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Abstract

Shape deformation methods are important in such fields as geometric modeling and
computer animation. In biology, modeling of shape, growth, movement and pathologies
of living microscopic organisms or cells require smooth deformations, which are essen-
tially 2D with little change in depth. In this paper, we present a 2.5D space deformation
method. The 3D model is modified by deforming an enclosing control grid of prisms.
Spline interpolation is used to satisfy the smoothness requirement. We implemented
this method in an editor which makes it possible to define and modify the deformation
with the mouse in a user-friendly way. The experimental results show that the method
is simple and effective.

1 Introduction

Many applications require arbitrarily complex but smooth user-editable deformations. An
important example, that we use to illustrate and validate our work, is the modeling of shape,
growth, movement and pathologies of living microscopic organisms or cells. Our goal is to
define mathematical and software tools to describe such deformations in a user-friendly way.

Generally, at any given stage of its life, each species of organisms has a relatively well-
defined morphology that makes it possible to model its basic form. However, many biological
structures have elastic or gelatinous consistency and may undergo considerable deformations
due to motion or even pathologies. A realistic modeling of these deformations is crucial in
tasks such as the generation of synthetic images and videos for study and teaching, and
automatic recognition of organisms in clinical analysis.

We assume that the basic shape of the target organism is given as a dense triangular
mesh with tens of thousands of triangles. See Figure 1.

Having the model, we need a method to deform it. We use here the space deforma-
tion approach which modifies the model by deforming the space it is embedded in. Space
deformation methods are highly interactive and intuitive for user-editable deformations.
Generally, the space deformation methods embed the target model in a coarser 3D mesh,
called control grid [5, 15, 20, 25]. The embedded shape can be changed by manipulating
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(a) (b)

(c) (d)

Figure 1: Morphology of the Caenorhabditis elegans (a) and of the Dileptus anser (c), and the 3D
models of their basic shapes (b) and (d), respectively.

the control grid to obtain a deformed grid, and, by using spline interpolation techniques,
extend the control grid deformation to the whole space inside it.

Many existing space deformation techniques are continuous (C0) but not smooth (C1),
i.e., they often introduce corners or creases in the initial model. See Figure 2. The techniques
that are C1 are very hard to edit because they have a very large number of free parameters.

Figure 2: A comparison between space deformations with C0 (left) and C1 (right) continuity.

In this paper, we focus on deformation modeling techniques that are C1 and allow
convenient editing of the control grid by the user. To achieve this goal, we propose a
special subset of space deformations that can be described by a 2D deformation in the x, y
directions with a position-dependent 1D stretching map. Therefore we may call it a “2.5D”
space deformation method. In general, although the models for this application are 3D,
the deformations are essentially 2D with little change in depth, especially because the third
dimension can not be easily perceived through a microscope.

Specifically, our coarse grid consists of a single layer of triangular prisms with curved top
and bottom faces. Our editor ensures that the space deformation implied by the deformed
grid is C1-smooth.

We implemented the method in an editor which makes it possible to define and modify
the deformation with the mouse in a user-friendly way. The choice of prismatic cells reduces
the number of points of the control grid, making the deformation easier to edit and visualize.
The experimental results show that the proposed method is simple and effective.
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The paper is organized as follows. We will discuss the related works in Section 2 and
introduce concepts on spline surfaces, C0 and C1 continuity and local control in Section 3.
In Section 4, we present the methodology of this work. Experimental results are presented
in Section 5. In Section 6 we conclude the paper with some discussions and future works.

2 Related Works

Shape deformation approaches can be classified as surface [6, 24] or space deformation meth-
ods [11]. Methods that deform the surface of a model manipulate its vertices directly. These
methods provide a complete control of the deformations. However, they are impractical due
to the large number of points that need to be manipulated to achieve simple deformations.
Besides, smooth results are obtained at the cost of difficult computations.

Space deformation methods modify the model by deforming the space it is embedded
in. The space deformation may have substantially fewer free parameters than the model
mesh, so that it can be defined and edited with a reasonable amount of work. Gain and
Bechmann [11] describe some space deformation methods and classify them according to
the dimension of the tool used, such as points (0D deformation) [1, 2, 3], curves (1D) [4, 18],
surfaces (2D) [8, 22, 23] and volumetric meshes (3D) [5, 7, 14, 15, 17, 19, 20, 25].

Most 3D space deformation methods described in the literature use either hexahedral [17,
20] or tetrahedral [5, 15, 25] control meshes. These methods can be used with spline
interpolation techniques to maintain the continuity of the inner 3D model [5].

However, the requirement of C1 continuity makes this approach very hard to edit. For
example, with a tetrahedral mesh, the degree of the interpolating spline must be at least
5 to allow localized editing of the grid. Therefore, to specify each tetrahedron in the mesh
the user must specify the position of 56 control points [5]. With an hexahedral mesh one
can have C1 splines of degree 3, however each cell requires 64 control points [11].

When the control mesh has many control points, the graphical edition of the deformation
becomes complicated. The user may want a deformation that requires the manipulation of
inner control points that are difficult to select. Furthermore, enforcing the C1 continuity
constraints may move many control points automatically, causing confusion to the user
during the edition. This implies the need to build complex interfaces with a high level of
abstraction which can prevent specific deformations that could be made by the user [5, 11].

3 Review

This section introduces concepts on spline surfaces, C0 and C1 continuity and local control
used in the implementation of the space deformation method presented in the paper.

3.1 Splines

Splines are widely used to model functions of unlimited complexity with local control [11].
Typically, a spline is defined as a piecewise-defined function whose pieces are polynomials [9].
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More precisely, we define a spline function on a mesh T in Rn is a function f : Rn → R
such that the restriction fu of f to each part u of the mesh is a polynomial on the coordinates
of the argument. See Figure 3.

Figure 3: A spline function from R2 to R.

If n = 2 and the cells of the mesh are triangles, then each polynomial fu can be
conveniently expressed as a linear combination of the Bernstein-Bézier polynomials of the
corresponding triangle u. Let p be a point of R2. Let β0, β1 and β2 be barycentric coordi-
nates of p relative to the vertices of u. Let d ∈ N be a degree, and i, j and k be non-negative
integers such that i+ j + k = d. Then the two-dimensional Bernstein-Bézier polynomial of
degree d with indices i, j and k is defined as

Bijk(p) =
d!

i!j!k!
βi0β

j
1β

k
2 . (1)

Note that Bijk is a homogeneous polynomial function with total degree d of the barycen-
tric coordinates β0, β1 and β2. The set of all polynomials Bijk with i+ j + k = d is a basis
for the polynomials of degree d defined on R2. That is, every polynomial g of degree d
defined on R2 can be written uniquely as

g(p) =
∑

i+j+k=d

cijkBijk(p) (2)

for all p ∈ R2 where the coefficients cijk depend on g and u.
The numbers cijk are called Bézier coefficients of g (relative to u); there are (d+ 1)(d+

2)/2 of them. Each coefficient cijk can be associated to a nominal position uijk in the
triangle u, whose barycentric coordinates are, by definition, (i/d, j/d, k/d) relative to u.
See Figure 4.

3.2 Using splines to model space deformations

A deformation of the space Rn can be defined as a function φ : Rn → Rn. A convenient way
of modeling such functions if to let each coordinate of φ(x) be a spline function φr(x), with
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Figure 4: Nominal positions uijk of the Bézier coefficients cijk for a piece fu of degree 5.

all these splines being of the same degree and defined on the same mesh T . The function φ
deforms T , the domain grid, into a new mesh φ(T ) with curved edges, the deformed grid.
See Figure 5.

Figure 5: A deformation from R2 → R2 of the domain grid T (left) into a deformed grid φ(T ) (right).

The Bernstein-Bézier polynomial representation can be used to describe the deformation
φ. Let u be a triangle of T and φu be the part of φ with domain u. For each coordinate
r (0 for x or 1 for y), the Bézier coefficient cuijk;r of φur can be viewed as coordinate r of a
point quijk, the Bézier control point of φu with indices i, j and k. The function φ can be
modified by moving the points quijk. See Figure 6.

Figure 6: Bézier control points quijk (right) of a degree 3 patch φu from R2 → R2 and their nominal
positions uijk on the domain triangle u (left). The curved triangle on the right is the
image of u under the deformation φu.

Note that the control points quijk are distinct from their nominal positions uijk. They
are also distinct from the images φu(uijk) of the nominal positions, except at the corners,
that is, φu(ud00) = qud00, φ

u(u0d0) = qu0d0 and φu(u00d) = qu00d.
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3.3 Ensuring C0 continuity

A spline function has C0 continuity when there are no discontinuities across cell boundaries.
For splines defined on a triangulation the C0 condition can be easily expressed in terms of
the Bézier coefficients. More precisely, let f : R2 → R be a spline function defined on a
triangulation T . Let u and v be two adjacent triangles of T with Bézier coefficients cuijk
and cvi′j′k′ . The condition for f to be continuous across the common edge of u and v is that
cuijk = cvi′j′k′ for all i, j, k, i′, j′, k′ such that the nominal positions coincide, that is, such that
uijk = vi′j′k′ .

The same criterion determines when a deformation φ : R2 → R2 is C0-continuous.
Namely, we must have quijk = qvi′j′k′ whenever uijk = vi′j′k′ . See Figure 7.

Figure 7: Bézier control points (right) of a spline φ of degree 3 from R2 → R2, satisfying C0 conti-
nuity constraints, and their nominal positions (left).

3.4 Ensuring C1 continuity

A spline function is smooth when it has at least C1 continuity at the meeting of its parts,
i.e. given the triangles u and v, the first derivatives of the corresponding polynomials fu

and fv are equal at the boundary between u and v. Theorem 1 [16] expresses this condition
in terms of the Bézier coefficients of fu and fv.

Theorem 1. Let u and v be two adjacent triangles with vertices u0, u1, u2 and v0, v1, v2,
respectively, where u1 = v1 and u2 = v2 belong to the shared edge e. Let fu and fv be
polynomials of degree d with Bézier coefficients cuijk and cvijk relative to u and v, respectively,
i.e.

fu(p) =
∑

i+j+k=d

cuijkB
u
ijk(p)

fv(p) =
∑

i+j+k=d

cvijkB
v
ijk(p). (3)
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Then, fu and fv and all their partial derivatives up to order r are joined smoothly at
the edge e, if and only if

cvijk =
∑

i′+j′+k′=i

cui′,j+j′,k+k′B
u
i′j′k′(v0) (4)

for all i = 0, ..., r and all j, k such that j + k = d− i.

Corollary 1. In particular, the polynomials fu and fv of the Theorem 1 are C1-continuous
along e if and only if

cv0jk = cu0jk (5)

for all j, k such that j + k = d and

cv1jk = β0c
u
1,j,k + β1c

u
0,j+1,k + β2c

u
0,j,k+1 (6)

for all j, k such that j + k = d − 1, where β0, β1 and β2 are barycentric coordinates of v0
relative to u0, u1 and u2.

A C1-continuous spline deformation φ(T ) : R2 → R2 with control points quijk and qvijk
follows analogous conditions to those given in Equations (5) and (6). Namely, let u and v
be two triangles of T sharing vertices u1 = v1 and u2 = v2. The deformation φ is continuous
across the shared edge if and only if

qv0jk = qu0jk (7)

qv1jk = β0q
u
1,j,k + β1q

u
0,j+1,k + β2q

u
0,j,k+1 (8)

where i, j, k, β0, β1 and β2 are as above.

Note that the barycentric coordinates of v1jk relative to u1,j,k, u0,j+1,k and u0,j,k+1 are
the same as those of v0 relative to u0, u1 and u2. Namely, these four nominal positions
form a quadrilateral in the domain of φ that is similar to the quadrilateral v0, u0, u1, u2.
Equation (8) then says that the corresponding quadrilateral formed by the control points
qv1jk, q

u
1jk, q

u
0,j+1,k, q

u
0,j,k+1 must be an affine image of that domain quadrilateral. See Figure 8.

Figure 8: Bézier control points (right) of a spline φ of degree 3 from R2 → R2, satisfying C1 conti-
nuity constraints, and their nominal positions (left).
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Theorem 1 and its consequences also hold with permuted indices when the two domain
triangles share other edges (e.g. when u0 = v1 and u1 = v2, etc.).

We call Equation (8) the quadrilateral condition on those four control points. We say
that points qv1jk and qu1jk are the extreme members of the condition, and qu0,j+1,k and qu0,j,k+1

are shared members.

3.5 Local control

The main advantage of splines over other function approximation methods is that they
allow local control: if we change only one control point, the spline changes only within the
corresponding domain triangle and perhaps a few other triangles surrounding it.

However, to maintain C0 and C1 continuity we often have to change two or more control
points at the same time, so as to preserve Equations (7) and (8). If the degree d is too low,
these constraints are interconnected in such a way that the changes propagate from triangle
to triangle all over the domain grid, so that local control is not possible. In particular, for
triangle grids in R2, one can easily obtain local control and C1 continuity with splines of
degree d ≥ 5. One can also obtain these features with degree d = 4, but the construction is
more complicated. For d ≤ 3 these features cannot be obtained simultaneously [16].

Therefore, for the application we consider here (C1 deformations on a triangular mesh)
we use polynomial splines of degree at least 5, which means that each triangle has 21 control
points. See Figure 9.

Figure 9: The domain grid for a spline deformation of degree 5 (left) and the deformed grid (right).
The control points and the quadrilateral conditions are shown.

4 Methodology

This section presents our 2.5D space deformation method. We describe it in the context of
a typical interactive editing session.
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4.1 Constructing the domain grid and the 3D model

First, the program loads the 3D model M to be deformed from a given triangular mesh file.
Then the user chooses a degree d ≥ 3 and defines a domain grid P in R3 that surrounds
M . The domain grid consists of a collection of prisms in R3 whose projections on the xy
plane are a triangulation T of R2, and whose projection on the z axis is an interval [a, b]
adjustable by the user. See Figure 10.

Figure 10: A 3D biological model M surrounded by a 3D domain grid P and the corresponding 2D
domain grid T .

4.2 Computing barycentric coordinates

Since the user is satisfied with the domain grid P , the program finds the prism U of P that
contains each vertex p of the model, and computes the barycentric coordinates β0, β1 and
β2 of p with respect to the triangle u of the triangulation T that corresponds to the prism
U . It also computes the vertical position of p relative to the two triangular faces u0 and u1

of U , namely the two numbers α0 = (b− z)/(b−a) and α1 = (z−a)/(b−a). See Figure 11.

Figure 11: The barycentric coordinates α0, α1, β0, β1 and β2 of a 3D model point p relative to the
prism U .
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4.3 The space deformation

The deformed grid ψ(P ) consists of another collection of prisms with vertical walls, whose
top and bottom faces are curved triangles. These curved triangles of chosen degree d
constitute two spline surfaces, that are the top and bottom surfaces of the deformed grid.
Both surfaces are based on the same domain grid T on R2. See Figure 12.

Figure 12: A deformed 3D biological model ψ(M) surrounded by a deformed grid ψ(P ).

The space deformation ψ is a function from the interior of the domain grid P to the
interior of the deformed grid ψ(P ). The deformed model ψ(M) is another dense triangular
mesh with the same topology as M obtained by mapping every vertex of M through the
function ψ.

Since the walls of ψ are restricted to be vertical, ψ can be separated into a 2D deforma-
tion φ : T → R2 and two spline functions σ0 : T → R and σ1 : T → R. Namely,

ψ(p) = (ψ(p).x;ψ(p).y;ψ(p).z) (9)

where p = (x, y, z) ∈ R3 and

ψ(x, y, z).x = φ(x, y).x

ψ(x, y, z).y = φ(x, y).y

ψ(x, y, z).z = α0(x, y)σ0(x, y) + α1(x, y)σ1(x, y).

Note that for each position p inside P , the z coordinates of the point ψ(p) range between
σ0(x, y) and σ1(x, y).

4.4 The Bézier control points

The splines σ0, σ1 and φ are defined by their Bézier control points. The user can modify
the deformation by moving each control point with the mouse. In this phase the user can
switch back and forth between two editing modes: xy-mode and z-mode.
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In the xy-mode the user sees a top view of the deformed grid (that is, a view of the
deformed triangulation φ(T )) and can only modify the x and y coordinates of each control
point quijk of φ as described in Section 3.2. Each triangle has (d+1)(d+2)/2 control points;
except that two or more control points, with the same nominal positions (along shared
edges), are presented and edited as a single point. See Figure 14.

Figure 13: The xy-mode view of a deformed grid P showing the control points of the spline φ and
their adjacency relations (red lines) in the domain grid.

When editing in the z-mode the user sees an oblique view of the deformed grid ψ(P ) and
can edit the coefficients cuijk;r of the two spline functions σ0 and σ1. For each triangle u ∈ T
and each set of indices i, j, k with i+j+k = d there are two coefficients: cu0;ijk for the bottom
surface and cu1;ijk for the top surface. Therefore, there are 2(d+ 1)(d+ 2)/2 = (d+ 1)(d+ 2)
control points for each prism of P but only their z coordinates can be changed by the user.
Each of the two splines σ0 and σ1 is edited independently. See Figure 14.

Figure 14: The z mode view of a deformed grid P showing the control points of the splines σ0 (left)
and σ1 (right).

4.5 Enforcing continuity

As observed in Section 4.4 the C0 continuity condition is enforced by giving the user only
one control point for all Bézier control points whose nominal positions coincide, namely the
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control points whose nominal positions lie on edges or vertices of T shared by two or more
triangles.

As explained in Section 3.4, the C1 continuity condition is expressed by a number of
quadrilateral conditions (which the program can optionally display; see Figure 9). To en-
force C1 continuity, whenever the user modifies a control point the program determines one
or more additional control points that must be modified in order to preserve the quadri-
lateral conditions, and automatically applies to them the necessary adjustments. This
computation is carried out independently for each spline; in xy-mode it is repeated for both
splines, while in z-mode it affects only the spline σ0 or σ1 that is being edited at the time.

When the user modifies a control point q, the program finds all quadrilateral conditions
that involve q; and then selects, among the other control points that enter into these condi-
tions, a small subset that can be adjusted so as to preserve the conditions. If any of those
points enter into additional conditions, the process is iterated as needed. When d ≥ 5, this
subset will include points from the triangle that owns q and only a few adjacent triangles.
When d ≤ 4, the set may spread out to the entire grid. At the same time, the program
computes the displacements for those points that preserve all their quadrilateral conditions.

5 Experiments

To test the suitability of our formulation we used our editor to reproduce deformations of
some microorganisms observed in actual microscope images.

We used two organisms in the experiments, the worm Caenorhabditis elegans and the
protozoan Dileptus anser. For each organism we built a mesh model of its ‘rest’ (unde-
formed) shape using the Blender 3D editor [21]. See Figure 1. We used our editor to choose
an appropriate control grid for each model. See Figure 15.

Figure 15: 2D view of the domain grids and of the 3D models (basic shape) of the Caenorhabditis
elegans (left) and of the Dileptus anser (right) used in our tests.

Actual microscope images of these organisms, deformed in various ways, were obtained
from the Internet. See Figure 16 (left). We used our editor to deform the model until it
matched the actual images. The results are shown in Figure 16 (right).
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(a) Caenorhabditis elegans [13]. (b) Deformed model.

(c) Caenorhabditis elegans [12]. (d) Deformed model.

(e) Dileptus anser [10]. (f) Deformed model.

Figure 16: Actual images of the test organisms (left) and 2D views of the deformed models (right).
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6 Conclusions and Future Work

We described an efficient 2.5D space deformation method for 3D models of micro-organisms,
based on a control grid of prisms and splines of arbitrary degree. The method allows
convenient editing of the deformation while preserving the C1 continuity of the surface
during deformation. The experimental results demonstrated that is possible to simulate
various kinds of deformations that can occur in chosen biological structures.

In future works, we will focus in control mesh editing and deformation techniques to
facilitate the acquisition the most common coarse deformations. One idea to extend the
method to provide multiscale edition, another is to implement a space deformation method
based on curves where each point of the curve represents one group of control points.
Another direction for future research is the incorporation of volume-preserving constraints
and avoidance of self-intersection.
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