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Building PQR Trees in Almost-Linear TimeGuilherme P. Telles � Jo~ao Meidanis yAbstra
tIn 1976, Booth and Leuker invented the PQ trees as a 
ompa
t way of storing andmanipulating all the permutations on n elements that keep 
onse
utive the elementsin 
ertain given sets C1; C2; : : : ; Cm. This problem �nds appli
ations in DNA physi
almapping, interval graph re
ognition, logi
 
ir
uit optimization and data retrieval, forinstan
e. In 1995, Meidanis and Munuera 
reated the PQR trees, a natural general-ization of PQ trees. The di�eren
e between them is that PQR trees exist for every set
olle
tion, even when there are no valid permutations. The R nodes en
apsulate subsetswhere the 
onse
utive ones property fails. In this note we present an almost-linear timealgorithm to build a PQR tree for an arbitrary set 
olle
tion.1 Introdu
tionGiven a 
olle
tion of m subsets C1; C2; : : : ; Cm of a set U of n elements, the 
onse
utiveones problem 
onsists in answering whether there is a permutation of the elements in Uthat keep the elements of ea
h Ci 
onse
utive.Many problems 
an be stated as the 
onse
utive ones problem, su
h as DNA phys-i
al mapping [9℄, interval graphs re
ognition [4℄, logi
 
ir
uit optimization [3℄ and dataretrieval [5℄.The 
onse
utive ones problem was solved by a polynomial algorithm devised by Fulk-erson and Gross [4℄ in 1965. Booth and Leuker [1℄ invented the PQ trees in 1976, a datastru
ture to solve the problem and 
ompa
tly represent every valid permutation for U sub-je
t to C1; C2; : : : ; Cm. They also gave a linear algorithm for building PQ trees. PQ treesthemselves are useful in solving other problems not dire
tly related to the 
onse
utive onesproblem, su
h as planarity test [1℄ and interval graphs isomorphism [6℄. In 1995, Meidanisand Munuera [7℄ 
reated the PQR trees, a natural generalization of PQ trees, and gavea quadrati
 algorithm to build the PQR trees. In a 
ontinuation of this work, Meidanis,Porto and Telles [8℄ extended the algebrai
 theory behind this problem. PQR trees 
an beused to solve the problems PQ trees solve, with the additional advantage that when thereis no valid permutation PQR trees will point out spe
i�
 sub
olle
tions responsible for thefailure of the 
onse
utive ones property [8℄.For a long time it was unknown whether the extra R nodes introdu
e enough 
omplexityinto the stru
ture as to make a linear time algorithm impossible. One major problem in this�Institute of Mathemati
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2 Telles and Meidanisrespe
t was related to the movement of un
olored (\white") nodes (see Se
tion 4), whi
hdid not seem to be bounded by the number of bla
k or gray nodes. Here we show how toimplement the algorithm so as to never have to move un
olored nodes. Another importantissue was to merge two Q or R nodes in time O(1). We solved this issue by representingthe 
hildren of su
h nodes as a union-�nd stru
ture, where only one designated 
hild pointto the parent, and the other siblings point to this designated 
hild dire
tly or indire
tly,
omposing a union-�nd stru
ture. This leads to O(1) merging, but the pri
e to pay isO(�(r)) to �nd the parent, and an overall almost-linear time bound, where r is the numberof ones in the input matrix.The algorithm given here is not a simple extension of Booth and Leuker's algorithm,but relies on deeper properties of the trees un
overed by the new theory. It uses a fewernumber of better organized patterns than the PQ algorithm. The 
orre
tness proof alsodraws heavily on the theory developed and the amortized analysis we present is based on a
leaner potential fun
tion. We believe that this 
ontributes signi�
antly towards a de�nitesolution to this problem.This arti
le is organized as follows. Se
tion 2 gives basi
 de�nitions and Se
tion 3introdu
es the basi
s on PQR theory. Our algorithm and analysis 
ome in Se
tions 4 and 5.Our 
on
lusions appear in Se
tion 6.2 De�nitionsThe term 
olle
tion is used here as a synonym for set of sets. Hereafter, 
olle
tions willalways be denoted by 
alligraph 
apitals, su
h as C. To simplify notation, we sometimeswrite a set as a list of its elements in any order. For example, A = fk; l;m; ng 
an bewritten as A = lnkm . A permutation of a �nite set U , jU j = n, is a one-to-one mapping� : f1; 2; : : : ; ng 7! U . Given a permutation � of the elements of U , and a subset A ofU , we say that A is 
onse
utive in � when the elements of A appear 
onse
utively in �.For example, if U = ab
def and � = ef
bda , the subset A = 
db is 
onse
utive in �, whileB = efa is not. Given a pair (U; C), with C � P(U), we say that a permutation � of U isvalid (with respe
t to C) if all sets A 2 C are 
onse
utive in �. The pair (U; C) has the
onse
utive ones property (C1P) if there is at least one valid permutation.A PQR tree T is a rooted tree with four types of nodes { P, Q, R and leaves { subje
tto the following restri
tions:� The leaves are in one-to-one 
orresponden
e with the elements of the set U .� Every P node has at least two 
hildren.� Every Q node has at least three 
hildren.� Every R node has at least three 
hildren.An example of a PQR tree for the set U = ab
defghijklmnop and the 
olle
tion C =fab
def; b
; 
d; de; 
e; ghijklmn; no; op; hijkl; lmg appears in Figure 3.A PQ tree is just a PQR tree without R nodes [8℄. PQ trees are a 
ompa
t way ofrepresenting all valid permutations for a 
olle
tion with the C1P [1℄. Reading the leavesfrom left to right gives a valid permutation. All other valid permutations are given byequivalent trees, obtained from one another by:



Building PQR Trees in Almost-Linear Time 3� arbitrary permutations of the 
hildren of a P node,� reversal of the 
hildren of a Q node,In general, regardless of whether the tree has the C1P, a PQR tree is a 
ompa
t way ofrepresenting its 
ompletion (see Se
tion 3).A node v in a PQR tree is identi�ed with the set of leaves having v as an
estor. We use vto denote either the node or the set of its des
endent leaves (elements of U) inter
hangeably.Given two sets A and B, we de�ne the following operations:� The nondisjoint union of A and B, denoted A℄B, is equal to A[B provided thatA \B 6= ;.� The non
ontained di�eren
e of A and B, denoted A Æn B, is equal to AnB providedthat B 6� A.Two sets A and B are orthogonal, denoted A ? B, if either A � B, or B � A, or elseA \B = ;. Similarly, a 
olle
tion C is orthogonal to a set A if every set in C is orthogonalto A.3 PQR TheoryMeidanis and Munuera [7℄ 
reated a theory, later 
onsolidated by Meidanis, Porto, andTelles [8℄, that greatly helps reasoning about the problem and lies at the heart of thealgorithm we present here. In this se
tion we re
all basi
 �ndings of this theory that willbe used in the sequel.The main points of the theory are:� the realization that the set operations interse
tion, non
ontained di�eren
e, and non-disjoint union produ
e 
onse
utive sets from 
onse
utive sets and 
an be used toenri
h the input set 
olle
tion C into a normalized, 
omplete 
olle
tion C. The PQRtree asso
iated to C is essentially unique and depends only on C.� the realization that the 
on
ept of orthogonality between sets 
an be used to 
hara
-terize the nodes that appear in a PQR tree for C, through the 
olle
tion C?, whi
hholds every set orthogonal to C.To formalize these statements, it is important to have a way of obtaining the 
om-plete 
olle
tion Compl (T ) asso
iated to a PQR tree T from the tree itself. The 
olle
tionCompl (T ) is de�ned as follows, where Des
T (S) is the set Sv2S v.1. The trivial sets ;, U , and fxg for all x 2 U are 
ontained in Compl (T ),2. Des
T (S) is in Compl (T ) if S is the set of all 
hildren of a P node of T ,3. Des
T (S) is in Compl (T ) if S is a set of 
onse
utive 
hildren of a Q node of T ,4. Des
T (S) is in Compl (T ) if S is an arbitrary set of 
hildren of an R node of T ,5. No other sets are in Compl (T ).



4 Telles and MeidanisThe following results from an earlier work [8℄ are important here:Theorem 1 A 
olle
tion C 
orresponds to a PQR tree T if and only ifC = Compl(T ):Theorem 2 If T is a PQR tree for a 
olle
tion C then the nodes of T 
orrespond exa
tlyto the sets in C \ C?.In the analysis that follows, given a PQR tree T 
orresponding to a 
olle
tion C, wedenote by T + S any PQR tree 
orresponding to the 
olle
tion C [ fSg.4 Almost-Linear Time AlgorithmThe algorithm for PQR tree 
onstru
tion in this se
tion is an on-line algorithm, in the sensethat, given a set U and a 
olle
tion C � P(U), it builds a PQR tree T for the 
olle
tion Cpro
essing (or adding) one set in C at a time.The algorithm for adding a set S to a tree T appears below. Here the LCA is the least
ommon an
estor node of all leaves in S.1. mark the leaves 
orresponding to S2. 
olor the tree and �nd the LCA3. restru
ture the tree, getting rid of gray nodes4. adjust the LCA5. un
olor the treeWhat follows is a better explanation of ea
h step.Step 1 Leaves 
orresponding to the elements of S are 
olored bla
k.Step 2 Coloring of other nodes of T is done as follows:� a node v is 
olored bla
k when v � S,� a node v is 
olored gray when v 6? S,� a node v is left un
olored (\white") when either v \ S = ; or S � v,with the following ex
eption: the LCA will always be left un
olored, even if by the aboverules it would have to be 
olored bla
k or gray.This 
oloring 
an be a

omplished simultaneously with �nding the LCA of all bla
kleaves as des
ribed in the original Booth and Leuker paper [1℄.Noti
e that the nodes 
olored gray will not be nodes of any tree T + S, sin
e they arenot orthogonal to S. This motivates the next step of the algorithm, whi
h restru
tures thetree until no gray node remains.From this point on in the paper, let us denote the set of bla
k, gray and white 
hildrenof a node v respe
tively by B(v), G(v) and W (v).



Building PQR Trees in Almost-Linear Time 5Template OperationsPP Transform P node into Q nodePQ templatePQ Prepare the LCAReverse Q nodeMove 
hildren away from LCAPR Prepare the LCAMove 
hildren away from LCAQP Transform P node into Q nodeQQ templateQQ Reverse the LCAReverse Q nodeMerge into the LCAQR Reverse the LCAReverse Q nodeMerge into the LCARP Transform P node into Q nodeRQ templateRQ Merge into the LCARR Merge into the LCATable 1: Templates for Step 3.Step 3 This step repeatedly kills, merges, or un
olors gray nodes, sometimes also 
reatingnew nodes when needed, until no gray nodes remain in the tree. This step is therefore theiteration of a simpler task, whi
h is the pro
essing of one gray node.while there is a gray 
hild v of the LCApro
ess v using the appropriate templateend whileTemplates are sele
ted based on the type of the LCA and on the type of its 
hild beingpro
essed. Every template is asso
iated with a set of operations or other templates, asshown in Table 1. The operations that 
ompose templates are illustrated in Figures 1and 2, where a triangle represents a node whi
h type is either Q or R, and r is the labelfor the LCA. Operations \Reverse Q node" and \Reverse the LCA" are not illustrated inthe �gures. The �rst 
onsists in reversing a Q node when its leftmost 
hild is white and itsrightmost 
hild is gray or bla
k or when its leftmost 
hild is gray and its rightmost 
hild isbla
k. In other words, the goal is to leave a node in the left end at least as \dark" as theone in the right end. The se
ond 
onsists in reversing the LCA when it is a Q node usingthe same rules for \Reverse Q node", but with respe
t to the left and right neighbors of the
hild of the LCA being pro
essed. When the 
hild v being pro
essed has only one neighbor,then if this neighbor is bla
k or gray it should be on the left of v; when it is white, it shouldbe on the right of v.



6 Telles and MeidanisNoti
e also that while it seems that we have 9 templates, nodes of type Q and R aretreated rather similarly, and one 
an use only the 4 templates PP, PQ, QP, QQ (treatingan R node as if it were of type Q) without a�e
ting the 
orre
tness of the algorithm andwithout a signi�
ant time penalty either.Step 4 After Step 3, there are no gray nodes left in the tree. Therefore, all maximal bla
knodes are 
hildren of the LCA. We have to adjust the LCA as follows, a

ording to its type.� the LCA is a P-node: if the LCA has 2 or more bla
k 
hildren, and at least one white
hild, 
reate a new 
hild of type P of the LCA and move all bla
k maximal nodes tothis new node.� the LCA is a Q-node: if all maximal bla
k nodes are 
onse
utive, do nothing; otherwise

:::::: w1gyg1b1 bx
rb ::: wzT 00::::::::: wzw1gyg1b1 bx r

T 0
vi rv1:::vi�1 :::vi+1vs:::f1 ftT 0

r:::::: :::vi+1vsftvi�1f1v1 T 00
(b)
(a)

(
)

::::::::: wzw1gyg1b1 bx v r
T 0 T 00:::gyg1b1 bx w1 wzb ::: ::: v

r

Figure 1: Operations that 
ompose PQR templates: (a) Transform P node into Q node,(b) Prepare the LCA, (
) Merge into the LCA.
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::: :::b g1 gy w1 wz ::: vr ftf1T 0 :::gy bg1 v:::f1 ft

r:::w1 wz :::gy bg1 vft:::f1T 00 if z > 0
T 00 if z = 0Figure 2: Operation \Move 
hildren away from the LCA", that 
omposes PQR templates.
hange the type of the LCA to R.� the LCA is a R-node: do nothing.Step 5 Un
olor all bla
k nodes.Figure 3 shows the exe
ution of the algorithm for the tree shown and S = ghm.5 Corre
tness and 
omplexity5.1 Corre
tnessTo prove that the algorithm is 
orre
t it is ne
essary to show that, if T 0 and T 00 are the
olored trees before and after any given step in the algorithm, thenCompl (T 0) [ S = Compl (T 00) [ S (1)This is easy to see for Steps 2, 4, and 5. For Step 3, we need to show the invariant (1)holds for all the operations on PQR trees des
ribed in the previous se
tion. To illustratethe proof method, we will show how it applies to operation Prepare the LCA. The nodes inT 0 all appear also in T 00, with the same types. Therefore Compl (T 0) [ S � Compl (T 00) [ S.On the other hand, we 
an writeb = (r \ S) Æn g1 Æn : : : Æn gy;
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Figure 3: Exe
ution of the algorithm for the tree shown and S = ghm.



Building PQR Trees in Almost-Linear Time 9whi
h shows that Compl (T 00) [ S � Compl (T 0) [ S, 
ompleting the proof.Noti
ing that after the last step we have S 2 Compl (T 00), we have a
tuallyCompl (T 00) [ S = Compl (T + S);showing that we end up with the right tree after adding S.5.2 ComplexityIn this se
tion we will assume that we are given a 
olle
tion C1; C2; : : : ; Cm of subsets ofU = f1; 2; : : : ; ng to 
onstru
t their PQR tree, and that r =Pj jCjj.The main operations involved in the algorithm are: node 
reation, node killing, nodereversal, node moving, node merging, node 
oloring, and node un
oloring. We will 
onsider�rst the operations done in Step 3, whi
h is the most intri
ate step.Ea
h node must know its parent be
ause of the way 
oloring is done (bottom to top).To guarantee the almost-linear time bound, we must implement the set of 
hildren of a Qor R node as a union-�nd stru
ture[2℄. One designated 
hild will hold a pointer to theirparent, and all other siblings will point to other siblings whi
h are 
loser to the designated
hild. This permits exe
ution of the \Merge into the LCA" operation in O(1) time, but thepri
e to pay is an O(�(r)) bound for �nding the parent of a node.We will show that the algorithm performs O(r) operations, with 
ost O(�(r)) ea
h.Ea
h time a set S is added, work proportional to jSj is allowed. It turns out that sometimesa small set is added and the tree 
hanges signi�
antly, meaning that we 
annot guaranteethat adding S 
an be done within O(jSj) time. However, an amortized O(jSj) bound holds.We will show this by exhibiting a tree potential fun
tion that re
ords the part of the O(jSj)not a
tually used for work yet and whi
h is available to future operations.In what follows, a move operation in
ludes moving and merging nodes.Theorem 3 The amount of operations involved in Step 3 is dominated by the move oper-ations.Proof:Leaves are never 
reated or killed. Internal nodes are 
reated with zero 
hildren, andonly internal nodes with at most one 
hild are killed. Therefore, to kill a node its 
hildrenmust be moved elsewhere �rst. Likewise, the 
reation of a node is always followed bymovements to bring 
hildren in. The reversal of a node is always followed by a movementas well.Node 
oloring o

urs when a new node is 
olored bla
k. Therefore, 
oloring is dominatedby 
reation. Un
oloring o

urs when all 
olored 
hildren of a P-node are moved elsewhere.Therefore, un
oloring is dominated by movement. 2Theorem 4 The total number of moves in Step 3 of adding a set S to a tree T is boundedby: m3(T; S) � jB(r)j+ jG(r)j+Xv gray P-node(jB(v)j + jG(v)j) +Xv gray Q/R-node 1;



10 Telles and Meidanistype of LCA type of v movementsP P jB(r)j+ jG(r)j+ jB(v)j+ jG(v)jP Q/R jB(r)j+ jG(r)jQ/R P jB(v)j+ jG(v)jQ/R Q/R 1Table 2: Upper bound on number of movements in ea
h template 
ase of Step 3.where r is the LCA.Proof: See Table 2. Noti
e that in every 
ase, v 
eases to exist or be
omes un
olored.Therefore, ea
h gray node is pro
essed exa
tly on
e. Noti
e also that the LCA is of type Pat most in one iteration (the �rst one), and therefore enters the 
al
ulation at most on
e.2The main result of this se
tion relies on the 
on
ept of tree potential. The potential ofa tree T is de�ned as follows.pot(T ) = Xv P-node of T jvj+ Xv Q/R-node of T 1 + :Theorem 5 The gain in potential �pot(T; S) = pot(T + S)� pot(T ) when adding a set Sto a tree T satis�es�pot(T; S) � Xv2B(r) jvj � Xv gray P-node Xu2G(v) juj � Xv gray Q/R-node 1;where r is the LCA.Proof: The nodes in T + S that are not in T are (at most):� P-node with all bla
k 
hildren of r� P-nodes with all bla
k 
hildren of gray P-nodes� P-nodes with all un
olored 
hildren of gray P-nodes� Q-node 
hild of an LCA of type P.The nodes in T whi
h are not in T + S are exa
tly the gray nodes. Therefore,�pot(T; S) � Xv2B(r) jvj+ Xv gray P-node Xu2B(v)[W (v) juj+ 1�Xv gray P-node jvj � Xv gray Q/R-node 1� Xv2B(r) jvj � Xv gray P-node Xu2G(v) juj � Xv gray Q/R-node 1: 2



Building PQR Trees in Almost-Linear Time 11Theorem 6 The total number of operations work(T; S) involved in adding S to T satis�eswork(T; S) = O(jSj+m3);where m3 = m3(T; S) is as in Theorem 4.Proof: Steps 1, 4 and 5 are O(jSj). Step 2 is O(jSj + m3), as proved by Booth andLeuker [1℄. In their paper they 
all prunned (T; S) the subtree of all gray nodes plus the LCA,and show that Step 2 is O(jprunned (T; S)j). It turns out that jprunned (T; S)j = O(m3),be
ause every gray node v satis�es jB(v)j+ jG(v)j � 1. 2Theorem 7 work(T; S) + �pot(T; S) = O(jSj):Proof: It suÆ
es to show thatm3 +�pot(T; S) = O(jSj):From previous formulas, by straightforward algebrai
 manipulation,m3 +�pot(T; S) � jB(r)j+ jG(r)j+ Xv2B(r) jvj+ Xv gray P-node jB(v)j� 3jSj:This last inequality is due to the following reasons:jB(r)j+ Xv gray P-node jB(v)j � jSjsin
e B(r) [Sv gray P-nodeB(v) is a disjoint union 
ontained in S;jG(r)j � jSj;sin
e the sets of G(r) are disjoint; �nally,Xv2B(r) jvj = ������ [v2B(r) v������� jSj;sin
e the sets of B(r) are disjoint and 
ontained in S. 2From this last theorem we 
an assess the total work needed to add sets C1; C2; : : : ; Cmto a universal tree T0 (a tree with just one P internal node with all leaves as its 
hildren),whi
h results in the PQR tree T for the 
olle
tion of these given sets. Adding the numberof operations for adding all the sets, we end up with:total ops + pot(T )� pot (T0) = O(r +m);or total ops = O(r +m+ n);sin
e pot(T ) � 0, and pot(T0) = n. As we saw, ea
h operation 
an be performed in O(�(r)),and therefore the almost-linear bound follows.



12 Telles and Meidanis6 Con
lusionsThis work represents a signi�
ant 
ontribution towards a 
leaner and more general solu-tion to the 
onse
utive ones problem. Based on the theory developed by Meidanis andMunuera [7℄, later extended by Meidanis, Porto, and Telles [8℄, we propose a new algorithmto build PQR trees 
orresponding to a set 
olle
tion, in time proportional to the 
olle
tion'ssize.This algorithm is more intuitive than the original PQ tree algorithm proposed by Boothand Lueker, and, in addition, 
onstru
ts tress for all input 
olle
tions, regardless of their
onse
utive ones status. The resulting tree will point out spe
i�
 sub
olle
tions responsiblefor the failure of the 
onse
utive ones property in the 
olle
tions as a whole.Several pra
ti
al appli
ations modeled by the 
onse
utive ones problem require the abil-ity to deal with input data with errors. It is important to explore the possibility of usingPQR trees to address this issue.A
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