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Abstract

In 1976, Booth and Leuker invented the PQ trees as a compact way of storing and
manipulating all the permutations on n elements that keep consecutive the elements
in certain given sets C1,Cs,...,C,,. This problem finds applications in DNA physical
mapping, interval graph recognition, logic circuit optimization and data retrieval, for
instance. In 1995, Meidanis and Munuera created the PQR. trees, a natural general-
ization of PQ trees. The difference between them is that PQR trees exist for every set
collection, even when there are no valid permutations. The R nodes encapsulate subsets
where the consecutive ones property fails. In this note we present an almost-linear time
algorithm to build a PQR tree for an arbitrary set collection.

1 Introduction

Given a collection of m subsets Cy,Co,...,Cy, of a set U of n elements, the consecutive
ones problem consists in answering whether there is a permutation of the elements in U
that keep the elements of each C; consecutive.

Many problems can be stated as the consecutive ones problem, such as DNA phys-
ical mapping [9], interval graphs recognition [4], logic circuit optimization [3] and data
retrieval [5].

The consecutive ones problem was solved by a polynomial algorithm devised by Fulk-
erson and Gross [4] in 1965. Booth and Leuker [1] invented the PQ trees in 1976, a data
structure to solve the problem and compactly represent every valid permutation for U sub-
ject to C1,Cs, ..., Ch. They also gave a linear algorithm for building PQ trees. PQ trees
themselves are useful in solving other problems not directly related to the consecutive ones
problem, such as planarity test [1] and interval graphs isomorphism [6]. In 1995, Meidanis
and Munuera [7] created the PQR trees, a natural generalization of PQ trees, and gave
a quadratic algorithm to build the PQR trees. In a continuation of this work, Meidanis,
Porto and Telles [8] extended the algebraic theory behind this problem. PQR trees can be
used to solve the problems PQ trees solve, with the additional advantage that when there
is no valid permutation PQR trees will point out specific subcollections responsible for the
failure of the consecutive ones property [8].

For a long time it was unknown whether the extra R nodes introduce enough complexity
into the structure as to make a linear time algorithm impossible. One major problem in this
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respect was related to the movement of uncolored (“white”) nodes (see Section 4), which
did not seem to be bounded by the number of black or gray nodes. Here we show how to
implement the algorithm so as to never have to move uncolored nodes. Another important
issue was to merge two Q or R nodes in time O(1). We solved this issue by representing
the children of such nodes as a union-find structure, where only one designated child point
to the parent, and the other siblings point to this designated child directly or indirectly,
composing a union-find structure. This leads to O(1) merging, but the price to pay is
O(a(r)) to find the parent, and an overall almost-linear time bound, where r is the number
of ones in the input matrix.

The algorithm given here is not a simple extension of Booth and Leuker’s algorithm,
but relies on deeper properties of the trees uncovered by the new theory. It uses a fewer
number of better organized patterns than the PQ algorithm. The correctness proof also
draws heavily on the theory developed and the amortized analysis we present is based on a
cleaner potential function. We believe that this contributes significantly towards a definite
solution to this problem.

This article is organized as follows. Section 2 gives basic definitions and Section 3
introduces the basics on PQR theory. Our algorithm and analysis come in Sections 4 and 5.
Our conclusions appear in Section 6.

2 Definitions

The term collection is used here as a synonym for set of sets. Hereafter, collections will
always be denoted by calligraph capitals, such as C. To simplify notation, we sometimes
write a set as a list of its elements in any order. For example, A = {k,l,m,n} can be
written as A = Inkm. A permutation of a finite set U, |U| = n, is a one-to-one mapping
a:{1,2,...,n} — U. Given a permutation « of the elements of U, and a subset A of
U, we say that A is consecutive in o when the elements of A appear consecutively in «.
For example, if U = abedef and a = efcbda, the subset A = c¢db is consecutive in «, while
B = efa is not. Given a pair (U,C), with C C P(U), we say that a permutation « of U is
valid (with respect to C) if all sets A € C are consecutive in o. The pair (U,C) has the
consecutive ones property (C1P) if there is at least one valid permutation.

A PQR tree T is a rooted tree with four types of nodes — P, Q, R and leaves — subject
to the following restrictions:

e The leaves are in one-to-one correspondence with the elements of the set U.
e Every P node has at least two children.
e Every Q node has at least three children.

e Every R node has at least three children.

An example of a PQR tree for the set U = abedefghijklmnop and the collection C =
{abcdef, be, cd, de, ce, ghijklmn, no, op, hijkl,Im} appears in Figure 3.

A PQ tree is just a PQR tree without R nodes [8]. PQ trees are a compact way of
representing all valid permutations for a collection with the C1P [1]. Reading the leaves
from left to right gives a valid permutation. All other valid permutations are given by
equivalent trees, obtained from one another by:
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e arbitrary permutations of the children of a P node,
e reversal of the children of a Q node,

In general, regardless of whether the tree has the C1P, a PQR tree is a compact way of
representing its completion (see Section 3).

A node v in a PQR tree is identified with the set of leaves having v as ancestor. We use v
to denote either the node or the set of its descendent leaves (elements of U) interchangeably.

Given two sets A and B, we define the following operations:

e The nondisjoint union of A and B, denoted AW B, is equal to AU B provided that
ANB #0.

e The noncontained difference of A and B, denoted A § B, is equal to A\ B provided
that B Z A.

Two sets A and B are orthogonal, denoted A | B, if either A C B, or B C A, or else
AN B = 0. Similarly, a collection C is orthogonal to a set A if every set in C is orthogonal
to A.

3 PQR Theory

Meidanis and Munuera [7] created a theory, later consolidated by Meidanis, Porto, and
Telles [8], that greatly helps reasoning about the problem and lies at the heart of the
algorithm we present here. In this section we recall basic findings of this theory that will
be used in the sequel.

The main points of the theory are:

e the realization that the set operations intersection, noncontained difference, and non-
disjoint union produce consecutive sets from consecutive sets and can be used to
enrich the input set collection C into a normalized, complete collection C. The PQR
tree associated to C is essentially unique and depends only on C.

e the realization that the concept of orthogonality between sets can be used to charac-
terize the nodes that appear in a PQR tree for C, through the collection C*, which
holds every set orthogonal to C.

To formalize these statements, it is important to have a way of obtaining the com-
plete collection Compl(T') associated to a PQR tree T from the tree itself. The collection
Compl(T') is defined as follows, where Descy(S) is the set J,cg v.

1. The trivial sets 0, U, and {z} for all # € U are contained in Compl(T),
Descr(S) is in Compl(T) if S is the set of all children of a P node of T,
Descr(S) is in Compl(T') if S is a set of consecutive children of a Q node of T,

Descr(S) is in Compl(T') if S is an arbitrary set of children of an R node of T,

oL W N

No other sets are in Compl(T).
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The following results from an earlier work [8] are important here:
Theorem 1 A collection C corresponds to a PQR tree T if and only if
C = Compl(T).

Theorem 2 If T is a PQR tree for a collection C then the nodes of T' correspond ezactly
to the sets in CNC* .

In the analysis that follows, given a PQR tree T' corresponding to a collection C, we
denote by 7'+ S any PQR tree corresponding to the collection C U {S}.

4 Almost-Linear Time Algorithm

The algorithm for PQR tree construction in this section is an on-line algorithm, in the sense
that, given a set U and a collection C' C P(U), it builds a PQR tree T for the collection C
processing (or adding) one set in C at a time.

The algorithm for adding a set S to a tree 7" appears below. Here the LCA is the least
common ancestor node of all leaves in S.

. mark the leaves corresponding to S

. color the tree and find the LCA

. restructure the tree, getting rid of gray nodes
. adjust the LCA

. uncolor the tree

Uk W N -

What follows is a better explanation of each step.
Step 1 Leaves corresponding to the elements of S are colored black.

Step 2 Coloring of other nodes of T' is done as follows:
e a node v is colored black when v C S,
e a node v is colored gray when v £ S,
e a node v is left uncolored (“white”) when either v NS =0 or S C v,

with the following exception: the LCA will always be left uncolored, even if by the above
rules it would have to be colored black or gray.

This coloring can be accomplished simultaneously with finding the LCA of all black
leaves as described in the original Booth and Leuker paper [1].

Notice that the nodes colored gray will not be nodes of any tree T' + S, since they are
not orthogonal to S. This motivates the next step of the algorithm, which restructures the
tree until no gray node remains.

From this point on in the paper, let us denote the set of black, gray and white children
of a node v respectively by B(v), G(v) and W (v).
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Template Operations

PP Transform P node into Q node
PQ template

Prepare the LCA

PQ Reverse Q node

Move children away from LCA
Prepare the LCA

Move children away from LCA
Transform P node into Q node
QQ template

Reverse the LCA

QQ Reverse Q node

Merge into the LCA

Reverse the LCA

QR Reverse Q node

Merge into the LCA
Transform P node into Q node

PR

QP

RP RQ template
RQ Merge into the LCA
RR Merge into the LCA

Table 1: Templates for Step 3.

Step 3 This step repeatedly kills, merges, or uncolors gray nodes, sometimes also creating
new nodes when needed, until no gray nodes remain in the tree. This step is therefore the
iteration of a simpler task, which is the processing of one gray node.

while there is a gray child v of the LCA
process v using the appropriate template
end while

Templates are selected based on the type of the LCA and on the type of its child being
processed. Every template is associated with a set of operations or other templates, as
shown in Table 1. The operations that compose templates are illustrated in Figures 1
and 2, where a triangle represents a node which type is either Q or R, and r is the label
for the LCA. Operations “Reverse Q node” and “Reverse the LCA” are not illustrated in
the figures. The first consists in reversing a QQ node when its leftmost child is white and its
rightmost child is gray or black or when its leftmost child is gray and its rightmost child is
black. In other words, the goal is to leave a node in the left end at least as “dark” as the
one in the right end. The second consists in reversing the LCA when it is a Q node using
the same rules for “Reverse QQ node”, but with respect to the left and right neighbors of the
child of the LCA being processed. When the child v being processed has only one neighbor,
then if this neighbor is black or gray it should be on the left of v; when it is white, it should
be on the right of v.
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Notice also that while it seems that we have 9 templates, nodes of type Q and R are
treated rather similarly, and one can use only the 4 templates PP, PQ, QP, QQ (treating
an R node as if it were of type Q) without affecting the correctness of the algorithm and
without a significant time penalty either.

Step 4 After Step 3, there are no gray nodes left in the tree. Therefore, all maximal black

nodes are children of the LCA. We have to adjust the LCA as follows, according to its type.

e the LCA is a P-node: if the LCA has 2 or more black children, and at least one white
child, create a new child of type P of the LCA and move all black maximal nodes to
this new node.

e the LCA is a Q-node: if all maximal black nodes are consecutive, do nothing; otherwise

] [

r

| ] ]L } |
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Figure 1: Operations that compose PQR templates: (a) Transform P node into Q node,
(b) Prepare the LCA, (c¢) Merge into the LCA.
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Figure 2: Operation “Move children away from the LCA”, that composes PQR templates.

change the type of the LCA to R.
e the LCA is a R-node: do nothing.
Step 5 Uncolor all black nodes.

Figure 3 shows the execution of the algorithm for the tree shown and S = ghm.

5 Correctness and complexity

5.1 Correctness

To prove that the algorithm is correct it is necessary to show that, if 77 and 7" are the
colored trees before and after any given step in the algorithm, then

Compl(T") U S = Compl(T")U S (1)

This is easy to see for Steps 2, 4, and 5. For Step 3, we need to show the invariant (1)
holds for all the operations on PQR trees described in the previous section. To illustrate
the proof method, we will show how it applies to operation Prepare the LCA. The nodes in
T" all appear also in T with the same types. Therefore Compl(T') U S C Compl(T")U S.
On the other hand, we can write

b=(rNS) kg% ... &gy,
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hijk hijk
mark the leaves color tree and
corresponding to S find the LCA

kill gray node

ijk

uncolor tree

Figure 3: Execution of the algorithm for the tree shown and S = ghm.
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which shows that Compl(T")U S C Compl(T") U S, completing the proof.
Noticing that after the last step we have S € Compl(T"), we have actually

Compl(T")U S = Compl(T + S),

showing that we end up with the right tree after adding S.

5.2 Complexity

In this section we will assume that we are given a collection Cy,Co,...,Cy, of subsets of
U ={1,2,...,n} to construct their PQR tree, and that r = 3>, |C}]|.

The main operations involved in the algorithm are: node creation, node killing, node
reversal, node moving, node merging, node coloring, and node uncoloring. We will consider
first the operations done in Step 3, which is the most intricate step.

Each node must know its parent because of the way coloring is done (bottom to top).
To guarantee the almost-linear time bound, we must implement the set of children of a Q
or R node as a union-find structure[2]. One designated child will hold a pointer to their
parent, and all other siblings will point to other siblings which are closer to the designated
child. This permits execution of the “Merge into the LCA” operation in O(1) time, but the
price to pay is an O(a(r)) bound for finding the parent of a node.

We will show that the algorithm performs O(r) operations, with cost O(a(r)) each.
Each time a set S is added, work proportional to |S| is allowed. It turns out that sometimes
a small set is added and the tree changes significantly, meaning that we cannot guarantee
that adding S can be done within O(|S]|) time. However, an amortized O(|S|) bound holds.
We will show this by exhibiting a tree potential function that records the part of the O(]S|)
not actually used for work yet and which is available to future operations.

In what follows, a move operation includes moving and merging nodes.

Theorem 3 The amount of operations involved in Step 8 is dominated by the move oper-
ations.

Proof:

Leaves are never created or killed. Internal nodes are created with zero children, and
only internal nodes with at most one child are killed. Therefore, to kill a node its children
must be moved elsewhere first. Likewise, the creation of a node is always followed by
movements to bring children in. The reversal of a node is always followed by a movement
as well.

Node coloring occurs when a new node is colored black. Therefore, coloring is dominated
by creation. Uncoloring occurs when all colored children of a P-node are moved elsewhere.
Therefore, uncoloring is dominated by movement. O

Theorem 4 The total number of moves in Step 3 of adding a set S to a tree T' is bounded
by:
m3(T,5) < |B(r)| +[G(r)| +
Y. (B@I+IG)) +

v gray P-node

2 L

v gray Q/R-node
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type of LCA | type of v | movements
p p [B(r)| +[G(r)| +|B(v)| +|G(v)]
P Q/R |B(r)| +|G(r)|
Q/R p |B(v)| +G(v)]
Q/R Q/R 1

Table 2: Upper bound on number of movements in each template case of Step 3.

where r is the LCA.

Proof: See Table 2. Notice that in every case, v ceases to exist or becomes uncolored.

Therefore, each gray node is processed exactly once. Notice also that the LCA is of type P

at most in one iteration (the first one), and therefore enters the calculation at most once.
O

The main result of this section relies on the concept of tree potential. The potential of
a tree T is defined as follows.

pot(T) = > ||+ > 14.

v P-node of T’ v Q/R-node of T

Theorem 5 The gain in potential Apot(T,S) = pot(T + S) — pot(T') when adding a set S
to a tree T' satisfies

Apo(T,S) < > o= D > lul- > 1,

vEB(r) v gray P-node u€G(v) v gray Q/R-node
where r is the LCA.
Proof: The nodes in T+ S that are not in 7" are (at most):
e P-node with all black children of r
e P-nodes with all black children of gray P-nodes
e P-nodes with all uncolored children of gray P-nodes
e (Q-node child of an LCA of type P.

The nodes in T" which are not in 7"+ S are exactly the gray nodes. Therefore,

Apot(T,S) < > |ol+ > > lu| +1 -

veB(r) v gray P-node ucB(v)UW (v)
2. = X1
v gray P-node v gray Q/R-node
< Xobl- XX m- 3L
vEB(r) v gray P-node ueG(v) v gray Q/R-node
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Theorem 6 The total number of operations work(T, S) involved in adding S to T satisfies
work(T, S) = O(|S| + ms),
where mg = m3(T,S) is as in Theorem 4.

Proof: Steps 1, 4 and 5 are O(|S]). Step 2 is O(|S| + m3), as proved by Booth and
Leuker [1]. In their paper they call prunned(T, S) the subtree of all gray nodes plus the LCA,
and show that Step 2 is O(|prunned(T,S)|). It turns out that |prunned(T,S)| = O(ms),
because every gray node v satisfies |B(v)| + |G(v)| > 1. O

Theorem 7
work(T, S) + Apot(T, S) = O(|5]).
Proof: It suffices to show that
ms + Apot(T, S) = O(|S]).
From previous formulas, by straightforward algebraic manipulation,

mg + Apot(T,S) < |B(r)|+|G(r)| + Z lv| + Z |B(v)]
vEB(r) v gray P-node

IN

3|S].
This last inequality is due to the following reasons:

B(r)l+ > |B(v)<]s|

v gray P-node
since B(r) U U, gray P-node B(v) is a disjoint union contained in S;
G(r)l < 1Sl

since the sets of G(r) are disjoint; finally,

U v

vEB(r) vEB(r)
< 5],
since the sets of B(r) are disjoint and contained in S.
O
From this last theorem we can assess the total work needed to add sets Cy,C5,...,Cy,

to a universal tree Tj (a tree with just one P internal node with all leaves as its children),
which results in the PQR tree T for the collection of these given sets. Adding the number
of operations for adding all the sets, we end up with:

total ops + pot(T') — pot(Ty) = O(r + m),

or
total ops = O(r + m + n),

since pot(T') > 0, and pot(Ty) = n. As we saw, each operation can be performed in O(a(r)),
and therefore the almost-linear bound follows.
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6 Conclusions

This work represents a significant contribution towards a cleaner and more general solu-
tion to the consecutive ones problem. Based on the theory developed by Meidanis and
Munuera [7], later extended by Meidanis, Porto, and Telles [8], we propose a new algorithm
to build PQR trees corresponding to a set collection, in time proportional to the collection’s
size.

This algorithm is more intuitive than the original PQ tree algorithm proposed by Booth
and Lueker, and, in addition, constructs tress for all input collections, regardless of their
consecutive ones status. The resulting tree will point out specific subcollections responsible
for the failure of the consecutive ones property in the collections as a whole.

Several practical applications modeled by the consecutive ones problem require the abil-
ity to deal with input data with errors. It is important to explore the possibility of using
PQR trees to address this issue.
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