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Abstract: Several researchers have proposed effective approachéméoy classification in the last years. We can
easily extend some of those techniques to multi-class. Mwtanding, some other powerful classifiers (e.g.,
SVMs) are hard to extend to multi-class. In such cases, t@ approach is to reduce the multi-class problem
complexity into simpler binary classification problemsvide-and-conquer). In this paper, we address the
multi-class problem by introducing the concept of affinatiehs among binary classifiers (dichotomies), and
present a principled way to find groups of high correlatectlb@arners. Finally, we devise a strategy to reduce
the number of required dichotomies in the overall multissl@rocess.

1 INTRODUCTION larger number of binary problems.

A class binarizations a mapping of a multi-class

Supervised learning is a Machine Learning strategy to Problem onto several two-class problems (divide-and-
create a prediction function from training data. The conquer)and the subsequent combination of their out-
task of the supervised learner is to predict the value comes to derive the multi-class prediction (Pedrajas
of the function for any valid input object after having and Boyer, 2006). We refer to the binary classifiers as
seen a number of training examples (Bishop, 2006). base learnersr dichotomies
Many supervised learning techniques are conceived There are many possible approaches to reduce
for binary classification (Passerini et al., 2004). How- multi-class to binary classification problems. We can
ever, a lot of real-world recognition problems often classify such approaches into three broad groups (Pu-
require that we map inputs to one out of hundreds or jol et al., 2006): (1)One-vs-All(OVA), (2) One-
thousands of possible categories. vs-One (OVO), and (3) Error Correcting Out-

Several researchers have proposed effective ap-put CodeECOC). Also, the multi-class decomposi-
proaches for binary classification in the last years. tion into binary problems usually contains three main
Successful examples of such approaches are margirparts: (1) the ECOC matrix creation; (2) the choice of
and linear classifiers, decision trees, and ensemblesthe base learner; and (3) the decoding strategy.
We can easily extend some of those techniques to  Our focus here is on the creation of the ECOC ma-
multi-class problems (e.g., decision trees). However, trix and on the decoding strategy. For the creation of
we can not easily extend to multi-class some others the ECOC matrix, it is important to choose a feasible
powerful and popular classifiers such as SVMs. In number of dichotomies to use. In general, the more
such situations, the usual approach is to reduce thebase learners we use, the more complex is the overall
multi-class problem complexity into multiple simpler procedure. For the decoding strategy, it is essential
binary classification problems. Binary classifiers are to choose a deterministic strategy robust to ties and
more robust to the curse of dimensionality than multi- errors in the dichotomies’ prediction.
class approaches. Hence, it is worth dealing with a  In this paper, we introduce a brand new way to



combine binary classifiers to perform large multi-
class classification. We present a new Bayesian
treatment for the decoding strategy, thfiine-Bayes
Multi-class We propose a decoding approach based
on the conditional probabilities of groups of high-
correlated binary classifiers. For that, we introduce
the concept of affine relations among binary clas-
sifiers and present a principled way to find groups
of high correlated dichotomies. Furthermore, we
present a strategy to reduce the number of required
dichotomies in the multi-class process.
Contemporary Vision and Pattern Recognition
problems such as face recognition, fingerprinting
identification, image categorization, DNA sequencing
among others often have an arbitrarily large number
of classes to cope with. Finding the right descriptor
is just a first step to solve a problem. Here, we show
how to use a small number of simple, fast, and weak

or strong base learners to get better results, no matter

the choice of the descriptor. This is a relevant issue
for large-scale classification problems.

We validate our approach using data sets from the
UCI repository, NIST, Corel Photo Gallery, and the
Amsterdam Library of Objects. We show that our ap-
proach provides better results than OVO, OVA, and

ECOC approaches based on other decoding strate-

gies. Furthermore, we also compare our approach to

Passerini et al. (Passerini et al., 2004), who proposed
a Bayesian treatment for decoding assuming indepen-

dence among all binary classifiers.

2 STATE-OF-THE-ART

Most of the existing literature addresses one or more
of the three main parts of a multi-class decomposi-
tion problem: (1) the ECOC matrix creation; (2) the
dichotomies choice; and (3) the decoding.

In the following, let7 be the team (set) of used
dichotomiesD in a multi-class problem, anty be
the size of7. Recall thatV.. is the number of classks

There are three broad groups for reducing multi-
class to binary:One-vs-Al] One-vs-OngandError
Correcting Output Codedased methods (Pedrajas
and Boyer, 2006).

1. One-vs-All (OVA). Here, we useNqy = N, =
O(N.) binary classifiers (dichotomies) (Clark and
Boswell, 1991; Anand et al., 1995). We train the
it" classifier using all patterns of classis pos-
itive (+1) examples and the remaining class pat-
terns as negative(1) examples. We classify an

In the Appendix, we provide a table of symbols.

input exampler to the class with the highest re-
sponse.

2. One-vs-One  (OVO) Here, we  use
Nr (") = O(N2?) binary classifiers.
We train theij" dichotomy using all patterns
of classi as positive and all patterns of clags
as negative examples. In this framework, there
are many approaches to combine the obtained
outcomes such agoting, and decision directed
acyclic graphgDDAGS) (Platt et al., 1999).

Error Correcting Output Codes (ECOC). Pro-
posed by Dietterich and Bakiri (Dietterich and
Bakiri, 1996), in this approach, we use a coding
matrix M € {—1,1}¥<*N7 to point out which
classes to train as positive and negative examples.
Allwein et al. (Allwein et al., 2000) have extended
such approach and proposed to use a coding ma-
trix M € {—1,0,1}¥*N7_In this model, the

4" column of the matrix induces a partition of
the classes into two meta-classes. An instance
belonging to a class is a positive instance for
the j** dichotomy if and only ifM;; = +1.

If M;; = 0, then it indicates that th&” class

is not part of the training of thg*" dichotomy.

In this framework, there are many approaches
to combine the obtained outcomes suchvat

ing, HammingandEuclidean distances@ndloss-
based functionéwWindeatt and Ghaderi, 2003).

When the dichotomies are margin-based learners,
Allwein et al. (Allwein et al., 2000) have showed
the advantage and the theoretical bounds of us-
ing a loss-based function of the margin. Klau-
tau et al. (Klautau et al., 2004) have extended such
bounds to other functions.

3.

Pedrajas et al. (Pedrajas and Boyer, 2006) have
proposed to combine the strategies of OVO and
OVA. Although the combination improves the over-
all multi-class effectiveness, the proposed approach
usesNt %) + N O(N?) dichotomies
in the training stage. Moreira and Mayoraz (Mor-
eira and Mayoraz, 1998) also developed a combi-
nation of different classifiers. They have consid-
ered the output of each dichotomy as a probability

of the pattern of belonging to a given class. This
method requireéw = O(N?) base learners.
Athisos et al. (Athisos et al., 2007) have proposed
class embeddings to choose the best dichotomies from
a set of trained base learners.

Pujol et al. (Pujol et al., 2006) have pre-
sented a heuristic method for learning ECOC ma-
trices based on a hierarchical partition of the class
space that maximizes a discriminative criterion.
The proposed technique finds the potentially best



N. — 1 = O(N,.) dichotomies to the classifi- ementz to classify, a realizatiod® contains the in-
cation. Crammer and Singer (Crammer and Singer, formation to determine the class:of In other words,
2002) have proven that the problem of finding opti- P(y = ¢;|z) = P(y = ¢;|O7).

mal discrete codes is NP-complete. Hence, Pujoletal.  However, we do not have the probability
have used a heuristic solution for finding the bestcan- P(y = ¢; | O7). From Bayes theorem,

didate dichotomies. Even such solution is computa-

tionally expensive, and the authors only report results Ply = c|O7)= P(Orly =ci))P(y = c;)
for N, < 28. Y =T P(O7)
Takenouchi and Ishii (Takenouchi and Ishii, 2007) x P(Orly=¢)P(y =) (1)

have used the information transmission theory to

combine ECOC dichotomies. The authors use the P(O7) is just a normalizing factor and it is sup-
full coding matrix M for the dichotomies, i.e., pressed.

Ny = 3%=27"41 . (3Ne) dichotomies. The Previous approaches have solved the above model
authors only report results fdy, < 7 classes. by considering the independence of the dichotomies

Young et al. (Young et al., 2006) have used dy- in the teamZ (Passerini et al., 2004). If we con-
namic programming to design an one-class-at-a-time sider independence among all dichotomies, the model
removal sequence planning method for multi-class in Equation 1 becomes
decomposition. Although their approach only re-
quiresN = N, — 1 dichotomies in the testing phase, Py = ¢i|O7) & [[ P(O%ly = ;) P(y = :),
the removal policy in the training phase is expensive. teT
The removal sequence for a problem with classes ) (?)
is formulated as a multi-stage decision-making prob- @1d ~ the  class  of ﬂt"e input =z Is
lem and requiresV, — 2 classification stages. In the c(z) = arg max; I, c 7 P(O7ly = Ci)]?(y = Ci)', ]
first stage, the method us@& dichotomies. In each Although the independence assumption simplifies

one of theN, — 3 remaining stages, the method uses Lhe tmc;}dgl, it cor|r|1es with Ili\lmitati.onﬁ a”?hit i5288t5the|
N(N—1) gichotomies. Therefore, the total number oo, C10'*€ 1N & cases (Narasimhamrthy, )- In

3 o general, it is quite difficult to solve independence
of required base leamners afe—7=Me — O(N?). without using smoothing functions to deal with
Passerini et al. (Passerini et al., 2004) have intro- numerical instabilities when the number of terms in
duced a decoding function that combines the marginsthe series is too large. In such cases, it is necessary
through an estimate of their class conditional proba- to find a suitable density distribution to describe the
bilities. The authors have assumed that all base learn-data, making the solution more complex.
ers are independent and solved the problem using a e relax the assumption of independence among
Naive Bayes approach. Their solution works regard- all binary classifiers. When two of these dichotomies
less of the number of selected dichotomies and can benave a lot in common, it would be unwise to threat
associated with each one of the previous approaches.their results as independent random variables (RVs).
In our approach, we find groups of affine classifiers
(high correlated dichotomies) and represent their out-
A i comes as dependent RVs, using a sirggiaditional
3 Affine Bayes Multi-class probability table(CPT) as an underlying distribution
model. Each group then has its own CPT, and we
combine the groups as if they are independent from
each other — to avoid a dimensionality explosion.
Our technique can be interpreted as a Bayesian
Network inspired approach for RV estimation. We
decide the RV that represent the class based on the
RVs that represent the outcomes of the dichotomies.
We model the multi-class classification problem
conditioned to groups of affine dichotomi@s. The
model in Equation 1 becomes

In this section, we present our new Bayesian
treatment for the decoding strategy: thiine-Bayes
Multi-class We propose a decoding approach based
on the conditional probabilities of groups of affine bi-
nary classifiers. For that, we introduce the concept of
affine relations among binary classifiers, and present
a principled way to find groups of high correlated di-
chotomies. Finally, we present a strategy to reduce
the number of required dichotomies in the multi-class
classification.

To classify an input, we use a team of trained base — — —
learners7. We call O+ a realization of7. Each Py = ciOr,Gp) o< P(O1, Goly = ci) Ply CZ%)
element of7 is a binary classifier (dichotomy) and \We assume independence only among the groups of
produces an outpwt {—1,+1}. Given an input el-  affine dichotomieg; € Gp. Therefore, the class of



an inputz is given by

cl(x) = argmax H PO, gily = ¢;)P(y = ¢;).

! 9; € 9p

4)
To find the groups of affine classifiefs,, we define
an affinity matrix.4 among the classifiers. The affin-
ity matrix measures how affine are two dichotomies
when classifying a set of training examplés In
Section 3.1, we show how to create the affinity ma-
trix A. After calculating the affinity matri¥d, we use
a clustering algorithm to find the groups of correlated
binary classifiers ind. In Section 3.2, we show how
to find the groups of affine dichotomies from an affin-
ity matrix A.

The groups of affine classifiers can contain classi-
fiers that do not contribute significantly to the overall

classification. Therefore, we can deploy a procedure

to identify the less important dichotomies within an

Algorithm 1 Affine-Bayes Multi-class.

Require: Training data sefX, Testing dataX?, a team of
binary classifierd .

1: Split X into k parts,X; such that = 1...k;

2. for each X; do > Inner k-fold cross-validation.

3: X — X\ X;;

4 for each dichotomyd € 7 do

5 Dirain < TRAIN(X', d, method);

6 Ofi <—TEST(XZ‘, d, method, DTr-am);
7 endfor

8: O — |J(0));

9: end for

10

11

: Createthe affinity matrixA for U o

: Perform clustering on A to find the affine groups of
dichotomiegjp;

12: Create a CPT for each groug C Gp of affine di-

chotomies usin@;

13: Perform the shrinking. GSp <« SHRINK(Gp);

14: foreachz € X" do

15: Perform the classification of = from the model

on Equation 4 either using the set of affine di-

chotomiesp or the shrinked;Sp.

affine group and eliminate them. In this stage, we are 16: end for

able to reduce the number of required dichotomies

to perform the multi-class classification and hence

speed-up the overall process and make robust CPTsP:. D; whose outputs {—1,+1}

estimations.

within an affine group.

In Algorithm 1, we present the main steps of our
model for multi-class classification. In line 1, we di-

In Section 3.3, we show a consistent
approach to eliminate the less important dichotomies A = 1

Y Di)Dj(x)

VeeX

,VD;and D; € 7.

(5)

According to the affinity model, if two dichotomies

vide the training data into five parts and use four parts have the same output for all elementsiintheir affin-
to train the dichotomies and one part to validate the ity is 1. For instance, this is the case wien= D;.
trained dichotomies and to construct the conditional If D; # D; in all cases, their affinity is also 1. On
probability tables. In lines 3—6, we train and validate the other hand, if two dichotomies have half outputs
each dichotomy using a selected method. The methoddifferent and half equal, their affinity is 0. Using this
can be any binary classifier such as LDA, or SYM. model, we can group binary classifiers that produce
Each dichotomy produces an output{ —1, +1} for similar outputs and, further, eliminate those which do
each inputz. In line 8,0 contains all realizations of ot contribute significantly to the overall classifica-
the available dichotomies for the input da¥d. In tion procedure.
lines 10 and 11, we find groups of affine dichotomies
using the realizatior®;. Using the information of
groups of affine dichotomies, in line 12, we create a
CPT for each affine group. These CPTs provide the Given an affinity matrix4 representing the relation-
joint probabilities of a realizatio®; and the affine  ships among all dichotomies in a tedm we want to
groupsy; C Gp when testing an unseen input data find groups of classifiers that have similar affinities.
z. Inline 13, our approach finds the best dichotomies We want to find groups of dependent classifiers while
within the affine groups. This information can be used the groups are independent from one another. A good
in the testing phase to reduce the number of used di-clustering approach is important to provide balanced
chotomies. groups of dichotomies. Such balancing is interesting
because it leads to simpler conditional probability ta-
bles. In this paper, we use a simple, yet effective,
greedy algorithm for finding the dependent groups of
dichotomies from the affinity matrix.

In our greedy clustering approach, first we find the
Given a training data set, we introduce a metricto  dichotomy with the highest affinity sum with respect
find the affinity between two dichotomies realizations to all its neighbors (row with highest sum j). Af-

3.2 Clustering

3.1 Affinity matrix A



ter that, we select the neighbors with affinity greater a dichotomy may be in theeambecause it is criti-

or equal than a threshold Next, we check if each  cal for discriminating between two particular classes.
dichotomy in the group is affine to the others and se- If so, it is unlikely it will share a group of high-
lect those satisfying this requirement. This procedure correlated classifiers because it would require this di-
results the first affine group. Afterwards, we remove chotomy to be high-correlated with all dichotomies in
the selected dichotomies from the main te@nand such group. We have performed some experiments
repeat the process until we analyze all available di- to test that and, in all tested cases, such dichotomies
chotomies. Throughout experiments, we have found specific for rare classes are kept in the final pool of
thatt = 0.6 is a good threshold. We use this value in dichotomies.

all experiments in this paper.

3.3 Shrinking 4 Experiments and Results

Sometimes, when modeling a problem using condi-
tional probabilities, we have to deal with large condi-

tional probability tables which can lead to over-fitting.

One approach to cope with this problem is to suppose
independence among all dichotomies which results
in the smallest possible CPT. However, as we show
in this paper, this approach limits the representative

power of the Bayes apprqach. In the following, we We validate our approach using two scenarios. In
show a clever and alternative approach.

In the shrinking stage, we want to find the di- the first scenario, we use data sets with a relative small
chotomies within a group that are more relevant for Number of classes\. < 30). For that, we use two
the overall multi-class classification. We find the ac- UCI? and one NISY data sets. In the second sce-
cumulative entropy of each classifier within a group nario, we have considered two large-scale multi-class
from the examples in the training daka The higher  applications: one for the Corel Photo Gallery (Cdtel)
the accumulative entropy, the more representative is agata set and one for the Amsterdam Library of Ob-
?r%%?f;grcjltlrfg()c:tgggi‘ié_g'e%\j{th?ﬁ ?grgﬁgug?lggm’: g"l” jects (ALOIY. Table 1 presents the main features of
chotomies. We defineh; ; as each data set we have used in the validation. Recall

J that, V.. is the number of classe8]; if the number of
his=» Y (pealogs(pee (1—pea) logs (1— pea)) (6)  features, andV is the number of instances.
ceCrzeX

In this section, we compare oufAffine-
Bayes Multi-classapproach to: OVO, OVA, and
ECOC approaches based on distances decoding
strategies.  We also compare our approach to
Passerini et al. (Passerini et al., 2004) who have pro-
posed a Bayesian treatment for decoding assuming
independence among all binary classifiers.

g - Table 1: Data sets’ summary.
wherep., = P(y = ¢ | z,g],0%"), g} is the j*"

. - ) 9 .
dichotomy within the affine group;, ©%' is its real- [Dataset | Source| Ne [ Na | N |
ization for the inputr, andc € C, the available class Mnist digits | NIST 10 | 785 | 10,000
labels. Vowel UcCl 11 10 990
We choose the classifiers with the highest cumu- Isolet uel 26 | 617 7,797
lative entropy to select the best classifiers within an Corel Corel 2001128 1 20,000
ALOI ALOI 1,000 | 128 | 108,000

affine group. We have found in the experiments, that
selecting60% of the classifiers is a good tradeoff be-
tween multi-class overall effectiveness and efficiency.
One could use another cutting criteria, such as the
maximum CPT size.

During the training phase, our approach finds the
affine groups of b'f‘ary gla_ssmers and marks .the. most on the training set to estimate the CPTs. In all exper-
relevant dichotomies within each group. This infor-

mation can be used afterwards in the testing phase toiments, we have used the base learners: Linear Dis-
; € testing p . criminant Analysis (LDA) and Support Vector Ma-
reduce the number of required classifiers in the multi-

class task. chines (SVMs) (Bishop, 2006).

In summary, with our SO|Uti0n: we measure the 2http://mleam.ics.uci.edu/MLRepository.htmI
affinity on the training data to learn the binary classi- 3http:/lyann.lecun.com/exdb/mnist/
fiers relationship and decision surface. Itis a simple  “http:/iwww.corel.com
and fast way to estimate the distribution. Sometimes,  ®hitp:/www.science.uva.niraloil

Inthe ECOC-based experiments, we have selected
15 random coding matrices. For each coding matrix,
we perform 5-fold cross validation. For each cross-
validation fold, we perform a 5-fold cross validation



4.1 Scenario 1 (10-26 classes) ate. In Figures 2(a—c), we show results usiftine-
Bayes(AB-ECOC) vs. ECOC Hamming decoding

In Figure 1, we compareAffine-Bayes(AB) to and Passerini et al. (Passerini et al., 2004) approaches

ECOC based on Hamming decoding (ECOC), for LDA and SVM classifiers.

One-vs-One (OVO), and Passerini's approach

(PASSERINI) (Passerini et al., 2004). In this ex- We show experiments up to 400 dichotomies in

periment, Affine-Bayesuses two different coding the presence of 200 and 1,000 classes to emphasize

matrices: AB-ECOC, and AB-OVO. the performance for a small number of base learners
The use of conditional probabilities and affine in comparison with the number of all possible separa-

groups onAffine-Bayeso decode the binary classifi- tion choices. As we increase the number of classifiers,

cations and produce a multi-class prediction improves all approaches fare steadily better, and as this number

the results for OVO and ECOC coding matrices. This approaches the limit, they converge to similar results.

is also true for other UCI data sets not shown here For ALOI, the limitis (%3*”) = 499, 500, much more

such asabalone covtype optdigits pendigits vowel than the 400 we show.

andyeast Although unsubstantiated here, through-

out experiments we have found out ttdfine-Bayes As the image descriptor is not our focus in this pa-
also improves OVA_and ECOC approaches limited to per, we have used a simple extended color histogram
Nt = N, dichotomies. with 128 dimensions (Stehling et al., 2002). Corel

Weak classifiers (e.g., LDA) benefits more from data set comprises broad-class images and it is more
Affine-Bayeshan strong ones (e.g., SVMs). This im- difficult to classify than the ALOI collection of con-
portant result shows us that when we have a problemtrolled objects.
with many classes, it may be worth using weak clas-

sifiers (e.g., LDA) which often are considerably faster Affine-Bayegmproves the effectiveness in the two
than strong ones (e.g., SVMs). data sets regardless the base learner (LDA or SVM).
When possible, all one-by-one dichotomies |n hoth cases and for both data sets, we see that
(OVO) produce better results. However, random se- Affine-Bayesrovides better results than Passerini’'s
lection of subsets of OVO are not better than ECOC, and other approaches. For ALOI and SVM base
andAffine-Bayesmproves both approaches. learner, the difference is above 15 standard deviations

For the UCI and Nist small data sets, thAéfine  (~7-8 percentual points) with respect to Passerini's
Bayesresults are, in average, one standard devia- results.
tion above Passerini’s results when using SVM and,

at least, two standard deviations above when using |, aqdition,Affine-Bayesvith the shrinking phase
LDA. However, we have found that Passerini's as- provides good results even with fewer dichotomies.
sumption on independence for all dichotomies is not For instance, when we provide 200 dichotomies in
as robu_st asAffine-Bayesavhen the number of di- the training for ALOI data sefiffine-Baye$AB) pro-
chotomies and classes becomes larger (c.f., Sec. 4.2)yiges an average accuracy of 80% wiAlkine-Bayes-
For small data sets, there is no much gain in using shrinking (ABS) provides 76% using only 135 di-
anything sophisticated. _ chotomies. For Corel, when we use AB with 90 di-
This behavior is closely related to the curse of di- chotomies, the accuracy is 17% while for ABS it is
mensionality, and most papers in the literature only 1894 Finally, in spite of the reduction in the num-

show the performance going up to 30 classes which is per of dichotomiesAffine-Bayestill provides better

our approach for up to 1,000 classes.

. For more than 30 classes, the independence re-

4.2 Scenario 2 (200 and 1,000 classes)  striction play an important role. See Figure 2(b-c).
By not assuming independence, the SVM with only

Here, we consider two large-scale Vision applica- 200 dichotomies is more effective than the best K-
tions: Corel (V. = 200) and ALOI (N. = 1,000) Nearest neighbors (not shown in the plots). KNN
categorization. In such applications, OVO is com- yields ~ 83% accuracy while our approach using
putationally expensive. Sometimes, it is not advised SVM and 200 dichotomies yields 88%. We can
to use OVA at all, given that, even in this case, improve even more if we use 400 dichotomies, and
the number of dichotomies and the number of el- yet, this is much less dichotomies than a solution us-
ements to train are too high. Hence, ECOC ap- ing one versus all or all combinations of one versus
proaches with a few base learners are more appropri-one.
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