26 17.04 31.67 3.47 0.86 0.73 5.40 

10 311.88 31.97 22.37 33.11 114.66 14.04 12.69 21.94 4.77 0.96 0.76 5.99 

bqp r = 1 r = 2 r = 500 

2500 t(s) speedup t(s) speedup t(s) speedup 

1 13220.38 83.43 54.12 86.84 8109.88 75.85 62.86 139.66 120.82 0.86 0.82 8.91 

2 16275.45 134.47 86.63 139.98 6504.41 58.38 49.12 107.86 177.55 0.85 0.73 9.29 

3 15097.07 105.98 63.86 104.40 7378.03 73.80 56.95 121.87 86.89 0.97 0.83 8.35 

4 16111.23 131.40 81.50 136.78 6694.76 57.22 48.28 105.28 86.42 0.68 0.75 6.62 

5 14955.03 104.06 67.81 108.30 6016.66 44.19 40.64 81.69 65.32 0.76 0.80 7.81 

6 12506.08 79.72 53.36 82.98 6429.20 50.84 44.27 91.12 64.98 0.52 0.72 5.09 

7 13203.21 90.12 57.83 92.78 5078.57 27.74 28.56 56.49 172.78 0.65 0.78 6.55 

8 12028.88 63.78 44.43 66.38 5694.21 38.29 35.58 68.39 109.04 0.81 0.82 8.26 

9 11303.41 65.66 45.13 68.33 6206.45 53.08 45.94 94.88 161.02 1.01 0.97 11.14 

10 14021.61 93.68 61.40 97.51 8120.35 73.31 62.31 131.30 117.05 0.73 0.80 7.39 
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discuss our results for the VNS that uses Algorithms, 4.1, 5.1 , and

5.2 to evaluate the flip moves. 

According to Hansen and Mladenovi ́c (2001) , the VNS is a meta-

heuristic that searches for an optimal solution in a neighborhood

structure that changes systematically. Algorithm 5.7 describes the

VNS metaheuristic, which iteratively uses a local search heuristic

to find better solutions than the current one. If, at any iteration,

no better solution is found, then the algorithm expands the neigh-

borhood by increasing the value of r . The expansion process is re-

peated while a better solution than the current one is not found.

The VNS repeats all that process until some stop criteria is satis-

fied. 

Since in the previous subsection we already had two different

strategies for local search, we use each one to design two dif-
erent VNS strategies: one will use the local search described by

lgorithm 5.5 and the other will use the local search described by

lgorithm 5.6 . Also, for each VNS strategy, we implemented four

ifferent versions regarding to the objective function evaluation:

ne version based on Algorithm 5.1 , another on Algorithm, another

ne on Algorithm 4.1 and the last one on Algorithm 5.2 . Similarly

o the previous subsection, we analyze the speedup of the imple-

entations based on Algorithms, 4.1 and 5.2 compared to the im-

lementations based on 5.1 . 

Tables 3 and 4 give the results for the VNS based on the local

earch given by Algorithm 5.5 , while Tables 5 and 6 give the re-

ults for the VNS based on the local search given by Algorithm 5.6 .

nalogously to the tables of previous subsection, for these tables

he speedup values associated to the implementations based on
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Fig. 1. Speedups of implementations of the Local_Search_Best_First with the Algorithms, 4.1 and 5.2 compared to an equivalent implementation with the Algorithm 5.1 . The 

experiments illustrated in the charts (a), (b), (c) and (d) were done using, respectively, the first instances of sizes 250, 500, 1000 and 2500. 

Fig. 2. Speedups of implementations of the Local_Search_Greedy with the Algorithms, 4.1 and 5.2 compared to an equivalent implementation with the Algorithm 5.1 . The 

experiments illustrated in the charts (a), (b), (c) and (d) were done using, respectively, the first instances of sizes 250, 500, 1000 and 2500. 
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lgorithm are in the column (r-flip), the speedup values associ-

ted to the implementations based on Algorithm 4.1 are in the col-

mn (r-flip-RV), the speedup values associated to the implementa-

ions based on Algorithm 5.2 are in the column (r1-flip), and the

rocessing time in seconds of Algorithm 5.1 are in column (BF).

lso, on Tables 3 and 5 we include, for each instance, the value

f an optimal solution found by CPLEX 

1 solver, and the difference

f that solution with the one found by the VNS heuristic in col-
1 IBM ILOG CPLEX Optimization Studio Version 12 Release 71 

i  

p  

o  
mn (Dif.). The results given in Tables 4 and 6 correspond to the

nstances with greater sizes and the CPLEX solver was not able to

ound the optimal values in reasonable time, so instead of show-

ng an optimal solution value in those tables we showed the best

olution found by our heuristics. 

All Tables 3–6 show, for all the instances, speedup values

reater than 1, where those values increase as the instance size in-

reases. Such speedup results are very similar to the ones obtained

n the previous section, which implies that our proposals may im-

rove the performance when evaluating flip moves. Also, one can

bserve that by using the reevaluation vector we obtain the best
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Algorithm 5.7: VNS. 

Input : n , R , Q 

Output : x 

1 x ← Initial solution 

2 repeat 

3 r ← 1 

4 while r ≤ R do 

5 y ← Select a random vector in N r (x ) 

6 y ← run a local search in y 

7 if f (y ) < f (x ) then 

8 x ← y 

9 r ← 1 

10 else r ← r + 1 

11 until Stop criteria is satisfied 
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speedup values given in the columns (r-flip-RV), associated to the

implementations based on Algorithm 4.1 . So, it would be a recom-

mendable strategy to use Algorithm 4.1 in order to design faster al-

gorithms for the UBQP , that require several evaluations in a neigh-

borhood of a solution. 

Compared to the CPLEX solver, from Tables 3 and 5 we observe

that our VNS implementations performance were much faster for

all the tested instances. Furthermore, the VNS implementations

found optimal solution values for some of the test cases (those

with difference zero), and for the other cases we observe the value

of the difference is very small compared to the objective value

(less than 10% for almost all the instances). Then, we may sup-

pose that algorithms that evaluate neighborhoods defined by r -flip

moves, such as the VNS proposals, could be useful to approach and

solve the UBQP , implying that it is interesting to have good strate-

gies to guarantee nice performances of the flip move evaluation. 

Similarly as the previous subsection we also illustrate in Figs. 3

and 4 , the speedups comparison for the implemented VNS ver-
Table 3 

Speedups of VNS implementations with the Local_Search Best_Fir

inst 

Exact 

Solution 

VNS w

BF r1-flip r-flip 

bqp 

Value t(s) 

R = 5 

50 Dif. t(s) speedup 

1 −5176 0.33 119 0.02 2.32 2.18 

2 −3262 0.27 122 0.01 2.05 1.75 

3 −2732 0.41 130 0.01 1.93 1.72 

4 −3169 0.27 216 0.01 1.93 1.80 

5 −3783 0.22 – 0.02 2.23 1.87 

6 −2178 0.35 10 0.02 2.01 1.76 

7 −2666 0.35 338 0.01 2.02 1.66 

8 −3053 0.36 45 0.02 2.20 1.80 

9 −3422 0.26 2 0.01 2.33 1.94 

10 −3420 0.23 120 0.01 2.34 2.08 

bqp Value t(s) R = 10 

100 Dif. t(s) speedup 

1 −12392 1.2 109 0.17 2.84 2.28 

2 −8934 48.4 165 0.13 2.48 1.95 

3 −8183 34.3 – 0.14 2.63 1.97 

4 −9976 33.0 138 0.18 3.00 2.39 

5 −9629 23.9 384 0.14 2.50 1.97 

6 −10468 22.4 8 0.16 2.70 2.13 

7 −10170 13.4 40 0.15 2.75 2.15 

8 −11243 18.0 95 0.15 2.73 2.18 

9 −9976 24.0 186 0.14 2.58 2.03 

10 −9665 29.0 170 0.13 2.54 2.00 
ions. These images give us almost the same results we saw in the

revious subsection figures. In both figures, chart (a) shows that

he VNS based on Algorithm 4.1 had the best processing time for

he smaller values of R , noticing a speedup decreasing while R in-

reases. Also in both figures, chart (b) maintains the same pattern,

ut shows that the higher the size of the instance, the better the

peedup of our implementations. 

Fig. 4 compares the speedups of our implementations of the

lgorithm 5.7 with the Local Search 5.6 using the Algorithms, 4.1 ,

nd 5.2 for evaluating flip moves. 

. Final comments 

In this paper we proposed two formulas for efficiently eval-

ating flip moves that simultaneously change any number of bi-

ary variables in a search process. Based on these formulas we de-

eloped algorithms with asymptotic time complexities O ( nr ) and

 ( r 2 ), where n is the number of binary variables in a solution vec-

or and r is the number of binary variables that has its values

hanged in a flip move. 

Our best formula, in terms of computational complexity, re-

uires a linear amount of previously calculated values to reevaluate

he objective function. We consider such values are allocated in a

ector (reevaluation vector). We show how to initialize the reeval-

ation vector in O ( n 2 ) and how to update it after a move in O ( nr )

ime complexity. 

In order to verify the quality of our results, we executed com-

utational experiments over benchmark instances of the UBQP
ith implementations of two Local Searches and a Variable Neigh-

orhood Search using our evaluation formulas. We compared the

rocessing time of our approaches to equivalent implementations

hat compute the objective value from scratch, with O ( n 2 ) time

omplexity, and also using the 1-flip evaluation in Glover and Hao

2010a) iterated r times which has O ( nr ) time complexity. 

The computational experiments showed an improvement in

rocessing time obtained by the implementatins with the formu-
st. The value ‘-’ means the VNS found an optimal solution. 

ith Local_Search Best_First 

r-flip RV BF r1-flip r-flip r-flip RV 

R = 10 

Dif. t(s) speedup 

3.63 52 0.03 1.98 1.48 2.93 

2.79 – 0.03 1.85 1.35 2.67 

3.01 172 0.03 1.80 1.33 2.61 

2.65 214 0.02 1.78 1.31 2.59 

3.24 22 0.03 1.85 1.36 2.74 

2.87 26 0.03 1.70 1.26 2.49 

2.90 173 0.03 1.70 1.26 2.49 

3.20 38 0.03 1.85 1.35 2.69 

3.30 2 0.03 1.88 1.38 2.71 

3.44 122 0.03 1.94 1.44 2.80 

R = 20 

Dif. t(s) speedup 

4.92 109 0.33 2.08 1.47 3.66 

4.30 42 0.30 1.96 1.38 3.48 

4.52 590 0.30 1.82 1.29 3.23 

5.08 304 0.30 2.02 1.44 3.58 

4.34 95 0.30 1.93 1.37 3.39 

4.69 64 0.29 1.90 1.32 3.35 

4.75 – 0.28 1.94 1.36 3.43 

4.76 46 0.30 1.93 1.36 3.44 

4.41 157 0.29 1.90 1.33 3.35 

4.36 60 0.27 1.84 1.23 3.23 
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Table 4 

Speedups of VNS implementations with the Local_Search Best_First. The value ‘ −’ means the VNS found the best solution. 

inst 

Best 

Solution 

VNS with Local_Search Best_First 

BF r1-flip r-flip r-flip RV BF r1-flip r-flip r-flip RV 

bqp 

value 

R = 25 R = 50 

250 dif. t(s) speedup Dif. t(s) speedup 

1 −44091 107 3.81 3.52 2.61 8.81 – 6.89 2.03 1.49 4.99 

2 −39871 498 3.49 3.15 2.32 7.80 – 6.47 1.92 1.38 4.69 

3 −32454 658 3.15 2.88 2.11 7.17 – 6.48 1.89 1.32 4.55 

4 −43025 256 3.82 3.24 2.51 8.40 – 7.85 2.27 1.66 5.65 

5 −41879 – 3.49 2.94 2.28 7.33 125 6.79 2.01 1.46 4.93 

6 −43338 – 3.54 3.28 2.44 8.20 455 6.70 2.01 1.45 4.93 

7 −37764 135 3.46 3.14 2.29 7.85 – 6.55 1.92 1.39 4.72 

8 −47729 – 3.70 3.40 2.50 8.39 190 6.81 2.04 1.47 4.98 

9 −38415 – 3.42 2.95 2.33 7.87 147 6.59 1.94 1.42 4.73 

10 −39181 – 3.76 3.37 2.46 8.34 55 6.53 1.93 1.40 4.74 

bqp value R = 50 R = 100 

500 dif. t(s) speedup Dif. t(s) speedup 

1 −121019 635 48.73 3.37 2.42 12.59 – 90.92 1.77 1.35 6.32 

2 −115075 – 49.47 3.38 2.39 12.73 710 89.73 1.79 1.33 6.22 

3 −110087 1388 47.64 3.28 2.31 12.31 – 91.21 1.82 1.34 6.33 

4 −99225 37 43.78 3.03 2.13 11.27 – 86.76 1.73 1.29 5.96 

5 −121802 – 49.08 3.37 2.38 12.51 27 92.57 1.85 1.38 6.40 

6 −114398 – 49.01 3.36 2.40 12.51 547 92.97 1.85 1.38 6.42 

7 −124490 311 48.45 3.34 2.41 12.64 – 89.56 1.79 1.34 6.22 

8 −99500 – 44.25 3.06 2.15 11.38 1152 82.85 1.66 1.23 5.74 

9 −112220 – 47.22 3.26 2.32 12.15 790 89.76 1.79 1.34 6.25 

10 −114850 490 49.40 3.40 2.44 12.64 – 92.29 1.84 1.37 6.42 

bqp value R = 100 R = 200 

1000 dif. t(s) speedup Dif. t(s) speedup 

1 −310331 2503 698.97 2.93 2.01 18.02 – 1310.97 1.47 1.09 7.52 

2 −318817 – 667.80 2.82 1.94 17.54 1145 1316.32 1.48 1.10 7.62 

3 −331581 – 697.89 2.93 2.04 18.26 1597 1320.56 1.48 1.11 7.57 

4 −314542 – 671.30 2.82 1.92 17.56 328 1258.62 1.42 1.04 7.21 

5 −307206 400 681.46 2.86 1.96 17.68 – 1292.39 1.45 1.07 7.41 

6 −335410 – 700.33 2.94 2.04 18.11 389 1347.50 1.51 1.13 7.69 

7 −320828 – 700.05 2.93 2.01 17.86 1384 1319.79 1.48 1.10 7.55 

8 −311786 – 697.83 2.92 2.00 17.89 258 1328.73 1.49 1.11 7.60 

9 −318893 – 688.86 2.89 1.98 17.77 1804 1327.62 1.49 1.10 7.59 

10 −322569 251 692.98 2.91 2.01 17.93 – 1335.41 1.50 1.11 7.64 

Fig. 3. Speedups of implementations of the VNS with the Local_Search Best_First with the Algorithms, 4.1 and 5.2 compared to an equivalent implementation with the 

Algorithm 5.1 . The experiments illustrated in the charts (a), (b), (c) and (d) were done using, respectively, the first instances of sizes 50, 100, 250 and 500. 



14 E.A.J. Anacleto, C.N. Meneses and S.V. Ravelo / Computers and Operations Research 113 (2020) 104774 

Table 5 

Speedups of VNS implementations with the Local_Search Best_Greedy. The value ‘-’ means the VNS found an optimal 

solution. 

inst 

Exact 

Solution 

VNS with Local_Search_Greedy 

BF r1-flip r-flip r-flip RV BF r1-flip r-flip r-flip RV 

bqp 

Value t(s) 

R = 5 R = 10 

50 Dif. t(s) speedup Dif. t(s) speedup 

1 −5176 0.33 – 0.03 2.50 2.09 3.46 – 0.05 1.98 1.48 2.82 

2 −3262 0.27 78 0.02 1.98 1.66 2.64 – 0.05 1.91 1.39 2.69 

3 −2732 0.41 72 0.02 2.26 1.86 3.15 130 0.05 1.89 1.37 2.69 

4 −3169 0.27 64 0.02 2.32 1.95 3.21 – 0.05 1.88 1.38 2.64 

5 −3783 0.22 – 0.03 2.22 1.85 3.07 22 0.05 1.87 1.36 2.63 

6 −2178 0.35 24 0.02 2.12 1.76 2.87 94 0.05 1.84 1.33 2.63 

7 −2666 0.35 137 0.03 2.09 1.73 2.89 165 0.05 1.86 1.36 2.63 

8 −3053 0.36 108 0.02 2.23 1.85 3.02 15 0.06 2.01 1.50 2.86 

9 −3422 0.26 – 0.02 2.33 1.95 3.18 2 0.05 1.91 1.39 2.70 

10 −3420 0.23 120 0.02 2.40 2.00 3.21 26 0.05 1.93 1.43 2.69 

bqp Value t(s) R = 10 R = 20 

100 Dif. t(s) speedup Dif. t(s) speedup 

1 −12392 1.2 93 0.28 3.20 2.44 4.98 17 0.45 2.21 1.50 3.63 

2 −8934 48.4 478 0.27 2.95 2.24 4.55 115 0.42 1.99 1.36 3.20 

3 −8183 34.3 392 0.24 2.71 2.04 4.19 389 0.46 1.90 1.30 3.06 

4 −9976 33.0 230 0.26 2.79 2.11 4.21 – 0.47 2.18 1.47 3.56 

5 −9629 23.9 370 0.29 3.04 2.30 4.81 541 0.48 2.13 1.45 3.49 

6 −10468 22.4 30 0.25 2.94 2.22 4.50 559 0.50 2.29 1.56 3.74 

7 −10170 13.4 168 0.27 2.95 2.24 4.56 50 0.43 2.14 1.45 3.46 

8 −11243 18.0 82 0.27 2.92 2.22 4.48 80 0.45 2.14 1.49 3.47 

9 −9976 24.0 286 0.23 2.73 2.13 4.08 153 0.44 1.88 1.29 3.10 

10 −9665 29.0 426 0.24 2.72 2.01 4.24 48 0.45 1.98 1.35 3.20 

Fig. 4. Speedups of implementations of the VNS with the Local_Search_Greedy with the algorithms, 4.1 and 5.2 compared to an equivalent implementation with the 

Algorithm 5.1 . The experiments illustrated in the charts (a)–(d) were done using, respectively, the first instances of sizes 50, 100, 250 and 500. 
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a  
las we proposed. We also noticed that such improvement increases

as the instance size increases, which we expected because of the

asymptotic time complexity of the evaluation algorithms. Besides

this improvement, the speedup decreases as the number of flip

moves increases, also expected since if the number of flip moves

is near n , then our formulas computation time are near O ( n 2 ). We

executed the experiments, by increasing the number of flip moves,
ntil the implementations computing the objective function from

cratch obtain the best performance, indicating a limit to the use

f our formulation. 

Currently, we are extending the theoretical results, shown in

his paper, to special cases of binary quadratic programming with

onstraints. Another research path we are working on is to find

n optimal r -flip where r depends on the instance size, that is to
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Table 6 

Speedups of VNS implementations with the Local_Search_Greedy. The value ‘-’ means the VNS found the best solution. 

inst 

Best 

Solution 

VNS with Local_Search_Greedy 

BF r1-flip r-flip r-flip RV BF r1-flip r-flip r-flipRV 

bqp 

value 

R = 25 R = 50 

250 dif. t(s) speedup Dif. t(s) speedup 

1 −43847 – 5.42 4.09 2.81 7.90 56 8.49 2.34 1.53 5.03 

2 −39770 – 5.14 3.68 2.52 7.12 534 8.79 2.46 1.63 5.36 

3 −33473 – 5.90 4.35 2.93 8.48 240 8.39 2.28 1.48 4.92 

4 −43977 – 6.34 4.72 3.29 9.24 263 9.14 2.49 1.65 5.51 

5 −42136 – 5.83 4.46 3.02 8.79 879 8.70 2.41 1.57 5.20 

6 −43668 – 5.96 4.28 2.97 8.29 433 8.39 2.26 1.49 4.92 

7 −37179 – 5.78 3.96 2.76 7.64 1007 8.48 2.18 1.43 4.75 

8 −48128 – 6.06 4.35 3.05 8.42 363 9.76 2.55 1.70 5.35 

9 −38366 817 4.79 3.62 2.51 6.87 – 8.43 2.30 1.52 4.84 

10 −39801 209 5.53 4.02 2.77 7.62 – 8.73 2.39 1.56 5.11 

bqp value R = 50 R = 100 

500 dif. t(s) speedup Dif. t(s) speedup 

1 −120867 – 77.90 4.93 3.27 14.60 2612 114.92 2.23 1.46 6.94 

2 −115120 – 78.69 4.78 3.10 13.62 311 123.95 2.39 1.57 7.58 

3 −108909 – 77.92 4.88 3.17 14.30 707 114.25 2.20 1.44 6.85 

4 −97175 – 70.43 4.41 2.88 12.56 3364 104.13 2.03 1.32 6.29 

5 −121581 2189 71.28 4.41 2.87 12.37 – 113.90 2.21 1.44 6.83 

6 −114178 914 73.49 4.56 2.94 12.78 – 116.00 2.22 1.44 6.83 

7 −124268 – 73.98 4.43 2.93 12.04 643 116.96 2.25 1.48 6.92 

8 −97014 1978 60.55 3.77 2.45 10.54 – 103.31 2.01 1.31 6.28 

9 −111021 – 67.68 4.24 2.74 12.40 756 120.86 2.35 1.54 7.41 

10 −114670 − 76.48 4.84 3.17 14.12 2750 110.86 2.14 1.40 6.60 

bqp value R = 100 R = 200 

1000 dif. t(s) speedup Dif. t(s) speedup 

1 −311024 – 1136.71 4.60 3.06 22.49 4250 1614.50 1.79 1.16 8.21 

2 −318279 – 1104.15 4.06 2.72 19.67 2658 1721.82 1.79 1.32 8.89 

3 −328043 5011 975.29 3.92 2.61 18.71 – 1606.60 1.78 1.24 8.36 

4 −314040 – 1024.52 3.86 2.60 18.65 2481 1516.98 1.68 1.16 7.79 

5 −303265 – 963.95 3.79 2.48 17.16 346 1566.97 1.73 1.14 7.89 

6 −330783 1873 974.23 3.81 2.51 17.84 – 1752.89 1.89 1.35 9.11 

7 −322657 711 1019.41 4.07 2.70 19.26 – 1839.44 2.03 1.42 9.55 

8 −311495 – 1130.75 4.55 3.00 22.06 3672 1624.71 1.81 1.24 8.46 

9 −322444 – 1066.73 4.26 2.81 19.75 2652 1697.56 1.88 1.31 8.82 

10 −322944 - 1083.97 4.35 2.87 20.74 4719 1676.10 1.86 1.29 8.67 

fi  

s

A

 

-  

T  

v

R

A  

B  

B  

 

C  

C  

D  

 

D  

 

G  

 

G  

 

G  

G  

G  

 

G  

H  

 

H  

 

H  

K  

 

K  

 

K  

 

nd values of r (depending on the instance size) that maximize the

peedup of the r -flip moves. 
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