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The Unconstrained Binary Quadratic Programming problem (UBQP) belongs to the NP-hard class and has
become a framework for modeling a variety of combinatorial optimization problems. The methods most
commonly used to solve instances of the UBQP explore the concept of neighborhood of a solution. Given
a binary vector x € {0, 1}", solution to a UBQP instance, a neighborhood of x can be defined by flip moves.
Flip moves consist on selecting one or more elements (positions) of x and “flip” their values to their com-
plementary values (i.e., from 1 to O or from O to 1). Normally, those methods compute a large number
of flip moves, and so the whole process to solve an instance can be quite time consuming. In order to
reduce this time, some works have proposed ways to efficiently evaluate one or two flip moves, and
also extensions to higher order moves. In this paper we propose two closed-form formulas for evaluating
quickly any order of flip moves. To test our theoretical findings, we executed an extensive set of com-
putational experiments over well-known instances for the problem. Against common belief, our results

show that it is possible to compute high order flip moves very fast.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

The Unconstrained Binary Quadratic Programming problem
(UBQP) can be defined as

max f(x) =xTQx =YY xqix;

i=1 j=1
s.t.. xe {0,1}"

where Q = [g;;] is an n x n matrix of rational coefficients. The gen-
eral case of the UBQP is NP-hard (Pardalos and Rosen, 1987) while
some special cases of the problem are known to be polynomial
time solvable (Barahona, 1986; Chakradhar and Bushnell, 1992;
Pardalos and Jha, 1991; Punnen et al., 2015).

The UBQP is also referred to as QUBO (Quadratic Uncon-
strained Optimization Problems) (Glover and Kochenberger, 2019).
As stated in Beasley (1998), it is sometimes termed as uncon-
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strained quadratic bivalent programming problem (Gulati et al.,
1984); unconstrained quadratic zero-one programming problem
(Chardaire and Sutter, 1995); quadratic zero-one programming
problem (Helmberg and Rendl, 1998); unconstrained pseudo-
Boolean quadratic problem (Simone, 1990); unconstrained pseudo-
Boolean quadratic zero-one programming problem (Sherali et al.,
1995); Boolean quadratic programming problem (Anstreicher,
1998) and binary quadratic program (Glover et al., 1998). Accord-
ing to Lucas (2014), the UBQP is also the same as the Ising Spin
Glass problem.

Despite the simplicity of its formulation, a wide range of com-
binatorial optimization problems can be modeled as UBQP, some
of them are: Robust Graph Coloring Problem (Wang and Xu, 2011),
Maximum Cut Problem (Kochenberger et al., 2011), Sum Coloring
Problem (Douiri and Elbernouss, 2012), Generalized Vertex Cover
Problem (Kochenberger et al., 2015) and Maximum Vertex Weight
Clique Problem (Wang et al., 2016). Since several problems can
be formulated as UBQP, many researches focused on solving it
by using exact methods (Dinh et al., 2010; Gueye and Michelon,
2009; Kochenberger et al., 2015; Li et al., 2012; Mauri and Lorena,
2012; Pan et al., 2008) or heuristic algorithms (Hanafi et al., 2013;
Liefooghe et al., 2014; Lii et al., 2011; Shylo and Shylo, 2011; Wang
et al., 2012a; 2012b; 2013), furthermore a survey of the different
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strategies to approach the UBQP can be found in the literature
(Kochenberger et al., 2014).

In order to solve the UBQP, most of the proposed methods (ex-
act or heuristic) evaluate flip moves. Flip moves consist on choos-
ing one or more binary variables and changing their values to their
complementary values (i.e., from 1 to 0 or from 0 to 1). Usually,
flip move evaluations occur several times during the algorithm ex-
ecution, then applying an efficient strategy to evaluate flip moves
will improve the performance of different algorithms.

Some studies were made in the direction of efficiently eval-
uate flip moves, that are the cases of Glover and Hao proposals
(Glover and Hao, 2010a; 2010b), giving efficient methods to evalu-
ate flip moves selecting one and two variables (1-flip move and 2-
flip moves). Glover and Hao also presented extensions of the meth-
ods to higher order moves. Those ideas were implemented in a
tabu search with 1-flip move (Lii et al, 2010), in a local search
heuristic with 1-flip and 2-flip moves (Hanafi et al., 2013), and
in a tabu search which combined 1-flip and 2-flip moves (Wang
et al., 2016). The cases of flip moves with higher order are not fre-
quently encountered in the literature, mostly due to the common
belief that evaluating large neighborhoods of a solution is always
expensive.

The r-flip moves using the 1-flip or 2-flip evaluation techniques
in Glover and Hao (2010a,b) require O(nr) asymptotic time com-
plexity. This occurs because O(n) operations are used to update an
auxiliary vector each time the 1-flip or the 2-flip evaluation are
performed.

In this work we developed two closed-form formulas to reeval-
uate the objective function value of the UBQP after an r-flip move
and we provide algorithms for these formulas with computational
complexities of O(nr) and O(r2). These formulas differ from the ex-
isting methods, which usually apply incremental ideas. Also, our
formulas are easy to implement and very fast to compute.

This paper is organized as follows. In Section 2 we introduce
some notations. In Section 3 we give a closed-form formula to
evaluate any order of flip moves and an algorithm to compute it.
In Section 4 we propose a second closed-form formula, which con-
siders the existence of an auxiliary vector in order to reduce time
consumption. In Section 5 we present computational experiments
of heuristics implemented with the proposed formulas. Finally, in
Section 6, we give some final comments.

2. Notations and definitions

Before the discussion of our results we specify the notation we
use. First, we denote by N* the set of positive natural numbers.
Then, for any n € N*, we denote by B" the set of binary vectors of
dimension n, and by Q™" the set of rational matrices with dimen-
sion 1 x 1.

Notice that the UBQP receives an n € N* and a rational matrix
Q € Q™™ In Glover and Hao (2010a) was observed that UBQP over
a general matrix Q can be reduced to the case in which Q is lower
triangular. So, from now on, we only consider rational matrices for
the UBQP that are lower triangular, and we formally define the
UBQP as follows.

Problem 1. Unconstrained Binary Quadratic Programming problem
(UBQP)

Input: a positive natural number n € N* and a lower triangular
matrix of rational coefficients Q € Q™"

Output: a binary vector x € B" such that the function f(x) =
XTQx = 371 Y1 XiqijX; is maximized.

Now we introduce the concepts related to neighborhood and
flip moves.

Definition 1. Given two positive natural numbers n,r € N* and a
binary vector x € B", we define the r-neighborhood of x as the set
of binary vectors N;(x) € B", such that y € N;(x) iff y differs from
x in exactly r positions (i.e., [x —y| = Y1 % —yil =71).

Given two binary vectors x and y of same dimension, if y
N:r(x) we say that y was obtained by r-flip moves from x, and we
define the r-flip moves by the set of positions the vectors differ:

Definition 2. Given two positive natural numbers n,r € N* and
two binary vectors x,y € B", such that y € V;(x). We define the r-
flip moves that takes from x to y, as the set of positions where x
and y differ:

Ne(x,y)={i |

We also define the complement of that set, as the set of positions
where x and y are equal:

NT(Xﬁy) :{l |

Where N ={1,2,....n} = N:(x.y) UN:(x. ).
INr(x,y)| =r and |N;(x,y)| =n—r.

xi#Zyiand 1 <i<nj}.

xi=y;and 1 <i<n}.

Observe  that

If the binary vectors x and y are implicit by the context, then
we denote Ny(x, y) and N;(x,y) by N; and N, respectively.

The problem we approach in this paper is not to solve the
UBQP, but to evaluate the objective function of UBQP after r-flip
moves, for an arbitrary positive natural r. In order to define that
problem, we consider an instance (n, Q) of UBQP is given with two
solutions x,y € B", such that y € N;(x), for some positive natural
r. The objective is to calculate f(y) = yTQy, on the assumption we
already know the value for f(x) = xTQx and we also know the sets
N; and N;. Formally:

Problem 2. r-flip move evaluation problem for UBQP

Input: an instance I = (n,Q) of UBQP, a number re{1, 2, ---,
n}, two solutions x, y € B" for I such that y € N;(x), a rational value
f(x) =x7Qx and the sets N; and N.

Output: the value of f(y) =y7Qy.

Observe that the r-flip move evaluation problem for UBQP is
polynomial time solvable, since a simple O(n?) algorithm may ob-
tain the value for f(y) = yTQy. Our objective is not just to calculate
f(y), but to compute such value as efficiently as possible. In that di-
rection, next sections present closed-form formulas and algorithms
to efficiently obtain f(y).

3. r-flip move evaluation for UBQP

Given an instance I= (n,Q,r,x,y, f(x),N;,N;) of the r-flip
move evaluation problem for UBQP, we propose, in this section,
a closed-form formula to evaluate the objective function f(y) =
yTQy.

In order to obtain that formula, first we rewrite f(z)=
Y1 Xj_1Z4ijzj, for any vector z e B", by splitting and group-
ing the summatory in terms that depend on the partition of
{1,2,..., n} defined by N; and N;. The following fact shows us how
to rewrite f(z).

Fact 1. Given an instance [ = (n, Q) of UBQP, a solution z € B" for
I'and a partition (N;, Nr) of the set N={1,2,....n}, the formula
f(2) =27Qz = Y1 Y}_1 ziq;z; can be written as

f@=>2> zgqjzi+> Zi[ Y qijzi + szq1i+ZQifzj]~
icN; jeN, ieNy jeN, jeN; JeNr
i<i j<i j>i J<i

Proof. First we split the sum in four terms depending on the parti-
tion (N, N;), then we rewrite the third term, and finally we group
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together the last three terms of the formula:

f@) =3 ziayz; =) 74z

i=1 j=1 ieN jeN

j=i
= 2. DAz Y D Az + Y Y Az + Y Y ZidiZi
ieN; jeN; ieNr jeN, icN, jeNr ieNy jeNr
i<i j<i J<i j<i
=2 D Atz + )] ) Az + )] ) _Ziiti+ ) ) zidiiz)
ieN; jeN, ieNr jeN, ieN; jeN, ieNy jeN;
j<i j<i j>i J<i
=3 S+ L] Caiz+ Daai+ Y a )
ieN, jeﬁr ieN; jeN, jeNr j_GNf
i<i j<i j>i i<i

d

Notice that Fact 1 allows us to write f(z) for any vector z € B",
particularly we may write f{y) and f(x) as follows

fo) =3 viay+ Z}’i[ PILTIEDITEDD q"fyf]

ieN; jeN; ieN; jeN; jeN; JeN;
i<i i<i i j<i
00 = 3 Sovay + S| S+ Sxas+ X aw)]
ieN; jeN; ieNy jeN; jeN; JeN;
i<i < i j<i

By subtracting f(x) from f{y) we obtain
fO) = f0) =Y 0iqiy; — xidix;)

ieN, jeﬁr
J<i
+ Z%’[ Doaiyi+ Y Vidi+ Y QijJ/j]
ieN: " jeN, jeN: JjeN:
j<i j>i i<i
on] X+ i+ S ai |
ieN; jeN; jeN; JeN;
j<i j>i J<i

By definition x; = y; for all i e Ny, then

Z Z(YiQij}’j — X;qijX;) = 0.
ieN; jeN,
j<i

Also x; = 1 —y; for all ie Ny, so we obtain

fy)-fx) = Z%‘[ > oaiyi+ ) yidii+ ZQinj]
ieNy jENV jENr jst
i<i i i<i
—Z(l —}’i)[ Z qijy;j + Zyjqji +Z q;;(1 —}’j)]
ieN; jeN; jeN; JeN;
j<i ot i<i
==y [(1 - ZYi)( > ayyi+ ZYiji)
ieNy jeNr jeNy
J<i J>1

+ Z q;;(1 —y; —J’j)]-
JjeN;
J<i
From the above equation we may express f(y) depending on the
previous calculated value of f(x):

fO)=fx-) [(1 - Z.Vi)(ZQij.Vj + Z.Vﬂji>
ieNr jeNy jeNy
j<i j>i
+ Z%’j(l —Yi —y]-)].
JjeN:
J<i

We denote this result as the r-flip evaluation formula for UBQP
and we enunciate it in the form of a theorem, which takes advan-
tage of the previous known value of fix) to compute the value of

)

Theorem 1. Given an instance I = (n,Q,1,x,y, f(x), Ny, Ny) of the r-
flip move evaluation problem for UBQP, the value of f(y) may be ob-
tained by

f@) =fx) - Z [(1 —ZJ/i)(ZQij}’j + ZJU’Q;‘:’)

ieN; jeN; jeN;
Jj<i Jj>i

+Y g1 -y —y]‘)]-
jeNr
j<i
An interesting result we derive from the r-flip evaluation for-
mula for UBQP, is given by the following corollary, which states
that we may compute fly) without actually using any value of y,
only depending on x, f{x) and the partition (N;, N;). Such result
could be useful during a local search, where it is common to evalu-
ate the objective function on a neighbor solution without the need
of registering its variables.

Corollary 1. Given an instance I = (n,Q,1,x,y, f(x), Nr, Ny) of the r-
flip move evaluation problem for UBQP, the value of f(y) may be ob-
tained by

fO)=Ffx+y [(1 —2Xi)<ZQinj + Z%‘i’ﬁ)

ieN; jeN; jeN;
j<i j>i
+ ) q;(1—x— Xj)]-
JjeN;
J<i

Proof. The r-flip evaluation formula states that

o) =fe0-% [(1 - 2,vl->( g+ Y qﬁy,-)
ieNr jeNr jeNy
J<i J=1
+ Y q;(1-y —y]')]~
JeNy
j<i

Since y; =1 —x; Vi e Ny and y; = x; Vi € Ny, we have

§0) = o0 - Y[ =20 —x)( L ag + X ay ) |

ieN; jeN, jeN,
j<i Jj>i
=33 a1 =1 -x)— (1-x)))
ieN; jeN;
J<i
=fx)+ Z [(1 - in)( Z qijXj + Z jSxj)
ieNr i<y i<y
J<i J>1
+ ) (1 —x - Xj):|~
JjeN:
i<i

O

Also, the r-flip evaluation formula can be adapted to the cases
of 1-flip and 2-flip moves, obtaining new closed-form formulas
for those cases, already studied in the literature (Glover and Hao,
2010a; 2010b). Corollaries 2 and 3 give us these formulas.

Corollary 2. Given an instance I = (n,Q, 1,x,y, f(x), {k}, N\ {k}) of
the 1-flip move evaluation problem for UBGP, the value of fly) may
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be computed by

k-1

f@) = f0) -1 =2y (Qkk+ZQkJYJ+ Z q,ky])

j=1 Jj=k+1
Proof. The r-flip evaluation formula states that

fo)=fx) -y [(1 - 2}’i)<ZQinj+ ZjSyj)

ieN; jeN; jeN;
j<i j>i

+) g1 -y —Yj)]~
JjeN:
J<i

Since N; = {k} and Ny = {1, ..., n}\ {k}, we have

fo) = fo - [(1 - 2% (qujyﬁ Z q]ky])

j=k+1
+ (1 =y —J’k)]
k-1
= fx) — (1-2y) (qkk+qu,y1+ Z q]ky])
j=1 Jj=k+1

O

Corollary 3. Given an instance = (n,Q,2.x,y, f(x),{k, ¢},N\
{k, ¢}) of the 2-flip move evaluation problem for UBQP, where k < ¢,
the value of f(y) may be computed by

k-1 n
fy=fx-Qa- 2}’1<)(Qkk +Y agyi+ Y QjI<J/j>

j=1 j=k+1
jt
-1
-(1 _ZYI)(qM +) 4y + Z q]eyj)
j=1 Jj=t+1
Jj#k

—qu (1 = Yo — V).

Proof. By replacing the values of N, = {k,¢} and N, =N\ N, in
the r-flip evaluation formula we obtain

f0 = f0 - Y[ -2 ( T + X aw)

ieN; jeN; JjeN;
J<i J>1
+ ) q;(1 —J’i—J/j)]
JjeN;
j<i
= f(x) - [(1 =2y) <qu1y1 + Z QJRJ’])
j=k+1
J#t
+ Qe (1 = Y —yk)] - [(1 - ZYE)(Z‘MJ/; + Z q,zy])
Jj=t+1
]#k
+quc (1 =Ye = Y1) +qee(1 = e —Ye)]
k-1
=f(x)— (1 =2y) (qkaqkjyﬂr Z qjky,)
j=1 Jj=k+1

it

-1 n
-1 —2}’6)(% +ZQ@jJ’j + Z szJ’j) — Qe (1 =Yk — Ye).

j=1 j=t+1
Jj#k

These results are useful to evaluate the objective function when
the neighborhood structure of the designed algorithm requires a 1-
flip or 2-flip moves, commonly used in the literature (Hanafi et al.,
2013; Li et al, 2010; Wang et al, 2016). Also, by implementing
these specific formulas instead of the general case, we may reduce
the computational effort.

Algorithm 3.1, give us how to compute f{y) using the r-flip eval-
uation formula with time complexity O(nr), improving the O(n?)

Algorithm 3.1: r-Flip_Evaluation.

Input :n,Q, 1Y, fu Ny, Ny
Output: f,
1 fy < fe
2 forieN; do
3 for j € N, do
4 if y; =1 then
5 if j<i then f, < f, — (1 -2y,)q;
6 L else f, < f, — (1 -2y,)q;i
7 fy < fy—(=2y)qa
8 k<1
o | je NIk
10 while j<i do
1 fy < = A —=yi-ypai;
12 k<—k+1
13 ] <~ Nr[k]

that calculates f{y) from scratch (without using previous informa-
tion). Notice that, for fixed values of r, the time complexity results
in O(n), achieving a linear algorithm to compute f(y).

4. r-flip evaluation with a reevaluation vector

Inspired by the results in Glover and Hao (2010a,b), in this sec-
tion we show how to reduce the computational effort needed to
calculate the r-flip evaluation formula by maintaining a vector with
the values of f(z) — f(x) for each z € A7 (x), besides knowing f(x),
N; and N;.

From now on, we denote by Ax the vector containing the
values of f(z) — f(x) for each z e Nq(x), where Ax; represents
f(z) — f(x) iff z can be obtained by flipping the ith position of x.
Then, by Corollary 2

AX = f@) - f(x)
[0 - (1= 2x)(aa +unx, Py a;) |- o

Jj=i+1

—(1 — 2xi)(q,-,- + unxj + Z qﬁxj>'

j=1 j=i+1

On the hypothesis we know Ax, which we call by reevaluation
vector of x, the following theorem gives us a new closed-form for-
mula to solve the r-flip move evaluation problem for UBQP.

Theorem 2. Given an instance I = (n,Q,1,X,y, f(x), Ny, N;) of the r-

flip move evaluation problem for UBQP and the vector Ax, the value
of fly) may be obtained by

fo =fx® - Z [Axi +Yi un(l —-2y;)

ieNy ]ENr
J<i
—-(1-2y) ZQﬁ(l —J/j)]~

JeN:
j>i
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Proof. The r-flip evaluation formula states that

o) = 100 -3 [ -2 ( T+ X aiy)

ieN: jeNr iy
J<i =1
+ Z%’(l -Yi —Yj)]
JjeNr
j<i
= f(x) - Z [(1 - ZYi)(ZQij.Vj + ZjS.Vj>
ieN: jeN: jeN:
Jj<t J>1
+qi(1—yi—y) + > qi(1 -y —Yj)]
J<t
=f(x) - Z [(1 - 2}11')(%' + Z qijy;j + Z Qﬁ}’j)
tehr jeNy jeNy
j<i j>i

+ Y qii(1 -y —Yj)]~
jeN:
J<i
Since yj=1—x; YieN; and y; =x; VieN;, then we can re-
place y; by x; in (1 - 2)’i)<¢1ii + 2 ieN, 9ilYi + 2 jen, jSy]') and ob-
j<i j>i

tain
fo) =fo-Y [(1 —2(1 —x»)(qﬁ +Y g+ Y qﬁxj)
ieN; jeN, jeN,
j<i Jj>i

+Y g1 -y —}’j)]

e,
j<i
=f-> [ -(1- 2Xi)(£1n‘ + Y @i+ Y sz‘xj)
ieN; jeN; JjeN;

j<i Jj>i
+ Y g1 -y *.Vj)]-
JjeN:

]<i

Since N = N; UN;, then

fo) =fk) - Z[— (1- ZXi)(Qii +) X — Y @i,

i, e
j<i j<i
+ Z qjiXj — Z (Ijixj) + Z qij(1 - y; _.Vj)]
jeN JjeN; JjeN:
Jj>i Jj>i j<i
= f(x) - Z [ -(1- in)(ql'i + qu'jxj + Z%’i’ﬁ)
ieNr JeN JeN
J<i J>1
+ (- 2Xi)<z QX+ jSXj> +Y aqii(1-y; —}’j)]-
e jen
j<i j>i j<i
Notice that, for eachie N
i-1 n
Axi=—(1- ZXi)(Qii +D axi+ Y jSxj>
j=1 j=i+l
=-(1- 2Xi)(£1n‘ + ) 4iX + ZjSxj>-
jeN jeN
j<i j>i

Then
fo)=Ffx -y [Axi +(1— in)(ZqUXj + Z‘b‘i’ﬁ)
ieNy JENr ]ENr
j<i j>i

+ ) q;(1 —Yi—J/j)]-
J<i

By replacing x; = 1 — y; Vi € N;, we obtain

J0) = £00 = 1 [Ax+ (=20 -y) (L ay1 - )

ieN, JeNr
j<i
+ qui(l —Yj)> + ZCIUU —Yi —Yj)]
jely Jely
J>1 j<i
=f(x) - Z [Axi +Yi Z%U —-2y;)
ieNy JENr
J<t
- (1-2y) Zq]'i(l —y}')]~
JeN:
j>i

O

Similarly to the r-flip evaluation formula, we may express this
new result in terms of x, without using the values of y.

Corollary 4. Given an instance I = (n,Q,1,x,y, f(x), Ny, Ny) of the r-
flip move evaluation problem for UBQP and the vector Ax, the value
of fly) may be obtained by

J0) = £00 = 1 [Ax— (1= x) (1 - 2x)
ieN; JjeN:
j<i

+ (l - 2Xl') Zq],xj]

JjeNr
Jj>i

Proof. Theorem 2 states that
J0) = £ = [ Ax i Y a3 (1 - 2)

ieN; JjeN:
j<i
~(-29) Y a1 -y,
]>1

Since y; =1 —x; Vie N;, we have

fo) =f®-Y [Axi +(1=x) Y q;(1-2(1-xp)

ieNy ]ENY
J<t
—(1-2(1-x)) Y g1 = (1-x))]
inl\?
= [0 =[x - (1-x) Y a1 - 2x)
ieN; jeN:
j<i

+(1-2x) ) jSxj]
J>1

O

By wusing the result from Theorem 2, we designed
Algorithm 4.1  with O(r?) time complexity. Notice that, for
fixed values of r this algorithm runs in constant time, and overall
is asymptotically better than Algorithm.
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Algorithm 4.1: r-Flip_RV_Evaluation_y.
Input :n, Q, 1y, fi Ni, AX

Output: f,
1 fy <~ fx
2 for k=1tor do
3 i < N;[k]
4 fy < fy = Bx
5 for ¢ =1tor do
6 J < Nele]
7 if j < i then
8 | ify;=1then f, < f,—(1-2y))qy;
9 else if j > i then
10 L if yj =0 then f, < f, +(1-2y,)q;

The neighborhood A (x) contains O(n") solutions. So, if we use
Algorithm to evaluate all those solutions, the time complexity
would be O(n"nr) = O(n"*1r), while if we use Algorithm 4.1, the
time complexity would result in O(n"r?) plus the time of comput-
ing the vector Ax. If r=1, then, by using Algorithm, to evaluate
the neighborhood will take O(n?) time, so any algorithm A that
computes Ax in time O(n?) will guarantee also O(n2) time com-
plexity when using Algorithm 4.1. But, if r> 1 then, the same algo-
rithm A (with time complexity O(n?)) will guarantee the neighbor-
hood evaluation by Algorithm 4.1 in time O(n'r?), better than the
O(n™*1r) given by Algorithm. Next subsection will discuss strate-
gies to maintain the reevaluation vector of x in better times than
0o(n?).

4.1. Reevaluation vector maintenance
First, we must show how to initialize the reevaluation vector

of x. In order to first compute that vector, we use a simple and
straightforward O(n?) method given by Algorithm 4.2 . So, by using

Algorithm 4.2: Initial_Reavaliation_Vector.

Input :n, Q,x
Output: Ax
1 fori=1ton do
2 AXj < Gji
3 for j=1toi—1 do
4 | if x; =1 then Ax; < Ax; +g;;

5 for j=i+1ton do
L ifXj:l then Ax; < Ax;+qji

7 if x; = 0 then Ax; < —AX;

this method we already raise an improvement over the proposed
solution without using reevaluation vector (given by Algorithm ).

In the direction of avoiding to compute Ax, from the very be-
ginning, for each new solution x, we propose to update the reeval-
uation vector of x. That is, once a move is made from x to y, where
¥y € Nr(x), we will update the revaluation vector instead of initial-
izing it again. Proposition 1 gives us a result that will allow us to
realize such update.

Proposition 1. Given an instance I = (n, Q,1,x,y, f(x), Ny, N;) of the
r-flip move evaluation problem for UBEP and the vector Ax, the
reevaluation vector of y can be obtained by

Ay — —Ax;i+ (1 -2y By, if ieNr
P Ax;+ (1 - 2y,~),3yi if ieN;
where By, = Zj;l\{r qij(1 = 2y;) + Zj;Nr qji(1=2y;) for all ieN.
J=<t Jj>i

Proof. Let D; be the difference between the reevaluation vectors
Ay; and Ax; that is D; = Ay; — Ax; Vi e N. By the Ay definition

we know
i—1 n
Ayi=—-(1- 2}’1‘)(% +Y ayi+ Y. jSYj)-
j=1 J=i+1
Then
i—1 n
Di=-Axi—(1- 2}/1‘)(%‘ + Zq:‘ij + Z jSJ/j>
= j=irl
=—-Axi—(1- 2}/f)<Qii +Y aqyi+ Z%ﬂh’)-
JeN JeN
j<i j>i

Since N; UN; = N, we have
Di = —Ax;i — (1-2y;)
(%‘ DI DRI NI TIEDY jSJ’j>~
]GNr jeN; ]ENT jeN;
j<i j<i J>i i

By definition y; = 1 —x; Yie N; and y; = x; Vi € Ny, then

Di = -Axi—(1- 2)’1‘)(%‘ +Y (1 =x)+ Y qijx;

]ENr jeNr
Jj<i j<i
+ Y qi(1=x)+) jSxj>~
JjeN: jeN;
j=i joi

Since N; UN; = N, we have

Zq,‘ij = ZijXj — Zqijxj and

jel jeN jeN:
j<i J<i J<i
Z qijXj = ZQinj - ZQinj-
joi j=i ji
Then
Di = —Axi—(1- 2}’1‘)(% Y QX+ Y @ixg+ Y qi(1—2x))
JjeN jeN jeNy
j<i j>i j<i
+Y q;(1- 2Xj)>
JjeNy
J>1
=-Axi—(1- ZYi)<Qii +) X+ Zq]'ixj)
JeN JjeN
J<i J=>1

—-(1- 2}’1‘)( E qij (1 —2x;) + E q;i(1 - 2Xj)>4
je, e,
j<t ]>1

Since x; = 1 —y; for all ie N;, we have

D; = -Ax;— (1 - 2}’1‘)(% + ZQinj + ZjSxj)

JeN JeN
j<i j>i
~A-2)( a1 -20-y) + ¥ ai(1-201-y)
J=<i j>i
=—-Axi—(1- ZYi)<Qif +Y X+ ZjSxj)
JjeN JeN
Jj<i J>1
+(1 - 2}’1)(2%(1 -2y))+ ZjS(l - 23/1))-
jeN; JeN;

j<i j>i
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We defined 13}’1' = Z}eNr q,](l — 2yj) + ZjeNr q],(l - 2y]) Then

J<i Jj>i
Di=-Ax;—(1- 2}’1‘)(%‘ + Zq:‘jxj + Z%‘i’ﬁ') + (1 -2y)By,.
JjeN JeN
J<i J>1

Now, we divide in two cases:

e Case 1. If ie Ny, then y; =1 —x; and

D= -Ax - (1-2(1 —Xi))(Qﬁ +3 g+ ZjSXj)

e e
j<i j>i
+ (1 - z.yi):B}’i
i n
= —AXi — (— a- 2Xi)<£1ii +D o qxi+ Y %in>>
=1 j=it1
+(1=2y)By,

= —2Ax; + (1 -2y) By,
e Case 2.If i e Ny, then y; = x; and

D; = —Ax;— (1 - 2Xi)<qii+ZQinj +Zq]’ixj) + (1 -2y) By,
JeN JeN
<t J>1
= —Ax;+ Ax; + (1 - 2y) By,

= (] - 25’1‘):8)4'

From the above cases we obtain

Di — —ZAXi + (l — ZJ’i)lgyi ifie Er

T (1 -2y By, if ieN;
Since Ay; = D; + Ax;, then

Avs — —Axi+ (1 -2y By, ifieN;

' AX[ + (1 — 2yi)/3}’i ifie Nr

O

Similarly to previous results, we can express the formulas to
update the reevaluation vector of y without using the actual values
y, depending only on x.

Corollary 5. Given an instance I = (n,Q,1,x,y, f(x), Nr, Ny) of the r-
flip move evaluation problem for UBQP and the vector Ax, the reeval-
uation vector of y can be obtained by

) =Ax 4+ (1= 2x%) By,
Ay = { Ax;i— (1-2x)By

if ieN;

if ieN;

where By, = Y ien, 4ij (1 — 2X;) + X_jen, 4;i(1 — 2X;) for all ie N.
j<i Jj>i

Proof. Since, y; =1 —x; for all ie N, we have

By = aij(1—2y) + Y q;i(1-2y))

Jely Jely
J<i j>i
= Z qij(1=2(1-x;)) + Z q;i(1-2(1-x;))
ey JeNy
J<i j>i
= —[ D a1 =2x)+ ) q;(1 - 2Xj)]
JjeN: JeN;
j<i ja>i
= _ﬁxi'
So, by Proposition 1 and knowing that By, = —Bx,. we have
AV = —Axi—(l —Zyi)ﬂxi if ieﬁr
Vi) Axi— (1-2y)Bx if ieN,

Since y; =1 —x; for all ieN; and y; = x; for all i € Ny, we ob-
tain

) -Axi 4+ (1 -2x) By,
Ay = { Axi— (1-2x) B,

if ieN;
if i eN;
O

Algorithm 4.3 shows us how to wuse the result from
Proposition 1 to update the reevaluation vector from solution x to

Algorithm 4.3: Reevaluation_Vector_Update_y.

Input :n, Q, 1y N Ax
Output: Ay

1j<1

2 fork=1tor do

3 i < Ni[k]

4 B < GET_B(i,1,y,Q,N;)
5 Ay« —Ax+ (1-2y)B
6

7

8

9

while j<i do
B < GET_B(j,1,y,Q,N;)
Ayj < Axj+ (1 -2y))B
j<—j+1

0 | j<—j+1

1 while j <n do

12 B < GET_B(j, 1.y, Q,N;)

13 | Ayj < Axj+(1-2y)p

1w | jej+l

y in O(nr) time complexity, improving the O(n?) required in case
we initialized the vector at every solution. This algorithm uses the
auxiliary Algorithm 4.4, with time complexity O(r), to compute the
values of By,.

Algorithm 4.4: Get_p.
Input :i, 1,y Q, N,
Output: 3

B <0

for k=1tor do

GoA W N =

j < Ni[k]
if j <ithen 8 < B+ (1-2y))q;
else if j > i then 8 — B+ (1 -2y))q;

5. Computational experiments

The previous sections gave us theoretical results that extend the
ones in Glover and Hao (2010a,b). Moreover, our results are simple
to implement and run very fast.

In this section we present computational experiments showing
that those results also may improve the performance of algorithms
based on neighborhood evaluations. The selected algorithms to ex-
ecute the tests were classical heuristics: two Local Searches and
a Variable Neighborhood Search (VNS). We compare three imple-
mentations of each one of those heuristics: using Algorithms, 4.1,
an O(n?) method based on the objective function formula given
by Algorithm 5.1 and the 1-flip computation of Glover and Hao
(2010a) given by the Algorithms 5.2-5.4.

The improvement comparison from one implementation to an-
other is based on the following speedup measure: Given two pro-
grams A and B that solve the same problem, the speedup of B com-
pared to A quantifies how many times B is faster than A and is
calculated by t4/tg, where t,4 and tp are, respectively, the process-
ing times of the programs A and B. Observe that, depending on the
value of the speedup of B compared to A we have three possibil-
ities: if that value is lower than 1, then B is slower then A; if the
value is equal to 1, then both programs have the same processing
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Algorithm 5.1: Basic_Evaluation.

Input :n,x, Q
Output: v
1v<0

2 fori=1ton do

3 if x; = 1 then

4 for j=1toido

5 | ifx;=1then v« v+g;

Algorithm 5.2: 1-Flip_Evaluation_GH.

Input : k, fx, x, Q, rowValue, colValue
Output: fx
1 dif < rowValue[k] + colValue[k] + gy,
2 if x, =1 then fx <« fx—dif
3 else fx < fx+dif

Algorithm 5.3: RowCol_Init_GH.

Input :n,x Q
Output: rowValue, colValue
1 Initialize rowValue and colValue with zeros

2 fori=itondo
3 for j=1toido
4 L if x; = 1 then rowValuel[i] < rowValueli] + g;;

5 for j=i+1tondo
6 L if x; = 1 then rowValueli] < colValue[i] + q;;

Algorithm 5.4: RowCol_Update_GH.

Input : n, k, x, Q, rowValue, colValue
Output: rowValue, colValue

1 fori=k+1tondo

2 | rowValueli] « rowValueli] + (1 - 2x,)q

3 fori=1to k do
4 L colValue[i] < colValuel[i] + (1 — 2x;)qy;

time; otherwise B is faster than A (when the value is greater than
1).

In order to execute our experiments we selected instances from
OR-Library, available in the public website http://people.brunel.ac.
uk/~ma stjjb/jeb/orlib/bgpinfo.html. Each instance is identified as
bgpn, where bgp means binary quadratic programming and n is
the size of the instance, representing the number of elements in a
solution vector. There are 10 instances for each one of the available
sizes: 50, 100, 250, 500, 1.000 and 2.500. The nonzero coefficient
of the instances matrices are integers in the range [—100, 100].

Finally, all of our implementations were done in C program-
ming language, compiled with gcc 5.4.0, executed on a Processor
Intel Xeon(R) CPU E5-1620v2 4 cores of 3,70 GHz each and 8 GB
of RAM, under Linux Ubuntu 16.04 LTS 64 bits and the CPU times
were obtained by using the gettimeofday () function.

Next subsections will discuss the results of our tests.

5.1. Local search experiments

Before discussing the computational tests on the local search
heuristics, we describe the two variants of this strategy imple-
mented by us. The general local search starts at a solution x and
move to a neighbor solution y that improves the objective func-
tion value at x, if the solution y exists the process restarts, other-
wise it finishes. Usually there are more than one neighbor better
than x (i.e. that improve the objective function value at x), so when

there are at least two neighbors better than the current solution,
we can select the movement in two different ways: to move to
the first neighbor better than x, or to move to the best among the
neighbors better than x. Algorithms 5.5 and 5.6 give us two local

Algorithm 5.5: Local_Search_Best_First.

Input :n, nbr x Q

Output: x

1 repeat

2 better < false

3 for j=1tonb do

4 y < Select a random vector in N;(x)
5

6

7

8

if f(y)<f(x) then
better < true
X<y
break

9 until better = false

Algorithm 5.6: Local_Search_Greedy.

Input :n, nbr x Q

Output: x

repeat

better < false

Diff <0

for j=1tonb do

L y <« Select a random vector in N;(x)

S U A WN =

if f(y) - f(x)<Dif f then Dif f — f(y) — f(x)

if Dif f<0O then
better « true
X<y

® N

10 until better = false

search implementations, each one based on a different movement
selection strategy. Also, both algorithms receives a parameter nb to
bound the number of solutions of each neighborhood to be ana-
lyzed, in our case all the tests were made with nb = n.

Observe that, both Algorithms 5.5 and 5.6 must evaluate, at
each iteration, the objective function for each neighbor y selected
from a subset of random solutions of A} (x). Such evaluation can be
executed by using either of the Algorithms, 4.1 or 5.1, so we ana-
lyzed the speedups of the implementations using Algorithms and
4.1, compared to the one using Algorithm 5.1. For a given instance,
the exactly same sequence of solutions is evaluated by the local
search with each algorithm:, 4.1, 5.1 and 5.2. So, each implementa-
tion produces the same sequence of objective values for the same
sequence of flipped variables.

The speedup values of the Algorithms 5.5 and 5.6 are shown
in Tables 1 and 2, respectively. On those tables, the speedup val-
ues associated to the implementations based on Algorithm 5.2 are
in the column (r1-flip), the speedup values associated to the im-
plementations based on Algorithm are in the column (r-flip), and
the speedup values associated to the implementations based on
Algorithm 4.1 are in the column (r-flip-RV).

The (BF) column states for Algorithm 5.1 and contains the pro-
cessing time in seconds of that algorithm.

Most of the speedup values from Tables 1 and 2 are larger than
1 and raise as the instance sizes increase, implying that the im-
plementations based on Algorithms, 4.1 and 5.2 are faster than
those based on Algorithm 5.1. Also, we observe that the speedup
associated to the implementation based on Algorithm 4.1 (r-flip-
RV column) is always greater than 1. Even more, for values of r
greater than 1, the speedup values associated to Algorithm 4.1 im-
plementation is much greater than the speedup values associated
to the implementations of the Algorithms 5.2 (r1-flip column) and
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Table 1
Speedups of the Local_Search_Best_First implementations.

Local_Search_Best_First

inst

BF r1-flip r-flip r-flipRvV  BF ri-flip  r-flip r-flipRV  BF ri-flip  rflip  r-flipRV
bgp r=1 r=2 r=>50
250 t(s) speedup t(s) speedup t(s) speedup
1 0.13 10.70 9.01 10.51 0.15 7.38 6.89 9.89 0.06 1.89 1.27 4.62
2 0.10 9.44 7.98 9.04 0.18 6.57 6.16 8.83 0.05 1.83 1.21 4.47
3 0.10 8.08 6.82 8.08 0.08 6.44 6.06 8.51 0.02 1.75 1.20 4.05
4 0.11 10.33 8.72 10.29 0.15 7.76 7.26 10.28 0.04 2.02 1.34 4.78
5 0.10 9.09 7.75 8.92 0.10 6.75 6.35 9.00 0.04 1.80 1.22 4.29
6 0.07 8.53 7.40 8.43 0.14 7.89 7.41 10.59 0.04 1.92 1.30 4.60
7 0.11 10.36 8.81 10.29 0.12 7.34 6.44 9.80 0.03 1.82 1.22 4.33
8 0.08 11.52 9.94 11.47 0.12 7.56 7.08 10.06 0.03 1.84 1.23 422
9 0.12 8.98 7.70 9.08 0.07 6.00 5.69 7.96 0.03 1.78 1.22 4.19
10 0.12 9.18 7.77 9.12 0.13 7.89 7.30 10.15 0.05 1.77 1.18 4.23
bagp r=1 r=2 r=100
500 t(s) speedup t(s) speedup t(s) speedup
1 0.96 19.00 1557 18.93 1.62 13.61 1259  19.05 0.32 1.50 1.08 5.54
2 1.27 18.87 15.22  18.76 1.42 13.12 12.15 1835 0.32 1.58 1.12 5.66
3 0.85 16.33 1345 16.24 1.00 13.06 1236  18.34 0.24 1.57 1.09 5.50
4 0.69 18.91 1574 18.77 0.95 12.63 11.72 1747 0.24 1.53 1.09 5.45
5 0.76 19.52 16.26  19.45 1.26 12.94 11.98 1791 0.21 1.50 1.08 5.58
6 0.62 17.93 14.93  17.75 1.81 12.68 1245 19.56 0.21 1.69 1.21 6.07
7 1.27 19.12 1558  19.06 1.30 13.70 1296  19.28 0.24 1.56 1.11 5.63
8 0.89 18.78 1555 18.70 1.08 11.89 11.07 16.62 0.36 1.51 1.07 5.44
9 0.94 18.53 15.16  18.48 1.37 13.39 1248  18.82 0.26 1.53 1.10 5.50
10 0.80 19.63 16.27  19.57 1.28 13.32 1233 1857 0.26 1.50 1.08 543
bgp r=1 r=2 r=200
1000 t(s) speedup t(s) speedup t(s) speedup
1 8.33 37.82 29.60 37.76 10.85 24.38 21.75  35.72 2.28 1.27 0.89 7.47
2 8.64 36.96 28.65 37.17 23.15 24.86 21.76  37.11 1.75 1.23 0.87 6.62
3 8.58 35.35 27.27  35.21 8.56 23.01 20.46  33.58 3.38 1.22 0.86 7.17
4 12.10 35.35 26.79 3531 10.91 25.18 2240  36.89 1.60 1.24 0.87 6.94
5 12.69 36.25 27.72 3630 7.82 23.39 20.77  34.04 1.92 1.29 0.90 7.61
6 10.49 36.39 27.78  36.34 10.21 24.99 2244  36.54 3.29 1.25 0.87 7.40
7 13.03 36.02 2745  36.06 17.05 23.59 20.82  35.03 2.22 1.20 0.84 7.11
8 11.28 35.21 26.77 3521 11.03 23.65 20.92 3473 1.75 1.21 0.85 6.98
9 11.44 35.09 26.79  35.04 13.53 23.97 21.14 3545 1.42 1.24 0.87 7.11
10 9.33 34.59 26.52 3447 11.87 23.44 2095 3443 2.04 1.26 0.88 7.28
bgp r=1 r=2 r =500
2500 t(s) speedup t(s) speedup t(s) speedup
1 347.69  97.40 67.66  97.01 360.79  58.31 5227  97.81 2594 083 0.82 8.10
2 162,55 10034 7261 99.23 45393  59.39 5296  100.23 23.06 0.82 0.82 7.99
3 26549  99.47 70.43  98.67 34040 61.03 54.85 102.35 18.16  0.82 0.83 8.06
4 24573 102,52  72.03  101.93 44093  59.67 53.19  100.27 36.37 0.80 0.79 7.85
5 259.17 10047 6840  99.49 546.84 57.98 50.65 100.41 2238 0.80 0.79 7.79
6 24521  96.11 6599  95.16 44263  56.53 49.55 97.35 16.57 0.80 0.76 7.51
7 384.65 99.90 67.01  99.37 50095 56.79 49.61  98.62 28.80 0.79 0.76 7.69
8 43314  95.77 64.52 9531 380.85  55.57 49.11  95.30 3498 0.83 0.79 8.09
9 21332 91.24 63.20 90.10 35147 56.49 49.94  96.70 2290 0.79 0.78 7.61
10 290.14  99.01 67.60  98.21 403.81  59.11 52.00 101.61 3141 0.80 0.78 7.79

(r-flip column). Moreover, for r =1, the greater speedup values
from Table 2 still are from Algorithm 4.1 implementation (r-flip-
RV column), but those values are very close to the ones given by
Algorithm 5.2 implementation (r1-flip column) which are slightly
better in Table 1.

Figs. 1 and 2 also compare, respectively, the speedups of the
implementations of the Algorithms 5.5 and 5.6. Such speedup com-
parison was based on the implementations of the heuristics using
Algorithms, 4.1 and 5.2 to evaluate flip moves.

Notice that charts (a)-(d), in both Figs. 1 and 2, show that the
local search algorithms have a much better performance for the
lower values of r, when they use the reevaluation vector tech-
nique given by Algorithm 4.1. For greater values of r this perfor-
mance decreases, until the local search algorithm using the basic
reevaluation obtain better performances. That can be explained by

the fact that, for greater values of r (i.e. r = Q(n)), the computa-
tional complexities of the reevaluation techniques given by Algo-
rithms, 4.1 and 5.2 for computing r-flip moves become 0(n?) with
related constants greater than the one related to Algorithm 5.1.
Besides, we observe that, in Figs. 1 and 2, the proportion of per-
formance in their respectively chart (d) is higher than in charts
(a), (b) and (c), which means that the higher the size of the in-
stance, the better the speedup of our implementations of local
search heuristic based on Algorithms, 4.1, and 5.2 to evaluate flip
moves.

5.2. VNS experiments

We implemented and tested not only the local search heuristic,
but also the VNS metaheuristic. In this subsection we show and
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Speedups of the Local_Search_Greedy implementations.
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Local_Search_Greedy

inst

BF r1-flip r-flip r-flip RV BF ri-flip  r-flip r-flipRV  BF ri-flip  r-flip  r-flipRV
bagp r=1 r=2 r=>50
250 t(s) speedup t(s) speedup t(s) speedup
1 1.23 7.96 6.21 8.29 0.71 6.11 5.42 8.77 0.10 1.36 0.94 3.73
2 1.07 7.87 6.12 8.19 0.58 4.38 4.03 6.28 0.08 1.85 1.12 4.83
3 0.87 5.62 447 5.84 0.60 7.02 6.12 10.08 0.11 1.72 1.04 4.48
4 1.22 10.93 8.40 11.37 0.58 6.91 6.06 9.92 0.09 1.45 0.95 3.90
5 1.32 9.27 7.15 9.64 0.54 4.97 4.51 7.14 0.19 2.23 1.41 6.07
6 1.20 6.91 5.45 7.20 0.77 10.07 8.93 14.50 0.10 2.38 1.56 6.63
7 1.43 13.82 10.58  14.37 0.73 9.70 8.53 13.96 0.11 1.72 1.05 4.48
8 1.33 14.17 10.89 14.74 0.66 6.93 6.07 9.96 0.11 1.60 1.00 4.21
9 1.13 8.54 6.62 8.89 0.35 5.09 4.62 7.31 0.10 2.40 1.60 6.73
10 1.25 8.20 6.38 8.54 0.66 10.78 9.59 15.51 0.08 1.86 1.12 4.86
bagp r=1 r=2 r =100
500 t(s) speedup t(s) speedup t(s) speedup
1 20.16 20.59 1519 2135 10.56 12.65 10.86  18.82 0.80 1.23 0.87 4.93
2 17.17 17.68 13.05 1834 8.07 8.86 7.93 13.18 0.94 2.08 1.39 8.56
3 15.39 12.47 9.44 12.93 11.12 18.92 16.44  28.21 1.01 2.01 1.32 8.19
4 24.60 25.80 19.04 26.76 13.08 17.53 1517  26.10 0.98 1.50 0.95 5.89
5 21.76 27.08 20.01  28.09 9.22 11.76 10.11 17.51 0.83 1.39 0.91 5.47
6 20.23 18.12 1334 18.80 10.14 10.68 9.26 15.90 0.86 2.15 1.48 8.93
7 18.35 15.52 1146  16.09 12.00 19.18 16.68  28.58 0.79 1.57 0.99 6.15
8 24.53 26.71 19.87  27.70 8.45 13.12 11.22 19.53 1.00 2.00 1.33 8.12
9 18.22 20.34 1489  21.10 10.42 18.33 1589  27.31 0.65 1.61 1.02 6.31
10 23.22 25.92 19.18  26.40 10.44 12.99 11.10 1934 0.82 1.37 0.91 5.40
bgp r=1 r=2 r=200
1000 t(s) speedup t(s) speedup t(s) speedup
1 372.97 52.51 37.39 5437 175.44 34.32 29.52 5341 6.54 1.21 0.83 7.45
2 349.72 51.39 36.68  53.22 148.48 21.37 17.89  33.40 7.59 1.12 0.80 6.94
3 307.99 32.91 23.08  34.11 128.39 19.01 16.14  29.68 8.53 1.72 1.25 10.99
4 292.49 28.93 2045 29.97 189.15 35.17 3037 5495 7.18 1.33 0.90 8.19
5 367.75 53.63 38.51 55.45 149.59 24.66 20.64  38.51 7.46 1.65 1.20 10.48
6 287.73 38.92 2736 4036 179.77 33.94 29.18  53.00 5.46 1.34 0.91 8.30
7 344.52 51.02 36.41 52.84 140.62 23.90 20.24  37.86 4,26 1.05 0.78 6.51
8 297.39 36.70 25.68  37.97 135.17 18.61 15.88  29.08 4.04 1.12 0.79 6.90
9 267.83 29.03 20.55 30.04 128.93 20.26 17.04  31.67 3.47 0.86 0.73 5.40
10 311.88 31.97 2237  33.11 114.66 14.04 1269 2194 4.77 0.96 0.76 5.99
bqgp r=1 r=2 r =500
2500 t(s) speedup t(s) speedup t(s) speedup
1 13220.38  83.43 5412  86.84 8109.88  75.85 62.86  139.66 120.82  0.86 0.82 8.91
2 1627545 13447 86.63  139.98 6504.41 58.38 49.12  107.86 17755 0.85 0.73 9.29
3 15097.07 10598 63.86  104.40 7378.03  73.80 56.95  121.87 86.89 0.97 0.83 8.35
4 16111.23 13140 81.50 136.78 6694.76  57.22 4828 105.28 86.42 0.68 0.75 6.62
5 14955.03 104.06  67.81 108.30 6016.66  44.19 40.64  81.69 65.32 0.76 0.80 7.81
6 12506.08  79.72 53.36  82.98 6429.20 50.84 4427  91.12 64.98 0.52 0.72 5.09
7 13203.21 90.12 57.83  92.78 5078.57 27.74 28.56  56.49 172.78  0.65 0.78 6.55
8 12028.88  63.78 4443  66.38 5694.21  38.29 3558 68.39 109.04 0.81 0.82 8.26
9 11303.41 65.66 4513  68.33 6206.45  53.08 4594  94.88 161.02 1.01 0.97 11.14
10 14021.61 93.68 6140 97.51 812035  73.31 62.31 131.30 117.05 0.73 0.80 7.39

discuss our results for the VNS that uses Algorithms, 4.1, 5.1, and
5.2 to evaluate the flip moves.

According to Hansen and Mladenovic (2001), the VNS is a meta-
heuristic that searches for an optimal solution in a neighborhood
structure that changes systematically. Algorithm 5.7 describes the
VNS metaheuristic, which iteratively uses a local search heuristic
to find better solutions than the current one. If, at any iteration,
no better solution is found, then the algorithm expands the neigh-
borhood by increasing the value of r. The expansion process is re-
peated while a better solution than the current one is not found.
The VNS repeats all that process until some stop criteria is satis-
fied.

Since in the previous subsection we already had two different
strategies for local search, we use each one to design two dif-

ferent VNS strategies: one will use the local search described by
Algorithm 5.5 and the other will use the local search described by
Algorithm 5.6. Also, for each VNS strategy, we implemented four
different versions regarding to the objective function evaluation:
one version based on Algorithm 5.1, another on Algorithm, another
one on Algorithm 4.1 and the last one on Algorithm 5.2. Similarly
to the previous subsection, we analyze the speedup of the imple-
mentations based on Algorithms, 4.1 and 5.2 compared to the im-
plementations based on 5.1.

Tables 3 and 4 give the results for the VNS based on the local
search given by Algorithm 5.5, while Tables 5 and 6 give the re-
sults for the VNS based on the local search given by Algorithm 5.6.
Analogously to the tables of previous subsection, for these tables
the speedup values associated to the implementations based on
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Fig. 1. Speedups of implementations of the Local_Search_Best_First with the Algorithms, 4.1 and 5.2 compared to an equivalent implementation with the Algorithm 5.1. The
experiments illustrated in the charts (a), (b), (c) and (d) were done using, respectively, the first instances of sizes 250, 500, 1000 and 2500.
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Fig. 2. Speedups of implementations of the Local_Search_Greedy with the Algorithms, 4.1 and 5.2 compared to an equivalent implementation with the Algorithm 5.1. The
experiments illustrated in the charts (a), (b), (c) and (d) were done using, respectively, the first instances of sizes 250, 500, 1000 and 2500.

Algorithm are in the column (r-flip), the speedup values associ-
ated to the implementations based on Algorithm 4.1 are in the col-
umn (r-flip-RV), the speedup values associated to the implementa-
tions based on Algorithm 5.2 are in the column (r1-flip), and the
processing time in seconds of Algorithm 5.1 are in column (BF).
Also, on Tables 3 and 5 we include, for each instance, the value
of an optimal solution found by CPLEX! solver, and the difference
of that solution with the one found by the VNS heuristic in col-

1 IBM ILOG CPLEX Optimization Studio Version 12 Release 71

umn (Dif.). The results given in Tables 4 and 6 correspond to the
instances with greater sizes and the CPLEX solver was not able to
found the optimal values in reasonable time, so instead of show-
ing an optimal solution value in those tables we showed the best
solution found by our heuristics.

All Tables 3-6 show, for all the instances, speedup values
greater than 1, where those values increase as the instance size in-
creases. Such speedup results are very similar to the ones obtained
in the previous section, which implies that our proposals may im-
prove the performance when evaluating flip moves. Also, one can
observe that by using the reevaluation vector we obtain the best
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Algorithm 5.7: VNS.
Input : n, R, Q
Output: x
1 X < Initial solution
2 repeat
3 r<1
4 | whiler <R do
5 y <« Select a random vector in N;(x)
6 y < run a local search in y
7
8
9

if f(y)<f(x) then
X<y
r<1

10 elser «r+1

1 until Stop criteria is satisfied

speedup values given in the columns (r-flip-RV), associated to the
implementations based on Algorithm 4.1. So, it would be a recom-
mendable strategy to use Algorithm 4.1 in order to design faster al-
gorithms for the UBQP, that require several evaluations in a neigh-
borhood of a solution.

Compared to the CPLEX solver, from Tables 3 and 5 we observe
that our VNS implementations performance were much faster for
all the tested instances. Furthermore, the VNS implementations
found optimal solution values for some of the test cases (those
with difference zero), and for the other cases we observe the value
of the difference is very small compared to the objective value
(less than 10% for almost all the instances). Then, we may sup-
pose that algorithms that evaluate neighborhoods defined by r-flip
moves, such as the VNS proposals, could be useful to approach and
solve the UBQP, implying that it is interesting to have good strate-
gies to guarantee nice performances of the flip move evaluation.

Similarly as the previous subsection we also illustrate in Figs. 3
and 4, the speedups comparison for the implemented VNS ver-

Table 3

sions. These images give us almost the same results we saw in the
previous subsection figures. In both figures, chart (a) shows that
the VNS based on Algorithm 4.1 had the best processing time for
the smaller values of R, noticing a speedup decreasing while R in-
creases. Also in both figures, chart (b) maintains the same pattern,
but shows that the higher the size of the instance, the better the
speedup of our implementations.

Fig. 4 compares the speedups of our implementations of the
Algorithm 5.7 with the Local Search 5.6 using the Algorithms, 4.1,
and 5.2 for evaluating flip moves.

6. Final comments

In this paper we proposed two formulas for efficiently eval-
uating flip moves that simultaneously change any number of bi-
nary variables in a search process. Based on these formulas we de-
veloped algorithms with asymptotic time complexities O(nr) and
0(r?), where n is the number of binary variables in a solution vec-
tor and r is the number of binary variables that has its values
changed in a flip move.

Our best formula, in terms of computational complexity, re-
quires a linear amount of previously calculated values to reevaluate
the objective function. We consider such values are allocated in a
vector (reevaluation vector). We show how to initialize the reeval-
uation vector in O(n?) and how to update it after a move in O(nr)
time complexity.

In order to verify the quality of our results, we executed com-
putational experiments over benchmark instances of the UBQP
with implementations of two Local Searches and a Variable Neigh-
borhood Search using our evaluation formulas. We compared the
processing time of our approaches to equivalent implementations
that compute the objective value from scratch, with O(n2) time
complexity, and also using the 1-flip evaluation in Glover and Hao
(2010a) iterated r times which has O(nr) time complexity.

The computational experiments showed an improvement in
processing time obtained by the implementatins with the formu-

Speedups of VNS implementations with the Local_Search Best_First. The value ‘-’ means the VNS found an optimal solution.

Exact VNS with Local_Search Best_First

inst Solution
BF ri-flip  r-flip rflip RV BF ri-flip  r-flip r-flip RV

bagp R=5 R=10

Value t(s
50 ) Dif. t(s) speedup Dif. t(s) speedup
1 -5176 033 119 0.02 232 2.18 3.63 52 0.03 1.98 1.48 2.93
2 -3262 027 122 0.01 2.05 1.75 2.79 - 0.03 1.85 1.35 2.67
3 —2732 0.41 130 0.01 1.93 1.72 3.01 172 003 1.80 1.33 2.61
4 -3169 027 216 0.01 1.93 1.80 2.65 214 0.02 178 1.31 2.59
5 -3783 022 - 0.02 223 1.87 3.24 22 0.03 1.85 1.36 2.74
6 -2178 035 10 0.02 2.01 1.76 2.87 26 0.03 1.70 1.26 2.49
7 —2666 035 338 0.01 2.02 1.66 2.90 173 003 1.70 1.26 2.49
8 -3053 036 45 0.02 220 1.80 3.20 38 0.03 1.85 1.35 2.69
9 —3422 026 2 0.01 233 1.94 3.30 2 0.03 1.88 1.38 2.71
10 —3420 023 120 0.01 234 2.08 3.44 122 003 194 1.44 2.80
bqgp Value t(s) R=10 R=20
100 Dif. t(s) speedup Dif. t(s) speedup
1 -12392 1.2 109 017 284 2.28 4.92 109 033 2.08 1.47 3.66
2 —8934 484 165 0.13 248 1.95 4.30 42 030 1.96 1.38 3.48
3 -8183 343 - 0.14 2.63 1.97 4.52 590 030 1.82 1.29 3.23
4 -9976 330 138 0.18 3.00 2.39 5.08 304 030 2.02 1.44 3.58
5 -9629 239 384 014 250 1.97 4.34 95 030 1.93 1.37 3.39
6 -10468 224 8 016 2.70 213 4.69 64 029 1.90 1.32 3.35
7 -10170 134 40 0.15 275 2.15 4,75 - 028 194 1.36 3.43
8 -11243 180 95 015 2.73 2.18 4.76 46 030 1.93 1.36 3.44
9 -9976 240 186 014 258 2.03 4.41 157 029 1.90 1.33 3.35
10 —9665 290 170 0.13 254 2.00 4.36 60 027 184 1.23 3.23
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Speedups of VNS implementations with the Local_Search Best_First. The value ‘~' means the VNS found the best solution.

Best VNS with Local_Search Best_First
inst Solution
BF ri-flip  rflip r-flip RV BF ri-flip rflip  r-flip RV
bqgp R=25 R=50
value N -
250 dif. t(s) speedup Dif. t(s) speedup
1 —44091 107 3.81 3.52 2.61 8.81 - 6.89 2.03 1.49 4.99
2 —39871 498 3.49 3.15 2.32 7.80 - 6.47 1.92 1.38 4.69
3 —32454 658 3.15 2.88 2.11 7.17 - 6.48 1.89 1.32 4,55
4 —43025 256 3.82 3.24 2.51 8.40 - 7.85 2.27 1.66 5.65
5 —41879 - 3.49 2.94 2.28 7.33 125 6.79 2.01 1.46 4.93
6 —43338 - 3.54 3.28 2.44 8.20 455 6.70 2.01 1.45 4.93
7 -37764 135 3.46 3.14 2.29 7.85 - 6.55 1.92 1.39 4,72
8 —47729 - 3.70 3.40 2.50 8.39 190 6.81 2.04 1.47 4.98
9 —38415 - 3.42 2.95 2.33 7.87 147 6.59 1.94 1.42 4.73
10 —39181 - 3.76 3.37 2.46 8.34 55 6.53 1.93 1.40 4,74
bqgp value R=50 R =100
500 dif. t(s) speedup Dif. t(s) speedup
1 -121019 635 48.73 3.37 242 12.59 - 90.92 1.77 1.35 6.32
2 -115075 - 49.47 3.38 2.39 12.73 710 89.73 1.79 1.33 6.22
3 —-110087 1388  47.64 3.28 2.31 12.31 - 91.21 1.82 1.34 6.33
4 —99225 37 43.78 3.03 2.13 11.27 - 86.76 1.73 1.29 5.96
5 -121802 - 49.08 3.37 2.38 12.51 27 92.57 1.85 1.38 6.40
6 -114398 - 49.01 3.36 2.40 12.51 547 92.97 1.85 1.38 6.42
7 —-124490 311 48.45 3.34 241 12.64 - 89.56 1.79 1.34 6.22
8 —-99500 - 44.25 3.06 2.15 11.38 1152 82.85 1.66 1.23 5.74
9 -112220 - 47.22 3.26 2.32 12.15 790 89.76 1.79 1.34 6.25
10 —114850 490 49.40 3.40 2.44 12.64 - 92.29 1.84 1.37 6.42
bagp value R =100 R =200
1000 dif. t(s) speedup Dif. t(s) speedup
1 —-310331 2503 698.97 2.93 2.01 18.02 - 131097 147 1.09 7.52
2 -318817 - 667.80 2.82 1.94 17.54 1145 131632 148 1.10 7.62
3 —331581 - 697.89  2.93 2.04 18.26 1597  1320.56  1.48 1.11 7.57
4 -314542 - 67130 2.82 1.92 17.56 328 1258.62  1.42 1.04 7.21
5 —307206 400 681.46  2.86 1.96 17.68 - 129239 145 1.07 7.41
6 —335410 - 70033 294 2.04 18.11 389 1347.50 1.51 1.13 7.69
7 -320828 - 700.05 293 2.01 17.86 1384 131979 148 1.10 7.55
8 -311786 - 697.83  2.92 2.00 17.89 258 1328.73  1.49 1.11 7.60
9 -318893 - 688.86  2.89 1.98 17.77 1804  1327.62 1.49 1.10 7.59
10 —322569 251 692.98 291 2.01 17.93 - 1335.41 1.50 1.11 7.64
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Fig. 3. Speedups of implementations of the VNS with the Local_Search Best_First with the Algorithms, 4.1 and 5.2 compared to an equivalent implementation with the

Algorithm 5.1. The experiments illustrated in the charts (a), (b), (c) and (d) were done using, respectively, the first instances of sizes 50, 100, 250 and 500.
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Table 5

Speedups of VNS implementations with the Local_Search Best_Greedy. The value ‘-’ means the VNS found an optimal

solution.

Exact VNS with Local_Search_Greedy
inst  Solution
BF ri-flip rflip r-flip RV BF ri-flip r-flip r-flip RV
bgp R=5 R=10
Value t(s) - -
50 Dif. t(s) speedup Dif. t(s) speedup
1 -5176 033 - 0.03 250 2.09 3.46 - 0.05 1.98 1.48 2.82
2 —3262 027 78 0.02 198 1.66 2.64 - 0.05 1.91 1.39 2.69
3 —2732 041 72 0.02 226 1.86 3.15 130 005 1.89 1.37 2.69
4 -3169 0.27 64 0.02 232 1.95 3.21 - 0.05 1.88 1.38 2.64
5 -3783 022 - 0.03 222 1.85 3.07 22 0.05 1.87 1.36 2.63
6 -2178 035 24 0.02 212 1.76 2.87 94 0.05 1.84 1.33 2.63
7 —2666 035 137 0.03 2.09 1.73 2.89 165 005 1.86 1.36 2.63
8 -3053 036 108 0.02 223 1.85 3.02 15 0.06 2.01 1.50 2.86
9 —3422 026 - 002 233 1.95 3.18 2 0.05 1.91 1.39 2.70
10 —3420 023 120 0.02 240 2.00 3.21 26 0.05 1.93 143 2.69
bqgp Value t(s) R=10 R=20
100 Dif. t(s) speedup Dif. t(s) speedup
1 -12392 1.2 93 028  3.20 2.44 4.98 17 045 221 1.50 3.63
2 —8934 484 478 027 295 2.24 4.55 115 042 1.99 1.36 3.20
3 —8183 343 392 024 271 2.04 4.19 389 046 1.90 1.30 3.06
4 —9976 33.0 230 026 279 2.11 4.21 - 047 218 1.47 3.56
5 -9629 239 370 029 3.04 2.30 4.81 541 048 213 1.45 3.49
6 —-10468 224 30 025 294 2.22 4.50 559 050 2.29 1.56 3.74
7 -10170 134 168 0.27 295 2.24 4.56 50 043 214 1.45 3.46
8 —11243 18.0 82 0.27 2.92 2.22 4.48 80 0.45 2.14 1.49 3.47
9 -9976 240 286 023 273 2.13 4.08 153 044 1.88 1.29 3.10
10 —9665 290 426 024 272 2.01 4.24 48 045 1.98 1.35 3.20
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Fig. 4. Speedups of implementations of the VNS with the Local_Search_Greedy with the algorithms, 4.1 and 5.2 compared to an equivalent implementation with the
Algorithm 5.1. The experiments illustrated in the charts (a)-(d) were done using, respectively, the first instances of sizes 50, 100, 250 and 500.

las we proposed. We also noticed that such improvement increases
as the instance size increases, which we expected because of the
asymptotic time complexity of the evaluation algorithms. Besides
this improvement, the speedup decreases as the number of flip
moves increases, also expected since if the number of flip moves
is near n, then our formulas computation time are near 0(n?). We
executed the experiments, by increasing the number of flip moves,

until the implementations computing the objective function from
scratch obtain the best performance, indicating a limit to the use
of our formulation.

Currently, we are extending the theoretical results, shown in
this paper, to special cases of binary quadratic programming with
constraints. Another research path we are working on is to find
an optimal r-flip where r depends on the instance size, that is to
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Table 6
Speedups of VNS implementations with the Local_Search_Greedy. The value ‘-’ means the VNS found the best solution.
Best VNS with Local_Search_Greedy
inst Solution
BF ri-flip  r-flip r-flip RV BF ri-flip rflip  r-flipRv
bagp R=25 R=50
value - -
250 dif. t(s) speedup Dif. t(s) speedup
1 —43847 - 5.42 4.09 2.81 7.90 56 8.49 2.34 1.53 5.03
2 —39770 - 5.14 3.68 2.52 7.12 534 8.79 2.46 1.63 5.36
3 —33473 - 5.90 435 2.93 8.48 240 8.39 2.28 1.48 4.92
4 —43977 - 6.34 4.72 3.29 9.24 263 9.14 2.49 1.65 5.51
5 —42136 - 5.83 4.46 3.02 8.79 879 8.70 2.41 1.57 5.20
6 —43668 - 5.96 4.28 2.97 8.29 433 8.39 2.26 1.49 4.92
7 -37179 - 5.78 3.96 2.76 7.64 1007  8.48 2.18 143 4.75
8 —48128 - 6.06 4.35 3.05 8.42 363 9.76 2.55 1.70 5.35
9 —38366 817 4.79 3.62 2.51 6.87 - 8.43 2.30 1.52 4.84
10 —39801 209 5.53 4.02 2.77 7.62 - 8.73 2.39 1.56 5.11
bqgp value R =50 R =100
500 dif. t(s) speedup Dif. t(s) speedup
1 -120867 - 77.90 4.93 3.27 14.60 2612 114.92 2.23 1.46 6.94
2 -115120 - 78.69 4.78 3.10 13.62 311 123.95 2.39 1.57 7.58
3 -108909 - 77.92 4.88 3.17 14.30 707 114.25 2.20 1.44 6.85
4 -97175 - 70.43 441 2.88 12.56 3364 104.13 2.03 1.32 6.29
5 -121581 2189  71.28 4.41 2.87 12.37 - 113.90 2.21 1.44 6.83
6 -114178 914 73.49 4.56 2.94 12.78 - 116.00 222 1.44 6.83
7 -124268 - 73.98 4.43 2.93 12.04 643 116.96 2.25 1.48 6.92
8 -97014 1978  60.55 3.77 2.45 10.54 - 103.31 2.01 1.31 6.28
9 —-111021 - 67.68 4.24 2.74 12.40 756 120.86 235 1.54 7.41
10 -114670 - 76.48 4.84 3.17 14.12 2750 110.86 2.14 1.40 6.60
bqgp value R=100 R =200
1000 dif. t(s) speedup Dif. t(s) speedup
1 -311024 - 1136.71  4.60 3.06 22.49 4250 161450 1.79 1.16 8.21
2 -318279 - 1104.15  4.06 2.72 19.67 2658  1721.82 1.79 1.32 8.89
3 —328043 5011  975.29 3.92 2.61 18.71 - 1606.60 1.78 1.24 8.36
4 -314040 - 102452 3.86 2.60 18.65 2481 1516.98  1.68 1.16 7.79
5 -303265 - 963.95 3.79 2.48 17.16 346 1566.97 1.73 1.14 7.89
6 —330783 1873  974.23 3.81 2.51 17.84 - 1752.89  1.89 1.35 9.11
7 -322657 711 1019.41  4.07 2.70 19.26 - 1839.44 2.03 1.42 9.55
8 -311495 - 1130.75  4.55 3.00 22.06 3672 1624.71 1.81 1.24 8.46
9 —322444 - 1066.73  4.26 2.81 19.75 2652  1697.56  1.88 1.31 8.82
10 —322944 - 1083.97 435 2.87 20.74 4719  1676.10  1.86 1.29 8.67

find values of r (depending on the instance size) that maximize the
speedup of the r-flip moves.
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