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Abstract
We present new quantum lower bounds and upper bounds for several computational
geometry problems. The bounds presented here improve on currently known results
in a number of ways. We give asymptotically optimal bounds for one of the problems
considered, and we provide up to logarithmic factors optimal bounds for a number of
other problems. We settle an open problem of Bahadur et al [4]. Some of these new
bounds are obtained using a general algorithm for finding a minimum pair over a given
arbitrary order relation.
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Introduction

Quantum computing is a new paradigm that is attracting some attention among computer
specialists due to evidences that it has some advantages over the classical model of computing. Some of the most widely known quantum algorithms are Shor’s polynomial time
quantum factoring algorithm [17, 18] and Grover’s quantum search algorithm [9, 10]. Both
achieve their outstanding complexity performance due to the use of key aspects in quantum
computing, such as quantum parallelism and entanglement.
The aim of this paper is to present new lower and upper quantum bounds for several computational geometry problems. We solve some of these problems using a general
algorithm for finding a minimum pair over an arbitrarily defined total order relation between pairs of elements, which itself may have other interesting applications for problems
in unrelated areas.
Some applications of quantum computing to computational geometry problems were
already considered in other works [19, 4, 15]. This paper improves upon these results in a
number of ways. Besides describing the algorithms in a more general setting, we provide
better upper bounds and better lower bounds to the computational geometry problems
∗
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considered here. The task of obtaining lower bounds were not even considered in some
of the earlier works. The minimum pair algorithm that we develop also settles an open
question, posed in [4], that of providing a quantum upper bound for the Furthest Pair
problem.
The rest of this article is organized as follows. Section 2 establishes some notation
and lists supporting results. In Section 3 we describe and analyse a new algorithm for the
Minimum Pair problem. In Section 4 we provide tight bounds for several computational
geometry problems using the general algorithm from Section 3 and some ad hoc techniques.
And we give concluding remarks in Section 5.

2

Preliminaries

In this section some supporting algorithms and theorems are listed. Let N be a positive
integer. Hereafter we use the following conventions [N ] = {1, . . . , N }, hN i = (1, . . . , N ),
similarly, we set [xN ] = {x1 , . . . , xN } and hxN i = (x1 , . . . , xN ). If P is a proposition, we
define JP K = 1 if P is true, or JP K = 0 if P is false.
Throughout the text we use the term total order relation, and sometimes just order
relation, to refer to a relation  that is antisymmetric, transitive and total. When it is not
the case that y  x we may simply write x ≺ y, and when it is the case that x  y and
y  x we may write x = y.
We say that a function f : A → {0, 1} is non-trivial if and only if there exists some
a ∈ A such that f (a) = 1.

2.1

Element Distinctness

The Element Distinctness problem has been widely studied both in the classical and the
quantum models of computation.
Definition 1 (Element Distinctness) Given N elements hxN i from a given set X. Decide if all elements in hxN i are distinct.
The complexity measure we will use is the total number of oracle queries, or calls. We
can use evaluation of comparison oracles. An evaluation oracle π is defined as π : [N ] → X,
that is given an index i, π(i) returns the element xi ∈ X. We can use, instead, a less
powerful comparison oracle, say λ : [N ]2 → {0, 1}, such an oracle can only tell how the
elements whose indices were given compare against each other over an order relation.
In the classical setting Θ(N ) queries to an evaluation oracle are necessary and sufficient
for solving the Element Distinctness problem [14]. In the quantum setting Θ(N 2/3 ) queries
are necessary [1, 16] and sufficient [3] for solving the Element Distinctness problem, given
an evaluation oracle.
If we resort to a comparison oracle, a lower bound of Ω(N 2/3 ) is implied by the lower
bound for evaluation queries, and Ambainis [3] showed how to solve the problem using
O(N 2/3 log N ) queries to a comparison oracle.
We summarize the known results in a more general setting.
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Definition 2 (Element k-Distinctness) Given N elements hxN i from a set X, and an
integer k ≥ 2. Decide if there are k identical elements in hxN i.
Theorem 1 (Element k-Distinctness Algorithm [3]) The Element k-distinctness problem can be solved by a quantum algorithm with O(N k/(k+1) ) queries if using an evaluation
oracle and with O(N k/(k+1) log N ) queries if using a comparison one.
Note that, when k = 2, this reduces to the corresponding version of the Element Distinctness problem.

2.2

Subset Finding

Building on the work of [3], Childs and Eisenberg [6] pointed out that Ambainis’ algorithm
actually solved a more general problem, that of finding a subset of size k satisfying some
given property. They also gave a somewhat different and simplified analysis of the algorithm.
This result may be enunciated as follows.
Theorem 2 (Subset Finding Algorithm [6]) Given an integer k ≥ 1, an evaluation
oracle π : [N ] → X, and a property P : [N ]k → {0, 1}. Then, there exists a quantum algorithm that uses O(N k/(k+1) ) queries to π, and whose output [xk ] satisfies P (x1 , . . . , xk ) = 1
with constant nonzero probability, if P is non-trivial.
In this more general setting, we can easily solve the traditional Element Distinctness
problem. Just set k = 2, X = [xN ], π(i) = xi , P (i, j) = Jxi = xj K, and apply Theorem 2.
Note that the subset finding algorithm may fail, but it is easy to test if it succeeds by
verifying property P over the output. So, by running the algorithm a constant number of
times, we can augment the probability of success to a value greater than 1/2.

3

The Algorithm for Finding a Minimum Pair

We assume that the set of elements X is a subset of the integers, or equivalently, that there
is a bijection from X to a subset of the integers, by this reason we can resort to evaluation
oracles.

3.1

Threshold Pair Algorithm

We need an auxiliar procedure based on Subset Finding algorithm. Such procedure relies
on a total order relation  defined over X 2 , whose implementation must be given as input.
This procedure will find any pair that precedes another given pair over the order relation.
We call this given pair as the threshold pair.
Its implementation is straightforward from Theorem 2. By setting k = 2, X = [xN ],
π(i) = xi , and P (i, j) = J(xi , xj )  (xk , xl )K. Where (xk , xl ) is the threshold pair.
Its complexity remain the same as stated by Theorem 2, O(N 2/3 ) queries. And we can
suppose that its success probability is at least 1/2.
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3.2

Minimum Pair Algorithm

Using Threshold Pair algorithm, we describe below a quantum algorithm for the Minimum
Pair problem. It also uses, as a subroutine, the quantum
√ algorithm of [7], which returns a
minimum element among a set of N elements using O( N ) queries to an oracle.
Algorithm: Minimum Pair
1. Choose a random k ∈ [N ]. Use the algorithm of [7] to compute l ∈ [N ] such that
(xk , xl ) ∈ X 2 is minimum over the relation .
2. Repeat the following 4 log N times.

a. Run the Threshold Pair algorithm using (xk , xl ) as a threshold pair.
b. Observe its outcome, say (xi′ , xj ′ ). Fix i = i′ , and compute, as in step 1, the
element j ∈ [N ] such that (xi , xj ) ∈ X 2 is minimum over the relation .
c. If (xi , xj ) ≺ (xk , xl ), then set (xk , xl ) to (xi , xj ).

3. Return (xi , xj ).

Lemma 1 In the Minimum Pair algorithm, suppose that the iteration in step 2 runs for
an infinite number of times. Let X be a random variable representing the number of times
that the loop needs to be repeated until (xk , xl ) holds the minimum pair. Then, the expected
value of X satisfies E[X] < 2 log N .
Proof.
Consider the set Z of pairs (k, l) where k ranges over [N ] and each l is such
that (xk , xl ) is minimum over . We can rank such pairs from 1 to N , using  as a base
relation.
We want to determine E[X]. For this, let Xj be a random variable that takes on the
value 1 if the pair of rank j is chosen at any moment during the algorithm, and 0 otherwise.
And let Yj be a random variable that takes on the number of times that the Threshold
Pair algorithm is called, in step 2a, until it succeeds, if it uses the pair with rank j as a
threshold.
Then the total number of repetitions of the loop satisfies:
X=

N
X

Xj Yj

j=2

We get the following for the expectation of X:
N
N
X
X
E[Xj Yj ].
Xj Yj ] =
E[X] = E[
j=2

j=2

It is easy to see that Xj and Yj are independent variables, since the probability of
success of the Threshold Pair algorithm does not depend on the rank of the threshold.
So, we may just write Yj = Y . And since Xj and Y are independent variables, then
E[Xj Y ] = E[Xj ] E[Y ].
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By Lemmas 2 and 3 below, we have:
E[X] =

N
X

E[Xj ] E[Y ] <

N
X
2
j=2

j=2

j

< 2 log N

Therefore, E[X] < 2 log N .
Lemma 2 Let Xj be a random variable as defined in the proof of Lemma 1. Then, E[Xj ] =
1/j.
Proof.
Xj is a Bernoulli random variable, therefore E[Xj ] = Pr(Xj = 1). Henceforth
we want to prove that Pr(Xj = 1) = 1/j.
Let Xjk be a random variable that takes on the value 1 if the pair of rank j will ever be
chosen when the Threshold Pair algorithm is run using a pair of rank k + 1 as a threshold,
and 0 otherwise. Note that Xj = XjN because the first step of the algorithm does not need
to be considered as a special case, as the distribution of selecting a pair in step 1 is the
same as the output distribution of the Threshold Pair algorithm when using a pair with
rank N + 1 as a threshold.
Clearly, Pr(Xjk = 1) = 0 if j > k because the values taken by the threshold pair (k, l)
are always strictly decreasing due to the test on step 2c.
We will prove that Pr(Xjk = 1) = 1/j for each k ≥ j and a fixed j, by induction on k.
The basis is Pr(Xjj = 1) = 1/j follow due to the fact that the output distribution of the
Threshold Pair algorithm is uniform. Now, assume that Pr(Xjl = 1) = 1/j for all j ≤ l ≤ k.
We want to prove that Pr(Xjk+1 = 1) = 1/j. For this case, either the pair with rank j is
selected with equal probability from the k + 1 pairs that have rank less than the threshold,
or a pair with rank i + 1, where j + 1 ≤ i + 1 ≤ k + 1, is selected, and, in a subsequent
iteration the pair with rank j is selected. This gives:
X 1
1
1
+
Pr(Xji = 1) = .
k+1
k+1
j
k

Pr(Xjk+1 = 1) =

i=j

This concludes the proof.
Lemma 3 Let Y be a random variable as defined in the proof of Lemma 1. Then, E[Y ] < 2.
Proof.
Y is a geometric random variable with parameter p, where p > 1/2 because
the Threshold Pair algorithm has a probability of success greater than 1/2. Hence, E[Y ] =
1/p < 2.
Lemma 4 In the Minimum Pair algorithm it suffices to repeat step 2 for 4 log N times to
achieve a probability of success of at least 1/2.
Proof.
We can use Markov’s inequality, which says that for a random variable Z and
value a > 0, we have Pr(Z ≥ a) ≤ E[Z]/a. Applying the inequality for the variable X from
Lemma 1, we get the desired result.
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Theorem 3 (Minimum Pair) Given a total order relation  ⊆ X 2 × X 2 . Then, there
exists a quantum algorithm that outputs (x1 , x2 ), such that (x1 , x2 ) is the minimum over the
relation . Furthermore, such an algorithm uses O(N 2/3 log N ) queries of an evaluation
oracle π.
Proof.
Lemma 4 shows that the number of repetitions used in step 2 suffices, and that
the algorithm has at least 1/2 probability of being successful.
√
It remains to prove the complexity bounds. Steps 1 and 2b require O( N ) queries,
step 2a requires O(N 2/3 ) queries due to the Threshold Pair algorithm, and step c requires
no oracle query. Since step 2 is repeated 4 log N times, this gives O(N 2/3 log N ) overall
queries.

4

Tight Bounds for Some Computational Geometry

In this section we revisit some problems in computational geometry. The Closest, Furthest,
Closest Bichromatic and Furthest Bichromatic Pair problems considered in Sections 4.1, 4.2
and 4.3 all use the general algorithm from Section 3. For the Smallest Enclosing Ball and
Segment Intersection Detection problems, in Sections 4.4 and 4.5, we present lower bounds
and upper bounds using specific techniques for these problems.

4.1

Closest Pair Problem

The closest pair problem is defined as follows.
Definition 3 (Closest Pair) Given N points P = [pN ] in d-dimensional space and a
distance function d : P × P → R, find a pair of points which are closest to each other.
In the classical deterministic computational model, Θ(N log N ) comparisons or Θ(N )
evaluations are necessary and sufficient [14]. In the classical probabilistic model, O(N )
comparisons suffice [8, 12]. In the quantum computational model, Ω(N 2/3 ) queries are
necessary for solving the closest pair problem [19, 4].
We can solve this problem using the algorithm from Theorem 3. To do this, we set X = P
and we define the order relation (p1 , p2 )  (q1 , q2 ) if and only if d(p1 , p2 ) ≤ d(q1 , q2 ), where d
is the given distance function. Using the algorithm we get a bound of O(N 2/3 log N ) queries
for solving the closest pair problem in any number of dimensions and using any distance
function.
For 2 dimensions and using the Euclidean metric L2 an O(N 2/3 log N ) quantum algorithm was proposed in [4]. For d ≥ 3 dimensions, the best previous known upper bound
was Õ(N 1−1/4⌈d/2⌉ ), due to [15].
Our proposal is more general than the previous ones, and it works for any number of
dimensions. It outperforms, or ties up to, all previous algorithms. The only tie up case
being when compared to the algorithm from [4], that works only for 2 dimensions and uses
the Euclidean metric.
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Furthest Pair Problem

The similar furthest pair problem, or diameter problem, is defined as follows.
Definition 4 (Furthest Pair) Given N points P = [pN ] in d-dimensional space and a
distance function d : P × P → R, find a pair of points which are furthest to each other.
Classically, the Closest Pair problem and the Furthest Pair problem have the same complexity, with Θ(N log N ) comparisons or Θ(N ) evaluations being necessary and sufficient
[14]. In the quantum setting, the best known lower bound is Ω(N 2/3 log−1/2 N ) queries, due
to [4].
The best so far upper bound to this problem was O(N 3/4 log2 N ) queries for d = 2 and
Õ(N 1−1/4⌈d/2⌉ ) queries for d ≥ 3, due to [15]. Our algorithm outperforms this in all cases,
using O(N 2/3 log N ) evaluation queries for any number of dimensions.
To solve this problem, we apply again Theorem 3, as was done for the Closest Pair
problem in Section 4.1. Just set X = P and define the order relation (p1 , p2 )  (q1 , q2 )
if and only if d(p1 , p2 ) ≥ d(q1 , q2 ), where d is the given distance function. The result, as
already stated, is an algorithm whose number of oracle queries is O(N 2/3 log N ).

4.3

Closest Bichromatic Pair Problem

Definition 5 (Closest Bichromatic Pair Problem) Given N points P = [pN ] and M
points Q = [qM ] in d-dimensional space, and a distance function d : (P ∪ Q) × (P ∪ Q) → R.
Find a pair of points (p, q) ∈ P × Q which are closest to each other.
In the classical probabilistic model, an algorithm is presented in [2] for solving the
Closest Bichromatic Pair problem with an O((N M log N log M )2/3 + M log2 N + N log2 M )
time complexity.
In the quantum setting, if we let L = M + N , then a Ω(L2/3 ) quantum lower bound is
implied since this problem is more general than the Closest Pair problem. For the upper
bound, the best bounds known so far were O(L3/4 log L) for d = 2 and Õ(L1−1/4⌈d/2⌉ ) for
d ≥ 3, both due to [15].
We can also use our algorithm to solve this problem in O(L2/3 log L) queries of an
evaluation oracle. To do this, we set X = P ∪ Q and define π : [N + M ] → X with π(i) = pi
for 1 ≤ i ≤ N and π(N + i) = qi for 1 ≤ i ≤ M . Further, we define the order relation ,
as in Section 4.1, by letting (x1 , x2 )  (y1 , y2 ) if and only if d′ (x1 , x2 )  d′ (y1 , y2 ). Where
d′ is defined as d′ (x, y) = d(x, y) if (x, y) ∈ (P × Q) ∪ (Q × P ), and d′ (x, y) = ∞ otherwise.
Now apply Theorem 3. Clearly, a successful run of the Minimun Pair algorithm will only
produce pairs from (P × Q) ∪ (Q × P ), thus solving the Bichromatic Pair problem.
In a similar vein, we can solve the Furthest Bichromatic Pair problem within the same
complexity bounds.

4.4

Smallest Enclosing Ball

The Smallest Enclosing Ball problem, also known as Smallest Enclosing Circle problem
when the points lie on the plane, is defined as follows.
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Definition 6 (Smallest Enclosing Ball) Given N points P = [pN ] in d-dimensional
space, find the smallest d-dimensional sphere that encloses them.
To obtain a lower bound for this problem, we present a reduction from the OR problem,
which is defined below.
Definition 7 (OR) Given a set X = [xN ] of N binary variables decide if at least one of
them is equal to 1.
Theorem 4 The quantum query complexity of the Smallest Enclosing Ball problem is
Ω(N 1/2 ).
Proof.
It is a known fact that the OR problem has a lower bound of Ω(N 1/2 ) queries
in the quantum bounded-error model [5, 11, 13]. We proceed by reducing the OR problem
to the Smallest Enclosing Ball problem in 2 dimensions.
We are given an instance X = [xN ] of the OR problem, which we convert to an instance
P = [pN +2 ] of the Smallest Enclosing Circle problem with N + 2 points, just let p1 = (1, 0),
pi = (i, (N + 2)xi−1 ) for 2 ≤ i ≤ N + 1, and pN +2 = (N + 2, 0).
More formally, suppose that we have an oracle π : [N ] → [xN ] for the OR problem.
We construct an oracle π ′ for the Smallest Enclosing Circle problem by letting π ′ : [N +
2] → [pN +2 ], where π ′ (1) = (1, 0), π ′ (i) = (i, (N + 2)π(i − 1)) for 2 ≤ i ≤ N + 1, and
π ′ (N + 2) = (N + 2, 0). By doing so, each call to π ′ incurs in one call to π.
It is not difficult to see that, for this configuration, the OR problem has answer “no” if
and only if the Smallest Enclosing Circle has a radius of length exactly (N + 1)/2.
√The previous known upper bound for this problem, due to Sadakane et al. in [15], was
O( N min{logd Γ log N, log2d+1 N }), where Γ is some given precision for the input, and d
is the dimension.

4.5

Segment Intersection Detection

This problem is defined as follows.
Definition 8 (Segment Intersection Detection) Given a set S of N line segments in
the plane, detect whether S has a pair of intersecting segments.
To give a lower bound for this problem, we give a reduction from the Element Distinctness problem of Section 2.1.
Theorem 5 The quantum query complexity of the Segment Intersection Detection problem
is Ω(N 2/3 ).
Proof.
In a simple reduction, each element xi from the Element Distinctness problem
is mapped to a line segment from (0, xi ) to (i, xi ). It’s easy to see that the segments will
intersect if and only if there is a non unique element.

Quantum Bounds
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The previous known upper bound for this problem was O(N 7/8 ) by [15]. We can readily
adapt the element distinctness algorithm for solving this problem in the following way.

Theorem 6 The Segment Intersection Detection problem can be solved using O(N 2/3 )
queries in the quantum model.

Proof.
The algorithm for Element Distinctness can be adapted to solve the Segment
Intersection Detection problem. For this, we use an oracle π : [N ] → S, where S is the set
of given line segments in the plane. Furthermore, we need to replace the equality test by
a line segment intersection test. Testing whether two line segments intersects takes only
constant time and no queries, since the segments are already determined by the call to the
oracle π. The Element Distinctness algorithm will detect a “non unique” element if and
only if there is a segment intersection in S. The details easily follow.

5

Conclusions

The minimum pair algorithm we presented is optimal for the problems considered here, up
to logarithmic factors.
Our algorithm outperformed all previous algorithms for the problems being considered.
When the Closest Pair problem is being solved for the particular case of the Euclidean
metric in 2 dimensions, our algorithm has the same complexity as that of [4]. However our
algorithm is presented in a much more general setting, which also accounts for dealing with
other metrics and any number of dimensions.
In Section 4.2 we have also settled the open problem proposed by [4], which asked for
an upper bound for the query complexity of the Furthest Pair problem.
As for the Smallest Enclosing Ball, we have provided a new better lower bound. For the
Segment Intersection Detection problem we improved on previous results, providing new
matching lower and upper bounds, thereby providing an asymptotically optimal algorithm
for that problem.
Finally, we believe that a generalization of the algorithm presented here for finding a
Minimum Pair to an algorithm for finding a Minimum Tuple—instead of just a pair—may
have some interesting applications in solving problems in computational geometry and in
other areas as well.
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Summary of the Results
Problem
Closest Pair
Furthest Pair
Closest Bichromatic Pair
Smallest Enclosing Ball
Segment Intersection

Earlier works
2/3

Present work
2/3

†

Ω(N ) [19, 4], O(N
log N ) [4]
−1/2
2/3
Ω(N
log
N ) [4]
2
3/4
O(L log L) for d = 2 [15]
Õ(L1−1/4⌈d/2⌉ ) for d > 2 [15]
√
Õ( N )§ [15]
Õ(N 7/8 ) [15]

Ω(N 2/3 ), O(N 2/3 log N )
O(N 2/3 log N )‡
Ω(L2/3 ), O(L2/3 log L)
Ω(N 1/2 )
Θ(N 2/3 )

†

Works only for the Euclidean L2 metric and 2 dimensions.
Closes an open problem posed in [4].
√
§
The complexity presented in [15] is, in fact, O( N min{log d Γ log N, log2d+1 N }), which takes into consideration the precision Γ of the input.
‡
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