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Abstract

In this paper we present approximation results for the on-line class constrained bin packing
problem. In this problem we are given bins of capacity1 with C compartments, andn items of
Q different classes, each itemi ∈ {1, . . . , n}with classc(i) and sizes(i). The problem consists
to pack the items into bins in an on-line way, where each bin contains at mostC different classes
and has total items size at most1. We show that the bounded space version of this problem does
not have an algorithm with constant competitive ratio. If each item have size at leastε < 1, we
show that the problem does not admit an algorithm with competitive ratio better thanO(1/Cε).
In the unbounded case we show that the First-Fit algorithm has competitive ratio in[2.7, 3] and
we present an algorithm with competitive ratio in[2.66, 2.75].

1 Introduction

In this paper we study the class constrained version of the well known on-line bin packing problem,
which we denote by on-lineCCBP (On-Line Class Constrained Bin Packing). In this problem we
are given a tupleI = (L, s, c,Q,C) whereL = (a1, . . . , an) is a list of items, each itemai ∈ L
with size0 < s(ai) ≤ 1 and classc(ai) ∈ {1, . . . , Q}, and a set of bins with capacity1 andC
compartments. A packingP of L is a partition of the items into bins, where each part has total items
size at most1 and the number of classes is at mostC. The problem consists in find a packing ofL
into the minimum number of bins. In the on-line version of theCCBP problem the items must be
packed in the order(a1, . . . , an), where each itemai must be packed without knowledge of further
items. This problem has many applications in resource allocation in computer and manufacturing
systems [9, 3, 8, 2].

The bins used to pack the items are classified asopenor closed. An empty bin is declared
open when it receives its first item, and remains so until it isdeclared closed. Only open bins may
receive items. Once a bin is closed, it cannot be declared open again. We consider the bounded
and unbounded space versions for the on-lineCCBP problem. In thek-bounded space problem an
algorithm must keep at any time during its execution at mostk open bins. In the unbounded version
an algorithm may keep an unbounded number of open bins.

Given an algorithmA for theCCBP problem and an instanceI, we denote byA(I) the number
of bins used by the algorithm to pack this instance. We denoteby OPT(I) the number of bins used by

2Instituto de Computação — Universidade Estadual de Campinas, Caixa Postal 6176 — 13084–971 — Campinas–SP
— Brazil, {eduardo.xavier,fkm}@ic.unicamp.br.
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an optimum (off-line) solution to pack the instanceI. An on-line algorithmA for a minimization
problem is said to have a competitive ratioα if there exists a constantβ such thatA(I) ≤ α ·
OPT(I) + β for any instanceI.
Related Work: The on-line bin packing is a well studied problem. There are many on-line algo-
rithms presented in the literature for the bin-packing problem. The best on-line algorithm for the
bin packing problem is due to Seiden [6] with a competitive ratio of 1.58889 and the best lower
bound for this problem is1.54014 due to van Vliet [10]. Recently the class-constrained versions of
packing problems have obtained attention. In [1], Dawande et al presented approximation schemes
for a class constrained version of the offline bin packing problem. They consider the problem
where bins can have different sizes and each bin can pack items of at mostK different classes. In
[7], Schachnai and Tamir presented a dual polynomial time approximation scheme for the offline
class constrained bin packing problem (CCBP). In [11] and [12], Xavier and Miyazawa study pack-
ing problems where items have classes and items of differentclasses must be packed in different
shelves inside bins, such that shelves have capacity constraints and are separated by non null width
shelf divisors. The total size of shelves must satisfy the capacity of the bin. In [9], Schachnai and
Tamir presented algorithms for the on-lineCCBP problem, but they consider that all items have
equal size. In this case, where all items have equal size, they provide a lower bound of2 to the
problem and also algorithms that get a competitive ratio of2.
Results: In this paper we generalize the work presented by Schachnai and Tamir [9], since we
consider the on-lineCCBP problem where items can have different sizes. We show that the bounded
space on-lineCCBP problem cannot have a constant competitive ratio. If any item of the instance
have size at leastε < 1 we show that any algorithm cannot have a competitive ratio better than
O(1/Cε). For the unbounded space case we show that the First-Fit algorithm is3-competitive, but
it cannot have competitive ratio better than2.7. We also present an algorithm with competitive ratio
in [2.666, 2.75].
Organization: In Section 2, we present a basic notation used in this paper. In Section 3, we present
lower bounds for the competitive ratio of any algorithm for the bounded space on-lineCCBP prob-
lem. In Sections 4 we consider the First-Fit algorithm and insection 5, we present an algorithm
with competitive ratio in[2.666, 2.75].

2 Notation

In this section we present a basic notation used in this paper. We refer to an instanceI = (L, s, c,Q,C)
only by I andL the sequence of incoming items. We may say that an itema ∈ I by meaning that
a ∈ L. We uses(I) = s(L) =

∑
a∈L s(a).

Given two sequencesLa = (a1, . . . , an) andLb = (b1, . . . , bm), we denote the concatenation
of these two lists byLa‖Lb, i.e,La‖Lb = (a1, . . . , an, b1, . . . , bm). Given a packingP we denote
by |P| the number of bins inP.

During the text we use the terms color and class with the same meaning. We say that a bin is
colored if it contains items ofC different classes. In this case, this bin cannot pack any other item
of a different class. We say that a bin isfull if the total size of the items packed inside it is1.

2



3 Lower bounds for bounded space algorithms

In this section we present inapproximability results for the bounded space on-lineCCBP problem.
In this case, the basic strategy is to compare the result obtained by the algorithm with the optimum
off-line packing.

Theorem 3.1 TheK-bounded space on-lineCCBP problem does not have algorithms with con-
stant competitive ratio.

Proof. Let A be an algorithm for theK-bounded space on-lineCCBP problem. Consider an
instanceI, such that|L| = n2K, Q = nK, and n is divisible by C. The list L have nK
different classes and all items have size1/Cn. Consider thatL = L1‖ . . . ‖Ln, where each
Li = (a1, . . . , anK) is a sequence ofnK items where eachaj has classj.

Let ti the time immediately after the algorithm has packed the listLi. At time t1 the algorithm
A can have at mostK open bins. Since each item of the first sequence is of a different class, the
algorithm uses at leastnK/C bins to packL1, where at leastnK/C −K of these bins are closed.
When the packing of the listL2 starts, the algorithm has at mostK open bins that can pack at most
KC items of the sequenceL2. To pack this sequence, the algorithm uses at least(Kn − KC)/C
bins. This is valid for the other sequencesL3, . . . , Ln.

Therefore, to pack the listL, the algorithmA uses at least

n(nK/C)− (n− 1)K = n2K/C − (n− 1)K

bins.
Since all items have size1/Cn, an optimal off-line solution can use at mostKn/C bins, by

packingCn items in each bin. Therefore, the competitive ratio must be at least

lim
n→∞

n2K/C − (n− 1)K

nK/C
= n.

In Theorem 3.1, items may have arbitrary small sizes. If all items must have size at least some
constantε we may also obtain an inapproximability result using similar arguments. Notice that in
this case, any simple algorithm has a competitive ratio of1/ε.

Theorem 3.2 There is no algorithm for theK-bounded space on-lineCCBP problem with com-
petitive ratio better thanO(1/Cε) when all items have size at leastε < 1.

Proof. Suppose that1/ε dividesn and we have the same instance as in Theorem 3.1, but every item
has size equal toε. In this case any algorithm uses at leastn2K/C − (n − 1)K bins. An optimal
off-line packing can have items of a given class innε bins. Then to packL an optimal off-line
algorithm uses at mostn2Kε bins.

Therefore, the competitive ratio is at least

lim
n→∞

n2K/C

n2Kε
−

nK −K

n2Kε
=

1

Cε
.

For the remaining of this paper we consider the unbounded space on-lineCCBP problem.
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4 The First-Fit Algorithm

Given an on-line algorithmA for the bin-packing problem, we can obtain an on-line algorithmA∗

for the on-lineCCBP problem in a straightforward manner. To pack the next iteme, the algorithm
A∗ packs as follows: Letce be the class of the iteme, B be the list of bins in the order they were
opened. LetBe be the list of bins ofB, in the same order ofB, where each bin has at least one item
of classce or has items of at mostC − 1 different classes. The iteme is packed with algorithmA
into the bins ofBe.

One of the most famous algorithm for the bin-packing problemis the First-Fit algorithm. This
algorithm packs the next item into the first bin, in the order they were open, that has sufficient room
for it.

In this section we show that the competitive ratio of the algorithm FF∗ is in [2.7, 3]. Notice that
the algorithmFF∗ is on-line, since it only looks for the item it is packing and it is unbounded since
it keeps all bins opened. In fact it closes a bin only if the binis full.

Lemma 4.1 Let I be an instance for the on-lineCCBP problem such that every item has size at
mostε. LetP be the set of bins generated by the algorithmFF∗, applied over the instanceI, that
are filled by less than1− ε. Then: (i) Each bin inP, which is not the last generated bin, is colored.
(ii) There is no items of a same color in two different bins ofP.

Proof. Let B1 be a bin inP, Bl the last bin created by the algorithmFF∗ andal an item packed in
Bl. SinceB1 is filled with less than1 − ε ands(al) ≤ ε, al was not packed inB1 because it must
be colored.

Now suppose there are two different binsB1 andB2 in P that are filled with less than1− ε and
there are itemsai ∈ Bi, i = 1, 2 with the same class. Without loss of generality, consider that B1

was opened first. Since the maximum size ofa2 is ε and the algorithmFF∗ tries to pack an item into
the bins in the order they were opened, satisfying the size and class constraints, the itema2 would
be packed in the binB1. That is, a contradiction.

Theorem 4.2 The algorithmFF∗ has a competitive ratio3 for the on-lineCCBP problem.

Proof. Let I be an instance for the on-lineCCBP problem. LetP be the packing generated by the
algorithmFF∗ applied over the instanceI. LetP1 be the list of bins inP filled by at least1/2 and
P2 the list of the remaining bins.

Since each bin inP1 is filled by at least1/2 we have

|P1|(1/2) ≤ s(I) ≤ OPT(I). (1)

Notice that each item inP2 has size at most1/2. By Lemma 4.1, each bin ofP2, except perhaps
the last, is colored. Therefore,

(|P2| − 1)C ≤ Q ≤ C OPT(I). (2)

The last inequality is valid since an optimal packing uses atleast⌈Q/C⌉ bins. From inequalities (1)
and (2) we have

|P| = |P1|+ |P2| ≤ 3OPT(I) + 1.
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Now, we show that the algorithmFF∗ cannot have a competitive ratio better than2.7. We first
give an intuitive lower bound of2.666 and then we present the lower bound of2.7.

Theorem 4.3 There is an instanceIn, n ≥ 1, for the on-lineCCBP problem such thatFF∗(In)

OPT(In)
→2.666 asn→∞.

Proof. Let I be an instance with an input list of itemsL = La‖Lb‖Lc‖Ld. Let C be the maximum
number of classes allowable in each bin. The listLa = (a1, . . . , a(C−1)6N ) is such that each item
ai has classi, i = 1, . . . , (C − 1)6N and each item has sizeα, which is a very small value. This
list is followed by a listLb = (b1, . . . , b6N ), where each itembi has classr = 6NC, and size
1/7 + ε. In the listLc = (c1, . . . , c6N ) each itemci has size1/3 + ε and classr. Finally, in the list
Ld = (d1, . . . , d6N ) each itemdi has size1/2 + ε and classr.

TheFF∗ algorithm packs the listLa in 6N(C−1)
C

bins, the listLb in N bins, the listLc in 3N
bins and the list ofLd in 6N bins. The Figure 1 presents the different bins in the packinggenerated
by theFF∗ algorithm.

C

Items size: α 1/7 + ǫ 1/2 + ǫ1/3 + ǫ

Figure 1: The bins generated by theFF∗ algorithm.

An optimal (off-line) solution uses at most6N bins. This packing is obtained by packing one
item ofLd, one item ofLc, one item ofLb andC − 1 items of the listLa in only one bin.

This gives a lower bound of

lim
N,C→∞

(C−1)6N
C

+ 10N

6N
= 2.666.

The previous lower bound can be improved using an intricate instance presented by Johnson et
al. [4] that provides a lower bound of1.7 for theFF algorithm in the bin packing problem.

Theorem 4.4 The competitive ratio of the algorithmFF∗ is at least2.7.

Proof. To prove this theorem, we consider an instanceI such that each bin can pack at mostC
different classes. The input listL is the concatenation of four lists:L = La‖Lb‖Lc‖Ld. In the
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list La = (a1, . . . , a5N(C−1)), each itemai has classi, for i = 1, . . . , 5N(C − 1), and each item
has sizeα, which is a very small value. The listLa is followed by an instance similar to the one
presented by Johnson et al. [4] that provides a lower bound of1.7 for theFF algorithm in the bin
packing problem. In the listLb = (b1, . . . , b5N ) each itembi has size1/7 + yi, whereyi ∈ R, for
i = 1, . . . , 5N . In the listLc = (c1, . . . , c5N ) each itemci has size1/3 + wi, wherewi ∈ R, for
i = 1, . . . , 5N . In the listLd = (d1, . . . , d5N ) each itemdi has size1/2 + ε. All items in the lists
Lb, Lc andLd have class5NC.

The algorithmFF∗ generates a packing as the one presented in the proof of the Theorem 4.3,
except that it packs only five items of the listLb per bin. That is,

FF∗(I) ≥
5N(C − 1)

C
+ N + 2.5N + 5N.

An optimal solution can use5N + 2 bins (see [4]), packing one item of each listLb, Lc andLd

andC − 1 items of the listLa.
Therefore, the competitive ratio of the algorithmFF∗ is at least

lim
N,C→∞

5N(C − 1)/C + 8.5N

5N + 2
= 2.7.

5 A 2.75-competitive algorithm

In this section we present an algorithm, which we denote byAC , with competitive ratio in the
interval(2.666, 2.75]

ALGORITHM AC(L, s, c,Q,C)
1. LetPi ← ∅, for i = 1, 2, 3.
2. For eache ∈ L do
3. if s(e) ∈ (1

2 , 1] thenk ← 1.

4. if s(e) ∈ (1
3 , 1

2 ] thenk ← 2.

5. if s(e) ∈ (0, 1
3 ] thenk ← 3.

6. LetP ′
k the sublist of bins inPk having items of classc(e) or

with at mostC − 1 classes, preserving the order of the bins inPk.
7. If possible pack the iteme into the binsP ′

k using the algorithmFF∗.
Otherwise, packe into a new empty bin inPk.

8. ReturnP1‖P2‖P3.

Figure 2: AlgorithmAC .

To prove the competitive ratio of the algorithmAC , we use the following lemma, which proof
can be found in [5].
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Lemma 5.1 SupposeX,Y, x, y are real numbers such thatx > 0 and0 < X < Y < 1. Then

x + y

max{x, X x + Y y}
≤ 1 +

1−X

Y
.

Theorem 5.2 AlgorithmAC has a competitive ratio of2.75.

Proof. We divide the proof in two cases: whenC = 1 and whenC ≥ 2.
If C = 1, the class information is irrelevant and the problem is exactly the bin packing problem.

In this case each bin in the packingPi if filled by at least12 , except perhaps in the last bin of the
list Pi, for i = 1, 2, 3. Since the volume occupation is a lower bound for the size of an optimum
packing, we have

(AC(I)− 3)
1

2
≤ s(I) ≤ OPT(I).

The proof of this case can be concluded with the following inequality

AC(I) ≤ 2OPT(I) + 3.

Now, consider the case whenC ≥ 2. Let Li the list of items packed inPi, for i = 1, 2, 3.
Note that all bins ofP1 have exactly one item with size greater than1

2 . In fact we cannot pack
more than one item ofL1 per bin. Therefore,

|P1| ≤ OPT(I) (3)
1

2
|P1| ≤ s(L1). (4)

The packingP2 has exactly two items per bin, except perhaps the last, each item with size at
least13 . Therefore,

(|P2| − 1)
2

3
≤ s(L2). (5)

Let P ′
3 the set of bins inP3 that are filled by at least23 andP ′′

3 the remaining bins (i.e.,P ′′
3 =

P3 \ P
′
3). Using the same analysis performed for the packingP2, the following is valid

(|P ′
3| − 1)

2

3
≤ s(L′

3). (6)

whereL′
3 is the set of items packed inP ′

3. Let NA = |P1| andNB = |P2| + |P
′
3| − 2. Since

OPT(I) ≥ s(I) ≥ s(L1) + s(L2‖L
′
3) from inequalities (4)–(6) we have

OPT(I) ≥ s(I) ≥ s(L1) + s(L2‖L
′
3)

≥
1

2
NA +

2

3
NB. (7)

From inequalities (3) and (7) we have

OPT(I) ≥ max{NA,
1

2
NA +

2

3
NB}. (8)
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From Lemma 5.1 we have that

|P1|+ |P2|+ |P
′
3| ≤

NA + NB

max{NA, 1
2NA + 2

3NB}
OPT(I) + 2 (9)

≤ 1.75 OPT(I) + 2. (10)

Now, consider the packingP ′′
3 . Using a similar argument used in Lemma 4.1, we have

|P ′′
3 | − 1 ≤

Q

C
≤ OPT(I). (11)

The proof can be completed summing the inequalities (10) and(11).

AC(I) = |P1|+ |P2|+ |P
′
3|+ |P

′′
3 |

≤ 1.75 OPT(I) + OPT(I) = 2.75 OPT(I).

The same instance used to prove a lower bound for the algorithm FF∗ in Theorem 4.3 is also
valid for theAC algorithm.

Theorem 5.3 There is an instanceI for the on-lineCCBP problem such that
AC(I)/OPT(I) ≥ 2.666.

6 Conclusions

In this paper we analyze the on-line class-constrained bin packing problem. We provide lower
bounds for the bounded space version and two algorithms for the unbounded problem.
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