Recall from last time ...




Linear Regression
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Feature Scaling



Feature Scaling
|dea: Make sure features are on similar scale.

- T cost

= 0



Features and
Polynomial Regression



Housing prices prediction

ho(x)=6,+ 0, x frontage + 6, x depth

! !

Area x = frontage X depth
hy(x)=60,+0,x



Normal Equation



Examples: m = 4.

Size Number of | Number | Age of home | Price ($) in
(feet?) | bedrooms | of floors (years) 1000’s

X, X, X, X, X, y

1 2104 5 1 45 460

1 1416 3 2 40 232

1 1534 3 2 30 315

X = features/variables y = target
1 2104 5 1 45 | 460 |
|1 1416 3 2 40 1232 T - luT

X=11 1534 3 2 30 = [315 I=X X Xy

1 852 2 1 36 | 178

“m x (n+1) “m




https://www.youtube.com/playlist?list=PLZHQObOWTQDPD3MizzM2xVFitgF8hE_ab
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Essence of linear algebra

14 videos » 3,671,987 views * Last updated on Aug 1,

2018

@ 3Blue1Brown

A geometric understanding of matrices, determinants,

eigen-stuffs and more

Cross products
f

Change of basis
Bx O

Eigenvectors
ivalues

V= 1716

Abstract vector
spaces

16:46

3BLUE1BROWN SERIES S1-E10

Cross products | Essence of linear algebra,
Chapter 10

3BLUET1BROWN SERIES S1-E11

Cross products in the light of linear
transformations | Essence of linear algebra

3Blue1Brown

3BLUE1BROWN SERIES S1-E12

Change of basis | Essence of linear algebra,

chapter 12

o rj
©

3BLUE1BROWN SERIES S1-E13

Eigenvectors and eigenvalues | Essence of linear

algebra chapter 13

3Bl

3BLUE1BROWN SERIES S1-E14

Abstract vector spaces | Essence of linear algebra,

chapter 14

o



Gradient Descent Normal Equation

No need to choose a.
Don’t need to iterate.

<« Works well even when n Don’t need to scale.
is large. —~ Need to compute

X' X)"' = o).
-~ Slow if nis very large.

- Need to choose «a.
> Needs many iterations.

G q

G

m examples and n features



Categorical/Nominal Variables

Size Number of | Number | Age of home| | Color || Price ($)
(feet?) bedrooms | of floors (years) in 1000’s
X, X, X, X, X, y
2104 5 1 45 blue 460
1416 3 2 40 white 232
1534 3 2 30 pink 315
852 2 1 36 green 178




Categorical/Nominal Variables

Dummy coding & One-hot encoding

http://www.statisticssolutions.com/dummy-coding-the-how-and-why/

https://en.wikiversity.org/wiki/Dummy_variable_(statistics)



http://www.statisticssolutions.com/dummy-coding-the-how-and-why/
https://en.wikiversity.org/wiki/Dummy_variable_(statistics)

Categorical/Nominal Variables

Dummy coding & One-hot encoding

e blue =1, white = 2, pink = 3, and green = 4.

http://www.statisticssolutions.com/dummy-coding-the-how-and-why/

https://en.wikiversity.org/wiki/Dummy variable (statistics)



http://www.statisticssolutions.com/dummy-coding-the-how-and-why/
https://en.wikiversity.org/wiki/Dummy_variable_(statistics)

Categorical/Nominal Variables

Dummy coding & One-hot encoding

In this simplified data set,
if we know that color is
blue 1 0 0 0 not Blue, not White, and

color blue | white pink | green

white 0 1 0 0 not Pink, then it is Green.
pink 0] 0 1 0]

So we only need to use
green 0] 0 0] 1

three of these four.



Logistic Regression
Machine Learning

(Largely based on slides from Andrew Ng)

Prof. Sandra Avila

Institute of Computing (IC/Unicamp)

MC886, August 21, 2019



Today’s Agenda

e Logistic Regression

(@)

@)

(@)

Classification

Hypothesis Representation
Decision Boundary

Cost Function

Simplified Cost Function and
Gradient Descent

Multiclass Classification



Classification



Spam Filtering

Bad Cures fast and effective! - Canadian *** Pharmacy #1 Internet
Inline Drugstore Viagra Cheap Our price $1.99 ...

Good Interested in your research on graphical models - Dear Prof., |
have read some of your papers on probabilistic graphical models.
Because | ...



Sensitive Content Classification (Elsagate)

. . . . . . 19
“Combating the Elsagate phenomenon: Deep learning architectures for disturbing cartoons”, https://arxiv.org/abs/1904.08910, IWBF 2019



SRin Cancer Classification

Melanomas (top row) and benign skin lesions (bottom row)

. . . . . 20
“Towards Automated Melanoma Screening: Proper Computer Vision & Reliable Results”, https://arxiv.org/abs/1604.04024, 2016



Classification

Email: Spam / Not Spam?
Content Video: Sensitive / Non-sensitive?
Skin Lesion: Malignant / Benign?



Classification

Email: Spam / Not Spam?
Content Video: Sensitive / Non-sensitive?
Skin Lesion: Malignant / Benign?

0: “Negative Class” (e.g., Benign skin lesion)

y = 1{0,1} . . L
1: “Positive Class™ (e.g., Malignant skin lesion)



A

(Yes) 1 A X X XX

Malignant?

(No) O 4% >
Lesion size




X
X
X

A
(Yes) 1 -

Malignant?

(No) O - [
Lesion size

hg(X) == QTX



A

(Yes) 1 X X /XX
Malignant?
(No) O — >
Lesion size
hy(x) = 0'x

Threshold classifier output £, (x) at 0.5:
If 7,(x)=0.5, predict “y =17
If h,(x)<0.5, predict “y = 0"



A
(Yes) 1

Malignant? F=—-—---

(No) O -

Lesion size
h@(X) — HTX

Threshold classifier output £, (x) at 0.5:
If 7,(x)=0.5, predict “y =17
If h,(x)<0.5, predict “y = 0"



A

(Yes) 1 X X XX X
Malignant?
(No) O x> >
Lesion size
hy(x) = 0'x

Threshold classifier output £, (x) at 0.5:
If 7,(x)=0.5, predict “y =17
If h,(x)<0.5, predict “y = 0"



A

(Yes) 1 X X XX X
Malignant?
(No) O — >
Lesion size
hy(x) = 0'x

Threshold classifier output £, (x) at 0.5:
If 7,(x)=0.5, predict “y =17
If h,(x)<0.5, predict “y = 0"



A
(Yes) 1 T

Malignant? p===-=-=-—---

(No) O -

>
Lesion size

h@(X) — HTX

Threshold classifier output £, (x) at 0.5:
If 7,(x)=0.5, predict “y =17
If h,(x)<0.5, predict “y = 0"



Classification: y=0ory=1

h,(x) canbe>1or<0

Logistic Regression: 0</,(x) <1



Hypothesis Representation



Logistic Regression Model

Want 0 < &, (x) < 1



Logistic Regression Model

Want 0 < &, (x) < 1

hy(x) = 60'x



Logistic Regression Model

Want 0 < &, (x) < 1

ho(x) = g (QTX)



Logistic Regression Model

Want 0 < &, (x) < 1

ho(x) = g (QTX)
|

§(2) = [+e



Logistic Regression Model

Want 0 < &, (x) < 1

ho(x) = g(0'x)
I

§(2) = [+e

Sigmoid Function
Logistic Function



Logistic Regression Model

Want 0 < &, (x) < 1

ho(x) = g(0'x)
I

§(2) = [+e

Sigmoid Function
Logistic Function




Logistic R ion Model 1
OQIS LIC egressmn ode h@(x) _ 1
Want 0 < &, (x) < 1

h,(x) = g(0'x) ' 2(@)

1 0.5
I+¢e*

g(z) =

Sigmoid Function
Logistic Function

N Y



Interpretation of Hypothesis Output

hg(x) = estimated probability that y =1 on input x



Interpretation of Hypothesis Output

hg(x) = estimated probability that y =1 on input x

Example: If x= [xo] = [ I ] h,(x)=0.7

X tumorSize 3

Tell patient that 70%
chance of tumor being
malignant



Interpretation of Hypothesis Output

hg(x) = estimated probability that y =1 on input x

Example: If x=[

X0

X1

|

1
tumorSize

|

hg(x) =0.7

4

Tell patient that 70%
chance of tumor being
malignant

hy(x) =Py =1|x;0)



Interpretation of Hypothesis Output

hg(x) = estimated probability that y =1 on input x

Example: If x= [xo] = [ I ] h,(x)=0.7

X tumorSize 3
N . Tell patient that 70%
“probability that y = 1, given x, chance of tumor being
parameterized by 6" malignant

hy(x) =Py =1|x;0)



Interpretation of Hypothesis Output

he(x) = estimated probability that y =1 on input x

Example: If x= [xo] = [ I ] h,(x)=0.7

tumorSize

X ‘
N . Tell patient that 70%
“probability that y = 1, given x, chance of tumor being
parameterized by 6" malignant

PG=0|x0)+P(y=1|x0) =1
Phy=1|x0)=1-P@y=0]|x0) h,(x) =Py =1]|x;0)



Decision Boundary



Logistic Regression A
11 g(2)

hy(x) = g(0'x) 0E

8(2) =

1+ e*

N 4



Logistic Regression A
11 g(z)

hy(x) = g(0'x) 05

8(2) =

1+e*

N 4

Suppose predict “y = 1" if i (x)>0.5

predict “y = 0" if A (x)<0.5



Logistic Regression A

11 g(2)
ho(x) = g (HTX) 0e
§(2)= [+e* - >
Z
Suppose predict “y = 1" if i (x)>0.5 g(z)>0.5 whenz >0

predict “y = 0" if A (x)<0.5



Logistic Regression

hy(x) = g(0'x) 05

8(2) =

g(2)

1+e*

Suppose predict “y = 1" if i (x)>0.5

predict “y = 0" if A (x)<0.5

_
Z

2(z) > 0.5 whenz>0

2(z) <0.5 whenz <0



Decision Boundary

31 B gm ho(x) = 8(0y+ 0,x+ 0,x,)
E_E,
21 @ ]
e mnm
140 o
o ©
} >




Decision Boundary

—3 1 1

XZA t t t
3l B g m ho(x) = 80+ 0,x,+ 0,x,)

] --
21 @ ]

o HE
140 o

°2 -




Decision Boundary

—3 1 1

sz t t t
31 H gm ho(x) = 8(0y+ 0,x+ 0,x,)

.
21 @ ]

o =N
140 o

* -

Predict "y =1"if —3+x,+x,>0



Decision Boundary

XZA
3 || --

N
21 @ B O

o H B
14 @ ®

o ©
} .

—3 1 1
T 1Tt 1
ho(x) = g(0y+0,x,+ 0,x,)

Predict "y =1"if —3+x,+x,>0

xX+x,=3



Decision Boundary 3 1
T 1t 1
ho(x) = g(0y+ 0,x,+ 0,x,)

Predict "y =1"if =3+x,+x,>0
x,+x,>3



Decision Boundary 3 1
9y y=1 t t t
ho(x) = 80+ 0,x,+ 0,x,)

Predict "y =1"if =3+x,+x,>0
x,+x,>3



Decision Boundary 3 1
9y y=1 t t t
ho(x) = 80+ 0,x,+ 0,x,)

Predict "y =1"if =3+x,+x,2>0
x1+x223 y=0,x1+x2<3



Decision Boundary

—3 | 1
Xo A y=1 t t t
g N hy(x) = g(0y+0,x,+ 0,x,)
s B
mE

/ Decision Boundary  x,+x,=3

Predict "y =1"if —3+x,+x,>0

> h,(x)=0.5

X, +x,=3 y=0,x,+x,<3



Non-linear Decision Boundaries

X, A
I --
E ®elee =




Non-linear Decision Boundaries

XZA

H
H o
m %

O
ml e
]

m-1|

hy(x) = g(0,+0,x+ O0,x,+ 93x% +6’4x%)



Non-linear Decision Boundaries

XZA

H
H o
m %

O
ml e
]

m-1|

hy(x) = g(0,+0,x+ O0,x,+ 93x% +6’4x%)

$} 8§ 3 3 3
-1 0 0 1 1



Non-linear Decision Boundaries

XZA

H
H o
m %

O
ml e
]

m-1|

hy(x) = g(0,+0,x+ O0,x,+ 93x% +(94x§)

$} 8§ 3 3 3
-1 0 0 1 1

Predict “y=1"if —1+ x7+x; >0

x%+x% > 1



Non-linear Decision Boundaries

HE1\ ©

hy(x) = g(0,+0,x+ O0,x,+ 93x% +(94x%)

$} 8§ 3 3 3
-1 0 0 1 1

Predict “y=1"if —1+ x7+x; >0

x%+x% > 1



Non-linear Decision Boundaries

m. W
I[.l o\ ho(x) = g(0p+ 01+ 0,x,+03x7 +0,x3)
ALY . 3 3 3 3 3
;1 ‘Q.:‘ 1. xl —1 0 0 1 1
T ®
y=1 y=1 Predict “py=1"if —1+ x%+x%20

x%+x§ > 1



Non-linear Decision Boundaries

EI\ ©®

hy(x) = g(0,+0,x+ O0,x,+ 93x% +«94x%)

$§y 3§ 38 3 3
-1 0 0 1 1

Predict “y=1"if —1+ x7+x; >0

x%+x§ > 1



Today’s Agenda

e Logistic Regression

(@)

@)

(@)

Classification

Hypothesis Representation
Decision Boundary

Cost Function

Simplified Cost Function and
Gradient Descent

Multiclass Classification



Cost Function



Training set: {(x(l),y(l)), (x@),y(z)), e, (x(m),y(m))}

_xo_
hQ(X) — 1 T X E Xil x(): 19 Yy E {091}
1+e?” : o

Xn_

How to choose parameters 0 ?



Cost Function

1 O |1 , :
Linear regression: J(0) :W 27( Q(X()) y())

=1



Cost(hy(x"), y*)

—————————————

Cost Function

m

1 : 1 : ;
Linear regression: J(0) = — zl: 5 (hy(x®) — y”)

e oo e e e e e e o e o o =

COSt(hg(x(l)) y(l))_ 2 (he(x(l)) (l))2



(1) (1)
Cost Function Cost(y(x™), y™)

—————————————

m

. . 1 : 1 : i
Linear regression: J(0) = — z: > (he(x()) y())

=1

Cost(h,(x), y)= % (hy(x)— y)*

e oo e e e e e e o e o o =



Cost(/1,(x?), y©)

—————————————

Cost Function

m

Hrear regression: J(0) = % ZE ; (ho(x?) - y(l))

Logistic i=1

- e o e e e - - e e e e e e

Cost(hy(x), y)= %(hg(x) —y)’ hy(x) = 1 o0




Cost Function

Cost(hy(x"), y*)

—————————————

m

Logistic regression: J(0) = % Zi ; (hy(x®) — y(’))

Cost(hy(x), y)=

A

Nnon-convex

2 () — )’

J(0)

=1

e oo e e e e e e o e o o =

1
h,(x) = r
9( ) 1 e_gx
A convex
U](Q)
7 >



Derivative of Logistic Function

o\ |
: 8(2)= dz 1+e7?
g(Z) — 1+ e~ _ 0-d +(€;_ ) —_Z1)°2(—€— ) (quotient rule)
+ €
) e_Z
(1+ e‘Z)2

B ( 1+1e-z )(1_ 1+1e-2)

= g(2)(1 - g(2))



Logistic Regression Cost Function

~log(h,(x)) if y=1
Cost(hy(x), y) = {_ log(1—-h,(x)) ify=0



Logistic Regression Cost Function

-log(h,(x)) it y=1
Cost(hy(x), y) = {_ log(1—-h,(x)) ify=0

A Ify=1
Cost=0ify=1, hy(x)=1

Butas /,(x)— 0
Cost — oo

>
0 () 1



Logistic Regression Cost Function

~log(h,(x)) it y=1
Cost(hy(x), y) = {_ log(1 — ,(x)) if y=0

A ry=1 Captures intuition that if /2,(x)= 0,
(predict P(p=1 | x;0) =0), but y =1,
we’'ll penalize learning algorithm by a
very large cost.

>
0 () 1



Logistic Regression Cost Function

~log(h,(x)) if y=1
Cost(hy(x), y) = {_ log(1—-h,(x)) ify=0

A Ify=20

—>
0 () 1



Simplified Cost Function
and Gradient Descent



Logistic Regression Cost Function

10)= LY Cost(h,(x9), y)
- log(h,(x)) if y=1
Costiho(x), ) = {- log(1 - hy(x)) if y=0



Logistic Regression Cost Function

J(0) = Cost(hy(x"), y*)
=1

1
m .

l

~log(h,(x)) if y=1
COSt(hQ(x)a y) — {_ log(l — hQ(X)) 1f V= 0

Cost(hy(x), y) = -ylog(hy(x)) — (1-y)log(1l — h,(x))



Logistic Regression Cost Function

J(0) = Cost(hy(x"), y*)
=1

1
m .

~log(h,(x)) if y=1
COSt(hQ(x)a y) — {_ log(l — hQ(X)) 1f V= 0

Cost(hy(x), y) = -ylog(hy(x)) — (1-) I mie(x))
y=1



Logistic Regression Cost Function

J(0) = Cost(hy(x"), y*)
=1

1
W I
- log(h,(x)) it y=1
Cost(hy(x), y) = {_ log(1—hy(x)) if y=0

Cost(hy(x), y) = -y Ipig)) — (1-y)log(l — hy(x))
y=0



Logistic Regression Cost Function
1 N\ i i
()= —— Z Cost(/y(x"), y*)

l

= % [ .m yPlog(hy(x”))+ (1-y)log(1— hy(x™)) ]



Logistic Regression Cost Function

J(0)= —— )" Cost(h,(x"), y*)

l

== % [ ;y(i)log(hg(x(i)))—l— (1-y)log(1— hy(x?)) ]

m
=

To fit parameters 0 : mgin J(0)



Logistic Regression Cost Function
1 N\ i i
J(O)=—— Z Cost(/y(x"), y*)

l

== % [ ;y(i)log(hg(x(i)))—l— (1-y™)log(1— hy(x?)) ]

To fit parameters 0 : mein J(0)

To make a new prediction given new x: Output /s,(x) =

1+



Gradient Descent
J(O)= — % [ ;y(”log(he(x(”))Jr (1-yNlog(1— hy(x")) ]

Want mein J(0):
repeat {

L 0
«9]. = «9j— o

00,

} (simultaneously update 0, for j=0, 1, ..., n)

J(0)




Gradient Descent
I0)= | 2y Toxth(x )+ (13 og1~ s |

Want min J(0): .
Q > ) -y
repeat { ;N m - o J

} (simultaneously update 0, for j=0, 1, ..., n)



Gradient Descent

https://math.stackexchange.com/questions/477207

/derivative-of-cost-function-for-logistic-regrssion

Want mein J(0): |
I =

B (D) — vy ®
epeat | Z( o) - yO)x

0
00,

} (simultaneously update @, for j=0, 1, ..., n)

0, :=0,— a—2—J(0)



Gradient Descent
J(O)= — % [ ;y(”log(he(x(”))Jr (1-yNlog(1— hy(x")) ]

Want mein J(0):
repeat {
0= 0,- a— ZWX(”) y O’

} (simultaneously update 6, for] 0,1, ...,n)



Gradient Descent
I0)= | 2y Toxthx )+ (13 og1~ s |

Want mein J(O):
repeat {
0. = Q _ a_ Z(he(x(l)) y(z))x(z) Algorithm looks

] identical to linear

} (simultaneously update 6, for] 0,1,...n) regression!



Gradient Descent

J0)= -~ [ 5 loglh () + (1-y)log(1 — () ]

1
' : h =0 h = -
Want min J(O): o(X) x mp hy(x) s

repeat {
0. = Q _ a_ Z(he(x(l)) y(z))x(z) Algorithm looks

J° ) ) )
identical to linear

} (simultaneously update 6, for] 0,1,...n) regression!



Multiclass Classification:
One-vus-all



Classification
Email tagging: Work, Friends, Family
Skin Lesion: Melanoma, Carcinoma, Nevus, Keratosis

Video: Pornography, Violence, Gore scenes, Child abuse



Classification

Email tagging: Work, Friends, Family
y=1 y=2 y=3

Skin Lesion: Melanoma, Carcinoma, Nevus, Keratosis
y=1 y=2 y=73 y=4

Video: Pornography, Violence, Gore scenes, Child abuse



Binary Classification Multi-class Classification

A A
_J—_ AAA
H I- AA l-
X,| ® ] X, ]
O mE HE
® o ®9
® ® o0 ®
> >




One-us-All (One-us-Rest)

A
A
A A
AA l-
x2 H
HE
® 9
[ N ) ®
>
2
Class 1: A
Class 2: B

Class 3: @



2 | a4
A
One-us-All (One-us-Rest) Al .':
A v ..'.o -
A
A A
AA N O
X2 H
HE
® 9
o0 o
>
28
Class 1: A
Class 2: B

Class 3: @



One-us-All (One-us-Rest)

Class 1: A
Class2: m
Class 3: @




One-us-All (One-us-Rest)

Class 1: A 2
Class2: m
Class 3: @




One-us-All (One-us-Rest)

Class 1: A
Class2: m

Class 3: @ hg)(x) = P(y=i | x;0)

-

(1=1,2,3)




One-us-All (One-us-Rest)

Train a logistic regression classifier h’(x) for each class i
to predict the probability that y = .

One a new input x, to make a prediction, pick the class i
that maximizes

max hy'(x)
l



Logistic Regression — The Math of Intelligence (WeeR 2) by Siraj Raval https://youtu.be/D8alok2P468

= E23YouTube Search

_ Jupyter NewtonCode Last Checkpoint: 3 hours ago macsaved) L
o B View pst  Cell  Kemel  Widgets  Hebp Pyind O
B + ¥ 220 4 ¢ N B C Code : @ Cellfoobar

o v e s sy g e s Ao s et A st S-S Y e g e S 0 b e o s iy
plot i, learn a logistic regression curve using Newton's Mathed for Dnhmnne)n then use that curve to pradict the probabfity someona new with these 3
features has diabetes. Wo'l use Calculus, Probabiity Theory, Statistics, and Linear Algebea 1o do this. Get reacly, ish s about to go down

What is Logistic regression?

Logiatic regression is named for the funation used at the care of the method, the logistic function. in inear regression, the outoome (dependert variable) is
continuous. it can heave any ore of an infinite number of passible values. In logistic egression. the cutcome (dependent variable) has only & imited number of
possible values. Logistic Rogression is used when response varkable is categorical in nature.

The logistic function, also called the sigmokd unction is an S-shaped curve that can take any real-valued number and map it into a vaiue batween 0 and 1, but
never exactly at those dmits.

Where e is the base of the natural logarithirs ([Euler's number or the EXP( function in your spreadsheat) and value |5 the actual numerical valle &
transtorm. E is a really conversert number for math, for example Whenever you take the dernvative of 8*x {that's e to the x), you get e*x back again, It
only function on Earth that wit do that.

LOGSUC Megrassicn Uses an equation as the represantation, simiar 10 INear regresson. The cantral pramise of Logistic Regression is the assumption i
input space can be separated Mo two nice ‘regions’, cne for each class, by a Inearjread: straight) boundary. Your data must be lincarty seperabie in
dimersions

-

Logistic Regression - The Math of Intelligence (Week 2)
47,532 views iy 633 @ 35

Siraj Raval
Published on Jun 28, 2017
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