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The total hromati number of some bipartite graphs�C. N. Camposy C. P. de Melloy24th June 2005AbstratThe total hromati number �T (G) is the least number of olours needed to olourthe verties and edges of a graph G suh that no inident or adjaent elements (vertiesor edges) reeive the same olour. This work determines the total hromati numberof grids, partiular ases of partial grids, near-ladders, and of k-dimensional ubes.1 IntrodutionLet G := (V (G); E(G)) be a simple graph with vertex set V (G) and edge set E(G). Anelement of G is a vertex or an edge of G. An edge fu; vg is denoted by uv or vu. For avertex v 2 V (G), N(v) is the set of verties of G that are adjaent to v.For S � V (G) [E(G) and C a set of olours, a partial total olouring of G is a mapping� : S ! C suh that, for eah pair of adjaent or inident elements x; y 2 S, we have�(x) 6= �(y). If S = V (G) [ E(G), then � is a total olouring. If jCj = k, then the mapping� is alled a (partial) k-total olouring. If �(x) =  or there exists an element y inident withor adjaent to x suh that �(y) = , then we say that  ours in x; otherwise  is missing inx. If S � E(G), then � is a (partial) edge olouring and if S � V (G), then � is a (partial)vertex olouring.The total hromati number of G, �T (G), is the least integer k for whih G admits ak-total olouring. Clearly, �T (G) � �(G) + 1. S�anhez-Arroyo [11℄ showed that deidingwhether �T (G) = �(G)+1 isNP -omplete. MDiarmid and S�anhez-Arroyo [9℄ showed thateven the problem of determining the total hromati number of k-regular bipartite graphs isNP -hard, for eah �xed k � 3. The Total Colouring Conjeture (TCC), posed independentlyby Behzad [1℄ and Vizing [14℄, states that every simple graph G has �T (G) � �(G) + 2. If�T (G) = �(G)+1, then G is a type 1 graph; if �T (G) = �(G)+2, then G is a type 2 graph.In this work we study the total hromati number of some sublasses of bipartite graphs.Behzad et. al. [2℄ determined the total hromati number of omplete graphs, inluding thebipartite ase. A k-partite graph is a generalization of bipartite graphs in whih the vertexset is partitioned into k sets. A omplete k-partite graph is a k-partite graph where everyvertex of one part is adjaent to every vertex of all other parts and a balaned k-partite�Supported in part by CNPq 307856/2003-8 and SEPIN-CNPq-FINEP.yInstituto de Computa�~ao, UNICAMP, Brazil. ampos, elia�i.uniamp.br1



Total olourings of some bipartite graphs 2graph is a k-partite graph with all parts of the same size. Bermond [3℄ determined the totalhromati number of all balaned omplete k-partite graphs. Yap [15℄ extended a previousresult of Rosenfeld [10℄ showing that every omplete k-partite graph veri�es the TCC. Chewand Yap [7℄ and Ho�man and Rodger [8℄ showed that every omplete k-partite graph havingodd number of verties is type 1.Almost all graphs analysed in this work are planar graphs. The TCC was veri�ed forplanar graphs with maximum degree 7 in [12℄; the total hromati number was determinedfor planar graphs with large girth in [5℄; and with maximum degree greater than 11 in [4℄.Moreover, Zhang et. al. [17℄ showed that outerplanar graphs with maximum degree greaterthan or equal to 3 are type 1.Setion 2 determines the total hromati number of grids and of some partiular asesof partial grids. Setion 3 shows that near-ladder graphs with jV (G)=2j even are type 1;otherwise are type 2. Setion 4 shows that Qk, the k-dimensional ube, is type 1.2 Grids and partial gridsA simple graph Gm�n, with vertex set the artesian produt of f1; : : : ; mg and f1; : : : ; ng,that is V (Gm�n) := f(i; j), where i 2 f1; : : : ; mg and j 2 f1; : : : ; ngg, and edge setE(Gm�n) := f(i; j)(k; l) : ji� kj + jj � lj = 1; (i; j); (k; l) 2 V (Gm�n)g, is alled an m � ngrid. In fat, Gm�n is a artesian produt of Pm and Pn, path graphs on m and n verties re-spetively. It is easy to see that grids are planar and bipartite. A partial grid is an arbitrarysubgraph of a grid. We onsider only onneted partial grids.In this setion we prove that Gm�n, with m;n � 2, is type 1 and determine �T (G)for some partiular ases of partial grids. Partial grids are harder to work than grids; forinstane, reognition of grids is polynomial, but is an open problem for partial grids ([6℄).Theorem 1Eah graph Gm�n, with m � 2 and n � 2, is type 1.Proof: First we onsider the ase when m > 2 and n > 2. Let G := Gm�n be a grid. Let �be a olour assignment for G that uses 5 olours de�ned as:�((i; j)) := (2j + i� 2) mod 3; (1)�((i; j)(i; j + 1)) := (2j + i� 1) mod 3; (2)�((i; j)(i+ 1; j)) := 4� (i mod 2): (3)Now, we prove that � is a total olouring for G. In order to do this we show that the olour ofeah element of G is di�erent from the olours of eah of its adjaent and inident elements.We start by onsidering edges (i; j)(i + 1; j), oloured in (3). By onstrution, theseedges have olours 3 or 4 and these olours do not our in (1) or (2). Moreover, adjaentedges oloured in (3) have olours with di�erent parities. We onlude that (3) is an edgeolouring for the subgraph of G indued by these edges.Now, we analyse the verties of G. Let (i; j) be a vertex of G. By onstrution, �((i; j)) =(2j + i � 2) mod 3. First, we onsider the verties of G that are adjaent to (i; j). Theseare (i; j � 1), (i; j + 1), (i � 1; j), and (i + 1; j), whih have olours (2j + i � 1) mod 3,



Total olourings of some bipartite graphs 3(2j+ i) mod 3, (2j+ i) mod 3, and (2j+ i� 1) mod 3, respetively. Note that eah olour isof the form (a� b) mod 3, where a = 2j+ i and b 2 f0; 1g. Moreover, vertex (i; j) has b = 2,di�ering from the others by at least 1 unit and at most 2 units. Therefore, the olours of itsadjaent verties are di�erent from �((i; j)).Consider now the edges inident with (i; j), that are edges (i; j � 1)(i; j), (i; j)(i; j + 1),(i � 1; j)(i; j), and (i; j)(i + 1; j), whih have olours (2j + i) mod 3, (2j + i � 1) mod 3,4� (i�1) mod 2, and 4� i mod 2, respetively. The olours of the �rst two edges di�er fromthe olour of (i; j) by the same reasons of the previous ase and the last two use olours 3and 4, whih are not used in the verties of G.In order to �nish the proof of this ase we have to show that two adjaent edges whoseolour was given by (2) have di�erent olours. To see this, onsider an edge (i; j)(i; j+1) andits two adjaent edges (i; j�1)(i; j) and (i; j+1)(i; j+2) whose olours are (2j+i�1) mod 3,(2j + i) mod 3, and (2j + i+ 1) mod 3, respetively. Again, these three olours are di�erentand we are done.Now, we assume that at least one of fm;ng is 2. By symmetry, we an assume thatm = 2. These graphs have maximum degree 3 and their olourings an be obtained diretlyfrom the previous olouring �. Note that all edges whose olour was assigned in (3) havethe same olour. We onlude that only four olours are used and the result follows. 2Let G be a onneted partial grid. If �(G) = 0 then G is omposed by only one vertex,a type 1 graph. If �(G) = 1, then G �= K2, a type 2 graph. If �(G) = 2, then it is apath, a type 1 graph, or a yle that is type 1 when jV (G)j � 0 mod 3, and type 2 otherwise([16℄). If �(G) = 4, then G is type 1 sine it is a subgraph of a grid with same maximumdegree and grids are type 1. Therefore, the remaining ase is �(G) = 3. For these graphswe determine the total hromati number of some ases.Theorem 2Let G be a onneted partial grid with maximum degree 3. If the length of the largestindued yle of G is 4, then G is type 1.Proof: First, we need an additional de�nition and two auxiliary results stated in Lemma 3and Lemma 4. We de�ne a ladder graph, Ln, as a Gm�n and all its four verties of degree2 orners.Lemma 3Every tree is type 1, exept for K2 that is type 2.Proof: Let T be a tree. If T has no edges, then T is type 1. If T is K2, then T is type 2.Suppose now that �(T ) � 2.Let u 2 V (T ) be a vertex of degree 1. Let T 0 := T � u. If T 0 is K2, then it is type2 and we an easily extend any 3-total olouring of T 0 for T without adding new olours.Now, we an assume that T 0 is not isomorphi to K2. By indution hypothesis, there existsa (�(T 0) + 1)-total olouring for T 0.Let v be the vertex of T adjaent to u. If �(T 0) = �(T ), then v is not a vertex ofmaximum degree in T 0. Therefore, there exists a olour missing in v. Thus, assign thismissing olour to edge uv. If �(T 0) = �(T ) � 1, then v is a vertex of maximum degree in



Total olourings of some bipartite graphs 4T 0. Therefore, we assign a new olour to edge uv. Finally, in both ases, we assign to vertexu a olour di�erent from the olours of uv and v. 2Lemma 4If G is a onneted partial grid with maximum degree 3 having largest indued yle withlength 4, then G an be deomposed in onneted subgraphs eah of whih is isomorphi toa ladder or a tree. Moreover, there exists an ordering of these subgraphs G1; : : : ; Gk, where,for eah Gi, i > 1, there exists exatly one Gj, suh that j < i and V (Gi) \ V (Gj) 6= ;. Inpartiular, jV (Gi) \ V (Gj)j = 1.Proof: In order to prove the assertion, we onstrut a graph G�, where eah vertex of G�represents a tree or a maximal ladder of G, and two verties of G� are adjaent if and onlyif the subgraphs that they represent have a vertex in ommon.For the onstrution of G� we onsider a graph H that is a opy of G. For eah maximalladder L in H do: add a vertex v to G�; remove from H the verties of L di�erent from theorners; remove from H the orners of L that have degree 2 in G. Note that two maximalladders are always vertex disjoint beause the maximum degree of G is 3. Therefore, so far,graph G� has no edges. Moreover, H is a forest. For eah maximal tree of H add a vertex inG� and join two verties of G� if the subgraphs that they represent have a vertex in ommon.It is easy to see that the edges of G� always join a vertex that represents a maximal ladderand a vertex that represents a tree. We laim that G� is a tree; otherwise there would existin G a yle of length greater than 4 or a vertex of degree greater than 3.Now, hoosing a vertex to be the root, we perform a depth-�rst-searh in G� labeling theverties 1; : : : ; k in the order that they are visited. The subgraph represented by vertex i isalled Gi.By onstrution, Gi and Gj, i 6= j, have at most one vertex in ommon. Moreover, foreah Gi there exists only one Gj suh that V (Gi) \ V (Gj) 6= ; that is the father of i in thedepth-�rst tree. Therefore, j < i. 2Let G be a graph as stated in the hypothesis. Let G1; : : : ; Gk be the ordering of theonneted subgraphs of G stated in Lemma 4. Note that eah onneted subgraph Gi has a4-total olouring, either by Lemma 3, or by Theorem 1. Let �i be suh a 4-total olouringfor Gi.Starting from �2 and following the order, we adjust the olours of �i as follows to ensurethat [ki=1�i is a total olouring for G. Let Gi be the next graph in the ordering. ByLemma 4, there exists only one Gj, with j < i, suh that V (Gi) \ V (Gj) 6= ; and, inpartiular, jV (Gi) \ V (Gj)j = 1. Adjust the olours of �i so that: (i) v has the same olourin �i as in �j; (ii) the edges of Gi that are inident with v have olours missing in v in Gj.Note that by Lemma 4 and beause the maximum degree of v in G is 3, these adjustmentsof olours are always possible. 2Theorem 5Let G be a onneted partial grid with maximum degree 3. If G has exatly one vertex ofdegree 3, then G is type 1.



Total olourings of some bipartite graphs 5Proof: We prove the assertion by indution. Sine there exists a vertex of degree 3, graph Ghas at least 4 verties. Moreover, there exists only one vertex of degree 3, thus we onludethat there exists at least one vertex of degree 1. If jV (G)j = 4, then G is isomorphi to K1;3,a type 1 graph.Let G be a graph as in the hypothesis and let v be a vertex of degree 1. By indutionhypothesis, G0 := G� v has 4-total olouring �0. We onstrut �, a 4-total olouring for G,from �0.Let u be the adjaent to v. The degree of u in G0 is at most 2. Therefore there exists aolour that an be assigned to edge uv. Moreover, vertex u is adjaent only to v and it isinident only with uv. Therefore, there exist two olours that an be assigned to v and theresult follows. 23 Near-ladder graphsThe near-ladder graph, Bk, is a 3-regular bipartite onneted graph with bipartition (Xk; Yk),Xk := fx0; : : : ; xk�1g and Yk := fy0; : : : ; yk�1g, suh that for eah xi 2 Xk, N(xi) :=fyi; y(i+1) mod k; y(i+2) mod kg.
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y0 y0y1 y1y2 y2 y3y3 y4y5X4Y4X6Y6 Figure 1: Graphs B4 and B5.Near-ladders have several automorphisms. We remark two of them: (i) the �-automorphism,in whih graph Bk is rotated one along the vertial axis, is de�ned as �(xi) := yi+2 and�(yi) := xi; (ii) the � -automorphism, in whih graph Bk is ipped along the horizontal axis,is de�ned as �(xi) := yi+1 and �(yi) := xi�1. All operations on indexes are modular.Near-ladders with k of di�erent parities have important di�erenes in their strutures.Graphs Bk, k even, are planar graphs (yet not outerplanar) and Bk, k odd, are not. Figure 2shows drawings that manifest this property.For Bk and elements xi, yi+1, xiyi+2, yi+1xi+1, the pairs xi, yi+1xi+1 and yi+1, xiyi+2 arealled equivalent pairs. The edges of an equivalent pair are alled a parallel pair.Lemma 6Let G := Bk, Gm�n be the subgraph of G obtained by removing exatly one parallel pair,and � be 4-total olouring for Gm�n. Then, for eah remaining equivalent pairs xi, yi+1xi+1and yi+1, xiyi+2: (i) the edges of parallel pair xiyi+2 and yi+1xi+1 have di�erent olours; (ii)either �(xi) = �(yi+1xi+1) or �(yi+1) = �(xiyi+2), but not both.Proof: In order to prove (i) item, suppose that �(xiyi+2) = �(yi+1xi+1). Elements yi+2,xi+1, and xi+1yi+2 have distint olours and di�erent from �(xiyi+2). Moreover, �(xi+1) =
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PSfrag replaements4123410203040xixk�1xk�2yk�1xi+1xi�1yiyi+1yi+2x0x1x2x3x4x5x9y0y1y2y3y4y5X4Y4X6Y6 (b) Dashed edges indues a subdivisionof K3;3.Figure 2: Near ladder graphs:(a) k even; (b) k odd.�(yi+2xi+2) and �(yi+2) = �(xi+1yi+3). Therefore, elements xi+2, yi+3, and xi+2yi+3 haveonly two olours assigned: �(xiyi+2) and �(xi+1yi+2), a ontradition. We onlude that�(xiyi+2) 6= �(yi+1xi+1).Now, we prove (ii) item. First note that �(xi) 6= �(yi+1), �(xi) 6= �(xiyi+2), and �(yi+1) 6=�(yi+1xi+1) beause they are adjaent or inident. Moreover, we have already proved that�(xiyi+2) 6= �(yi+1xi+1). Suppose that �(xi) 6= �(yi+1xi+1) and �(yi+1) 6= �(xiyi+2). Weonlude that �(xi), �(yi+1), �(yi+1xi+1), and �(xiyi+2) are pairwise distint. Edge xiyi+1 isinident with or adjaent to all these four elements. Therefore, �(xiyi+1) must be di�erentfrom eah one, ontradition. We onlude that either �(xi) = �(yi+1xi+1) or �(yi+1) =�(xiyi+2).Suppose now that �(xi) = �(yi+1xi+1) and �(yi+1) = �(xiyi+2). Then, �(xi+1), �(yi+2),and �(xi+1yi+2) are di�erent from �(xi) and �(yi+1), a ontradition sine only four oloursare allowed and xi+1, yi+2, xi+1yi+2 are adjaent to or inident with eah other. 2Let � be a partial 4-total olouring for Bk. Consider the equivalent pairs xi, yi+1xi+1 andyi+1, xiyi+2. If �(xi) = �(yi+1xi+1), then we say that for these equivalent pairs the anhoris xi; otherwise yi+1 is said to be the anhor.Lemma 7Let G := Bk, Gm�n be the subgraph of G obtained by removing exatly one parallel pair,and � be 4-total olouring for Gm�n. If xi is an anhor, then yi and yi+2 are the anhors oftheir respetive equivalent pairs. Otherwise, that is if yi+1 is the anhor, xi�1 and xi+1 arethe anhors of their respetive equivalent pairs.Proof: Suppose that xi is the anhor; then �(xi) = �(yi+1xi+1). We prove that yi+2 isthe anhor; the result for yi is symmetri. By Lemma 6, either �(yi+2) = �(xi+1yi+3) or�(xi+1) = �(yi+2xi+2). Suppose that �(xi+1) = �(yi+2xi+2). Sine xi+1 is inident withyi+1xi+1, �(xi+1) 6= �(yi+1xi+1). Therefore, �(xiyi+2), �(yi+2), and �(xi+1yi+2) are di�erentfrom �(xi) and �(xi+1). We onlude that there exist only two olours in f�(xiyi+2); �(yi+2);�(xi+1yi+2)g, a ontradition sine these elements are adjaent to and inident with eahother. The ase in whih yi+1 is the anhor is analogous. 2



Total olourings of some bipartite graphs 7Theorem 8Let G := Bk, k odd. Then, G is type 2.Proof: We �rst prove that G is not type 1. Suppose the ontrary and let � be a 4-totalolouring for G. By � -automorphism, we assume that �(x0) = �(y1x1). Considering �-automorphism and applying Lemma 7 suessively, we have that all verties xi, yi with i evenare anhors. Therefore, xk�1 and y0 are anhors, whih implies that �(xk�1) = �(y0x0) and�(y0) = �(xk�1y1), ontraditing Lemma 6. We onlude that there is no 4-total olouringfor Bk, with k odd. Moreover, Rosenfeld [10℄ and Vijayaditya [13℄ proved that �T (G) � 5for ubi graphs. Therefore, �T (Bk) = 5, a type 2 graph. 2Let Bi := (Xi; Yi) and Bj := (Xj; Yj) be two near-ladder graphs. It is easy to hek thatthe glueing operation, de�ned below, generates Bi+j = (Xi+j; Yi+j) from Bi and Bj.(i) relabel the verties of Xj [ (Yj n fy0g) adding i in eah of its indexes, that is Xj :=fxi; xi+1; : : : ; xi+j�1g and Yj := fy0; yi+1; : : : ; yi+j�1g;(ii) relabel vertex y0 2 Yi with yi;(iii) let Xi+j := Xi[Xj, Yi+j := Yi[Yj, and E(Bi+j) := (E(Bi)[E(Bj)[Ein)nEout, whereEin := fx0y0; yixi; y1xi+j�1; xi�1yi+1g and Eout := fx0yi; y1xi�1; xiy0; yi+1xi+j�1g.Figure 3 shows an example of the glueing operation.
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10203040xixk�1xk�2yk�1xi+1xi�1yiyi+1yi+2x0x1x2x3x4x5x9y0y1y2y3y4y5X4Y4X6Y6 Figure 4: 4-total olouring of B4 and B6.Graph Bk, k even and k � 8, an be obtained by glueing B4 and Bk�4. A 4-olourassignment � for Bk an be onstruted from �4 and �k�4 as follows.(i) if e is an element of Bk orresponding to an element of Bi n Eout, i = 4; k � 4, then�(e) := �i(e);(ii) olour edges of Ein as follows: �(x0y0) := �4(x0y0), �(y4x4) := �4(x0y0), �(x3y5) :=�4(y1x3), and �(y1xk�1) := �4(y1x3).Now, we show that � is a total olouring for Bk. By onstrution of �, eah element of Bkreeived a olour. Colourings of the two subgraphs indued by S := fx0; : : : x3; y1; : : : ; y4gand by V (Bk) n S are partial total olourings of Bk sine the olours of their elementsame from �4 and �k�4. By onstrution of �4, �(x0) 6= �(y4) (remember that y4 2 V (Bk)orresponds to vertex y0 2 V (B4)) and �(y1) 6= �(x3). Analogously, by onstrution of�k�4, �(x4) 6= �(y0) and �(y5) 6= �(xk�1). By previous adjustments in �k�4, �(x0) = �(x4)and �(y1) = �(y5). We onlude that �(x0) 6= �(y0), �(y4) 6= �(x4), �(x1) 6= �(xk�1), and�(x3) 6= �(y5).In order to onlude the proof, we have to analyse the edges of Ein. Let uv be an edgeof Ein. Without loss of generality, by the glueing operation, u is a vertex from B4, v fromBk�4 and there exist exatly two edges in Eout, uw1 and w2v orresponding to edges of B4and Bk�4 that do not exist in Bk. By the adjustments done in �k�4 we onlude that thesethree edges have the same olour and the result follows. 24 k-dimensional ubeIn this setion we show that k-dimensional ubes are type 1 graphs. A k-dimensional ubeQk, k � 1, or k-ube for short, is a graph whose set of verties is omprised by the orderedk-tuples of 0's and 1's, two verties being joined if and only if they di�er in exatly oneoordinate. For a vertex v ofQk we denote v by (b1b2 : : : bk), where bi 2 f0; 1g and (b1b2 : : : bk)is its ordered k-tuple. It is not diÆult to see that the k-ube is bipartite, k-regular, with2k verties and k2k�1 edges.It is well known that Qk an be reursively onstruted. Let G0 and G1 be two graphsisomorphi to Qk. Then, Qk+1 an be obtained from G0 and G1 in the following way: (i) for



Total olourings of some bipartite graphs 9eah vertex v 2 V (Gi) that orresponds to vertex (b1 : : : bk) of Qk, denote v by (b1 : : : bk i)((b1 : : : bk 0) and (b1 : : : bk 1) are alled a orresponding pair); (ii) V (Qk+1) := V (G0)[V (G1)and E(Qk+1) := E(G0) [ E(G1) [M , where M := fuv : u 2 V (G0); v 2 V (G1) and u; v isa orresponding pair g.We show that �T (Qk) = �(Qk) + 1, for eah k � 3. Note that Q1 is isomorphi to K2and Q2 is isomorphi to C2, that are both type 2 graphs.Theorem 10For Qk, k � 3, there exists a (k + 1)-total olouring of Qk suh that only four olours ourin its vertex set.Proof: We prove the assertion by indution. For the basis ase we onstrut an expliit4-total olouring for the 3-ube, shown in Figure 4. We all these four olours base olours.
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