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Abstract

We consider the Variable-Sized Bin Packing Problem With Color Constraints (VBPCC).
In this problem we have an unbounded number of bins, each one with size in{w1, . . . , wk}, a
list of itemsL, each iteme ∈ L with sizese and colorce. The objective is to pack the items of
L into bins, such that no bin has items of more thanp colors, the total size of items packed in
a bin is no more than the bin size and the total size of used binsis minimized. We present an
asymptotic polynomial time approximation scheme when the number of different item colors is
bounded by a constantC.

1 Introduction

We consider the Variable-Sized Bin Packing Problem with Color Constraints (VBPCC). An instance
of the problem VBPCC is a tupleI = (L, s, c, w, p), whereL is a list of items,s andc are size and
color functions overL, p is the maximum number of different colors that a bin can have and w
is a function of bins size. We assume that the number of different item colors in the listL is
bounded by a constantC. Clearly we must havep ≤ C, and if p = C we have the classical
bin packing problem. We assume w.l.o.g. that the maximum size of a bin is1 and the image
of w is the set{w1, . . . , wk}, wherewi < wi+1 andwk = 1. Given a setB ⊆ L, we denote
by w(B) = min{wi :

∑

e∈B se ≤ wi} and s(B) =
∑

e∈B se. A packing ofL is a partition
P = {B1, . . . , Bk} of L, where for eachB ∈ P the number of different colors inB is at mostp and
s(B) ≤ 1. We denote byw(P) =

∑

B∈P w(B) the cost of the packingP and by|P| the number
of bins used inP. Given an instanceI = (L, s, c, w, p) the problem VBPCC is to find a packingP
of L such thatw(P) is minimized.

Throughout this paper, we assume that the number of different colors in the input instance is
bounded by a constantC and each color belongs to the set[C] = {1, . . . , C}.

Given an algorithmA for the VBPCC problem and an instanceI, we denote byA(I) the cost
of the packing generated by the algorithmA and byOPT(I) the cost of an optimal packing for

∗This research was partially supported by CNPq (Proc. 470608/01–3, 478818/03–3, 306526/04-2 and 490333/04-4)
and ProNEx–FAPESP/CNPq (Proc. 2003/09925-5).
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— Brazil, {eduardo.xavier,fkm}@ic.unicamp.br.
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instanceI. An asymptotic polynomial time approximation scheme (APTAS) is a polynomial time
algorithmA such that, for a givenε, it satisfiesA(I) ≤ (1+O(ε))OPT(I)+K, for some constant
K, for any instanceI.

The VBPCC problem was first considered by Dawande et. al [2, 1]where a tentative of an
APTAS was considered. We observed that their algorithm doesnot lead to an APTAS as claimed.
First of all, they do a linear rounding step of the list of items L and then obtain an optimal packing
for the new list. Doing this they do not guarantee a packing for the original items because of the
color constraints. To pack the small items they use a First Fit strategy, and claim that each bin,
perhaps a constant number of bins, are filled by at least(1 − O(ε)), but this is also not true due to
the color constraints.

In this report we present an APTAS for this problem. In the linear rounding step we separate
items by colors and generate all possible packings for the rounded items. To pack the small items
we use another strategy.

As was noticed by Dawande et. al [2, 1], we only use bins such that their size are at leastε,
since this condition does not affect too much the cost of the solution, i.e, the algorithm remains an
APTAS.

2 The Algorithm of Dawande, Kalagnanam and Sethuraman

In this section we give a brief description of the algorithm of Dawande et. al [2, 1] and present the
points where their algorithm fails.

Let I = (L, s, c, w, p) be an instance for the VBPCC problem and letLb be the items inL with
size at leastε2 (big items) and letLs be the remaining items inL (small items). Given two listsX
andY , we denote byX‖Y the concatenation of these two lists.

Let n = |Lb|. The algorithm sorts the listLb in non-increasing order of size and partition this
list into groups (lists)L1, . . . , LM , each one with⌈nε2⌉ items, except perhaps in the last list that
can have less than⌈nε2⌉ items. Call the first item in each group as the group-leader. Let L′

i be the
list having|L′

i| = |Li| items, where each item has size equal to the size of the group-leader ofLi.
Let L′ = L′

1‖ . . . ‖L′
M .

For the listL′ it is possible to generate all configurations of bins in constant time since the
number of different items size is bounded by a constantM , the number of different item colors is
also bounded by a constantC and the maximum number of items that can be packed in a bin is
1/ε2. Let t = MC. Given an item size and an item color, denote bydi the number of items of this
typei ∈ [t].

Let N be the total number of bin configurations. Letxj be a variable that represents the number
of times that a configurationj ∈ [N ] is used in a solution,aij be the coefficient that represents the
number of times an item typei ∈ [t] is used in configurationj andwj the size of the bin used in
configurationj. The next step of the algorithm is to solve the following linear programming:
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min
N

∑

j=1

wjxj

N
∑

j=1

aijxj ≥ di ∀ i ∈ [t] (1)

xj ≥ 0 ∀ j ∈ [N ], (2)

(LP)

The algorithm solves this linear program and uses the solution obtained by rounding up the
variablesx. The solution is a packing for the listL′ that is used to generate a packing for the listLb.

The next step of the algorithm is to pack the small items into the solution provided by the linear
programming. To do this, it uses a first-fit strategy: Pack an item in the first bin that has enough
space to accomodate it and that satisfy the color constraints.

The list Lb is partitioned into listsL1‖ . . . ‖LM and a listL′ is obtained fromL by a linear
rounding step. LetL′′

i be a list where|L′′
i | = |Li|, and each item has size equal to the group-leader

of the listLi+1, for i = 1, . . . ,M − 1, andL′′
M be an empty list. LetL′′ = L′′

1‖ . . . ‖L′′
M . Clearly

OPT(L′′) ≤ OPT(Lb).
Dawande et. al [2, 1] claimed that the following relation is valid

OPT(L′) ≤ OPT(L′′) + ⌈nε2⌉ ≤ OPT(Lb) + ⌈nε2⌉,

given the argument thatL′ andL′′ differ only in their first and last groups. Given a packing for
the listL′′ they mention that it is easy to construct a packing for the list L′

2‖ . . . ‖L′
M , since|L′

i| =
|L′′

i−1|, for i = 2, . . . ,M , and their items size are the same. But the this can be false. Notice that
the color of the items ofL′

i andL′′
i−1 may be different. Therefore, it is not clear how to constructa

packing forL′
2‖ . . . ‖L′

M given a packing forL′′.
Let B be the number of bins used by their algorithm. After packing the small items using the

First-Fit strategy, they claimed that at leastB − ⌈C
p
⌉ bins have residual capacity at mostε. This is

also not true. Suppose all small items have different colorsfrom the big items. It is easy to construct
examples where optimal packings for the big items given by the linear programming have all bins
with p different colors and the residual space is larger than a given ε.

3 An APTAS for the VBPCC Problem

In this section we present an APTAS for the VBPCC problem. In the next subsection we show how
to pack big items doing a linear rounding for each different color. The algorithm to pack the big
items generates a polynomial number of packings for the big items, and also provide information
of how to pack small items. In the following subsection, we present an algorithm to pack the small
items that is based in the solution of a linear program. The algorithm generates a polynomial number
of packings such that at least one is very close to the optimal.

3.1 Packing Big Items with Linear Rounding

Let Lb be the list of items inL with size at leastε2 (big items) and letLs be the remaining items
in L (small items). In this section we show how to do the linear rounding for the big items and
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generate a packing for them.
The algorithm that packs the listLb, which we denote by ALR, uses the linear rounding tech-

nique, presented by Fernandez de la Vega and Lueker [3], and considers only items with size at least
ε2. The algorithm ALR returns a pair(PB , P), wherePB is a packing for a list of very big items
andP is a set of packings for the remaining items ofLb.

For the use of the linear rounding technique, we use the following notation: Given two lists of
itemsX andY , let X1, . . . ,XC andY1, . . . , YC be the partition ofX andY respectively in colors,
whereXc andYc have only items of colorc for eachc ∈ [C]. We writeX � Y if there is an
injectionfc : Xc → Yc for eachc ∈ [C] such thats(e) ≤ s(f(e)) for all e ∈ Xc. Given two lists
L1 andL2 we denote byL1‖L2 the concatenation of these lists.

For any instanceX, denote byX the instance with precisely|X| items with size equal to the
size of the smallest item inX. Clearly,X � X.

The algorithm also uses a variant of the First-Fit (FF) algorithm to pack colored items. In
this case, an item is packed in the first bin that have space to pack the item and satisfy the color
constraints.

The algorithm ALR is presented in Figure 1. It consists in the following: LetL1, . . . , LC be the
partition of the input listLb into colors1, . . . , C and letnc = |Lc| for each colorc. The algorithm
ALR sorts each listLc in non-increasing order of size and them partition the listLc into at most
M = ⌈1/ε3⌉ groupsL1

c , L
2
c , . . . , L

M
c , whereLc = L1

c‖ . . . ‖LM
c . Each group with⌊ncε

3⌋ items
except perhaps the last list (with the smallest items) that can have less than⌊ncε

3⌋ items.
LetLB = ∪C

c=1L
1
c . The algorithm generates a packingPB of LB with cost at mostO(ε)OPT(I)

and a setP with a polynomial number of packings for the items inLb \ LB. The packingPB is
generated by the algorithm FF with bins of size1.

The algorithm generates a set of packingsQ, of polynomial size, for the list(L1
1‖ . . . ‖LM−1

1

‖ . . . ‖L1
C‖ . . . ‖LM−1

C ). This can be done in polynomial time as the next lemma guarantees.

Lemma 3.1 Given an instance I = (Lb, s, c, w, p), where the number of distinct items sizes of each
color is at most a constant M , the number of different colors is bounded by a constant C and each
item e ∈ Lb has size se ≥ ε2, then there exists a polynomial time algorithm that generates all
possible packings of Lb. Moreover, each bin of each generated packing has an indication of the
possible colors that may be used by further small items.

Proof. The number of items in a bin is bounded byy = 1/ε2. The number of distinct type of items
is bounded byMC. The number of different configurations of bins is bounded byr′ =

(

y+MC+1

y

)

.
If we want to indicate the colors of small items that should bepacked in each configuration, the
number of different configurations will ber = r′2C , which is a constant. Notice that we only
generate configurations that satisfy the color constraints.

For each given configuration, we pack it with the smallest binthat has enough space to pack
the configuration. The number of all feasible packings is bounded by

(

n+r
n

)

, which is bounded by
(n + r)r, which in turn is polynomial inn.

SinceLi
c � Li+1

c , i = 1, . . . ,M −1 for each colorc, it is easy to construct a packing for the list

L2
1‖ . . . ‖LM

1 ‖ . . . ‖L2
C‖ . . . ‖LM

C , given a packing for the list(L1
1‖ . . . ‖LM−1

1 ‖ . . . ‖L1
C‖ . . . ‖LM−1

C ).
The following is valid for the packingPB of the listLB.
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ALGORITHM ALR(Lb)
Input: List Lb with n items, each iteme ∈ Lb with sizese ≥ ε2.

Output: A pair (PB, P), wherePB is a packing andP is a set of packings, wherePB ∪P ′ is a packing ofLb

for eachP ′ ∈ P.

1. PartitionLb into listsLc for each colorc = 1, . . . , C and letnc = |Lc|.
2. Sort each listLc in non-increasing order of items size.
3. Partition each listLc into M ≤ ⌈1/ε3⌉ groupsL1

c, L
2
c , . . . , L

M
c , such that

Li
c � Li+1

c , i = 1, . . . , M − 1

where|Li

c| = qc = ⌊ncε
3⌋ for all i = 1, . . . , M − 1,

and|LM

c | ≤ qc.

4. Let LB = ∪C
c=1L

1
c .

5. Let PB be a packing ofLB obtained by the algorithm FF with bins of size1.

6. Let Q be the set of all possible packings over the list(L1
1‖ . . . ‖LM−1

1 ‖ . . . ‖L1
C
‖ . . . ‖LM−1

C
), ac-

cording to Lemma 3.1.

7. Let P be the set of packings for the items in(L2
1‖ . . . ‖LM

1 ‖ . . . ‖L2
C
‖ . . . ‖LM

C
), using the packings

Q ∈ Q.

8. Return(PB, P).

Figure 1: Algorithm to obtain packings for items with size atleastε2.

Lemma 3.2 w(PB) ≤ CεOPT(I).

Proof. Notice that the algorithm FF packs at least one item per bin and since|LB | ≤ Cnε3 and each
item has size at leastε2, we have|LB | ≤ CεOPT(I).

3.2 Packing the small items

Observe that algorithm ALR generates a packing for very big items that costs at mostCεOPT(I),
and a setP of packings for the remaining big items. For a given packingP ∈ P, the algorithm
marked colors of small items that should be packed in each binof P. To pack the small items we
use a solution given by a linear program.

Let P = {B1, . . . , Bk} be a packing of the list of itemsLb and suppose we have to pack a list
Ls of small items, with size at mostε2, into P. The packing of the small items is obtained from a
solution of a linear program. LetNi ⊆ [C] be the set of possible colors that may be used to pack the
small items in the binBi of the packingP. For each colorc ∈ Ni, define a non-negative variable
xi

c. The variablexi
c indicates the total size of small items of colorc to be packed in the binBi.

Denote bys(Bi) the total size of items already packed in the binBi and byw(Bi) the capacity of
bin Bi. Consider the following linear program denoted by LPS:
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max

k
∑

i=1

∑

c∈Ni

xi
c

s(Bi) +
∑

c∈Ni

xi
c ≤ w(Bi) ∀ i ∈ [k] (1)

k
∑

i=1

xi
c ≤ s(Sc) ∀ c ∈ [C], (2)

(LPS)

whereSc is the set of small items of colorc in S.
The constraint (1) guarantees that the items packed in each bin satisfy its capacities and con-

straint (2) guarantees that variablesxi
c is not greater than the total size of small items.

Given a packingP, and a listLs of small items, the algorithm first solves the linear program
LPS, and then packs small items in the following way: For eachvariablexi

c it packs, while possible,
the small items of colorc into the binBi, so that the total size of the packed small items is at most
xi

c. The possible remaining small items are packed using the algorithm FF into new bins of size1.
The algorithm to pack small items has polynomial time, sincethe linear programLPS can be solved
in polynomial time.

The small items that are packed into new bins use at most

⌈(s(Ls) −
∑k

i=1

∑

c∈Ni
xi

c)

(1 − ε2)
+

|P|ε2C

(1 − ε2)
⌉ + ⌈C/p

⌉

new bins, since each bin is filled by at least(1 − ε2) except perhaps by at most⌈C/p⌉ bins.
The algorithm packs the small items in each packingP ∈ P. In the end, the algorithm generates

another set of packingsP′ for all items. At least one of the generated packings has costat most
(1 + O(ε))OPT(I) + K, for a constantK. The algorithm returns the packing with smallest cost.

Now we prove that the presented algorithm is an APTAS for the VBPCC problem.

Theorem 3.3 Let I = (L, s, c, w, p), be an instance for the VBPCC problem. The packing P
returned by the algorithm satisfy w(P) ≤ (1 + O(ε))OPT(I) + K , where K is a constant.

Proof. Let O be an optimal packing for instanceI. Let O′ be the packing without the small items
and with the big items rounded according to the linear rounding of algorithm ALR. Assume that
each bin ofO′ has an indication of the colors of small items used in the corresponding bin ofO.
Clearly the packingO′ ∈ Q, except that it may use smaller bins than the ones used inO.

When the algorithm generates a packingP for the list L2
1‖ . . . ‖LM

1 ‖ . . . ‖L2
C‖ . . . ‖LM

C using

the packingO′ with items (L1
1
‖ . . . ‖LM−1

1
‖ . . . ‖L1

C‖ . . . ‖LM−1

C ), it is true thatw(P) ≤ w(O)
since inP we probably use bins of smaller size for each given configuration of big items.

LetP = {B1, . . . , Bk}. Notice that we must have

w(O) ≥ w(P) + (s(Ls) −
k

∑

i=1

∑

c∈Ni

xi
c).
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The total size of small items that are packed into new bins is at most

(s(Ls) −

k
∑

i=1

∑

c∈Ni

xi
c) + |P|ε2C.

The algorithm packs small items in bins of size1 obtaining a new packingP ′. The total cost of
the packingP ′ is

w(P ′) ≤ w(P) +
⌈(s(Ls) −

∑k
i=1

∑

c∈Ni
xi

c)

(1 − ε2)
+

|P|ε2C

(1 − ε2)

⌉

+ ⌈C/p⌉ (1)

≤
w(O)

(1 − ε2)
+

|P|ε2C

(1 − ε2)
+ ⌈C/p⌉ + 1 (2)

≤
w(O)

(1 − ε2)
+

εCw(O)

(1 − ε2)
+ ⌈C/p⌉ + 1. (3)

The last inequality follow from the fact that|P| ≤ |O| and the smallest size of a bin isε. Using this
result and Lemma 3.2 we conclude the proof.
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