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Statisti
al Multiplexing of Multifra
tal FlowsCesar A. V. Melo and Nelson L. S. da Fonse
aNovember 12, 2003Abstra
tThis paper introdu
es the 
omputation of an expression for the time at whi
h thelength of a queue fed by several multifra
tal 
ows rea
hes its maximum. Expressionsfor the equivalent bandwidth of an aggregate of multifra
tal 
ows is also presented.Moreover, it is shown that modelling based on monofra
tal pro
ess rather than basedon multifra
tal pro
esses leads to overprovisioning of resour
es.1 Introdu
tionSin
e the seminal work of Leland et al [1℄, several studies have shown that network traÆ
presents s
ale invarian
e, or \s
aling", whi
h is the absen
e of any spe
i�
 time s
ale atwhi
h the \burstiness" of a traÆ
 stream 
an be 
hara
terized. Instead, it is ne
essary todes
ribe the traÆ
 a
ross di�erent time s
ales. Self-similar or (mono) fra
tal pro
esses havebeen used for modeling network traÆ
 sin
e then.S
aling of fra
tal traÆ
 is de�ned by a single 
onstant value: the Hurst parameter,H. One of the most popular fra
tal pro
esses for traÆ
 modeling is the Fra
tal BrownianMotion pro
ess (fBm) due to its parsimonious representation of the modeled traÆ
. fBmis an a

urate model when: i) the traÆ
 results from the aggregation of several sour
esstreams with low a
tivity 
ompared to the link bandwidth, ii) the impa
t of 
ow 
ontrol isnot relevant and iii) the time s
ale of interest is within the s
aling region. The multifra
talBrownian motion (mBm) is the multifra
tal generalization of the fra
tal Brownian motion.mBm has the ni
e property that at small time s
ales (lo
ally) its realization 
an be des
ribedby an fBm.Both Internet Proto
ol (IP) and Variable Bit Rate (VBR) video traÆ
 present non-trivial s
aling stru
ture at small s
ales in addition to long memory [2℄[3℄. At small s
ale,traÆ
 is highly variable, more 
omplex and follows less de�nitive s
aling laws. For thesetraÆ
s the marginal distribution of 
ounts is non-Gaussian, 
alling for a representationbeyond se
ond-order statisti
s. Moreover, the s
aling exponent of the varian
e on times
ale shorter than a typi
al (
ut-o�) one is smaller than an asymptoti
 exponent.If on one hand, at the network 
ore long term 
orrelations are more important than thevariability at small s
ales due to traÆ
 aggregation (additive property) [4℄. On the otherhand, at the network edge, where admission 
ontrol is performed, variability at small times
ale (multipli
ative property) plays a major role [5℄. These patterns 
an be modelled bymultifra
tal pro
esses whi
h 
apture both long memory and high variability at small s
ales.1



In networks employing statisti
al multiplexing, traÆ
 streams are merged at the mul-tiplexers and transferred to the outgoing link. Solving queueing systems with statisti
almultiplexing under (multi/mono) fra
tal input is of paramount importan
e for admission
ontrol. Nonetheless, this is not a trivial task. Large Deviation theory 
an be employedto over
ome su
h diÆ
ulty. However, solutions based on this theory imply in making non-realisti
 assumption about the bu�er size.An envelope pro
ess is an upper bound for the a

umulated amount of work (traÆ
)arrived from a pro
ess up to a 
ertain time. Envelope pro
esses are parsimonious repre-sentations of sto
hasti
 pro
esses and allow simple solutions of queueing systems fed by(mono/multi) fra
tal pro
esses whi
h do not in
orporate any unrealisti
 assumption aboutthe bu�er size.In [6℄, an envelope for multifra
tal traÆ
 modeling was introdu
ed. This envelopepro
ess was extensively validated using both syntheti
 and real network tra
es. The envelopepro
ess is an upper bound for the a

umulated amount of traÆ
 arrived up to a 
ertain timefrom a multifra
tal Brownian motion pro
ess (mBm)[7℄. It has been shown that althoughmBm is a steady state Gaussian pro
ess, the envelope pro
ess is a tight bound for theamount of traÆ
 arrived in Internet streams.The major 
ontribution of this paper is a method to 
ompute the time instant at whi
ha queue fed by several multifra
tal 
ows rea
hes its maximum. This 
omputation 
an beused to 
al
ulate the loss probability as well as to determine the equivalent bandwidth of anaggregation of several multifra
tal 
ows. Su
h 
omputation 
an be employed in admission
ontrol poli
ies at the ingress of network domains, su
h as Di�Serv domains. Moreover, theexpressions derived here 
an be used in measurement based frameworks.This paper is organized as follows. In Se
tion II, the de�nition of the multifra
talBrownian motion is given, and in Se
tion III an envelope pro
ess based on mBm is presented.In Se
tion IV, the method to 
ompute the time s
ale at whi
h over
ow o

urs in queueingsystem fed by a single stream is shown whereas in Se
tion V the generalization of the methodfor multiple streams is introdu
ed. In Se
tion VI, numeri
al examples are provided. Finally,in Se
tion VII 
on
lusions are drawn.2 The Multifra
tional Brownian Motion Pro
essMultifra
tal pro
esses exhibits highly irregular patterns as a fun
tion of time. Lo
al Holderexponents des
ribes the lo
al regularity of the sample path of a pro
ess. It is a measure ofs
aling and 
an be regarded as a generalization of the Hurst parameter [4℄.The lo
al Holder regularity is related to s
aling at small time s
ales sin
e it expressesthe regularity of the sample path of a pro
ess by 
omparing it to a power-law fun
tion[4℄.The exponent of this power law, h(t), is 
alled Holder exponent and depends both on timeand on the sample path. The Holder exponent is the largest value of h, 0 � h � 1, su
hthat jX(t+ 
)�X(t)j � kj
jh for 
 ! 0 (1)For monofra
tal pro
esses the Holder fun
tion (Hurst parameter) is a 
onstant value2



whereas for multifra
tal pro
esses the Holder fun
tion 
hanges randomly with time. LetH : (0;1) ! (0; 1) be a Holder fun
tion. The multifra
tional Brownian motion is a
ontinuous Gaussian pro
ess with non-stationary in
rements de�ned on (0;1) as:WH(t) = 1�(H(t) + 1=2)�Z 0�1[(t� s)H(t)�1=2 � (�s)H(t)�1=2℄dB(s)+Z t0 (t� s)H(t)�1=2dB(s)� (2)where B(s) is the Brownian motion.The multifra
tal brownian motion pro
ess is a generalization of the fra
tal brownianmotion pro
ess and exhibits the property that lo
ally it is asymptoti
ally self-similar (lass),i.e. lim�!0+�W (t+ �u)�W (t)�H(t) �u2R+ = fBH(t)(u)gu2R+ (3)where W (:) is an mBm and BH(t)(u) is an fBm pro
ess with Hurst parameter H, given byH(t).3 An Envelope Pro
ess for the Multifra
tal Brownian Mo-tion Pro
essTo solve a queueing system fed by an input pro
ess, it is ne
essary to know both theamount of work arrived to the system as well as the servi
e rate. Envelope pro
esses areupper bounds for the amount of arrivals, and allow less 
omplex solutions than the onesthat 
onsider the a

umulated work arrived by an exa
t pro
ess. Envelope pro
esses 
an beeither deterministi
 or probabilisti
. In deterministi
 envelopes, the amount of work arrivednever surpasses the envelope value whereas in probabilisti
 envelopes it may surpass witha 
ertain pre-de�ned probability. Probabilisti
 envelope pro
esses are tighter bounds thandeterministi
 envelopes. Dimensioning based on deterministi
 envelope pro
esses may leadto waste of resour
es, sin
e the provision of resour
e needs to take into a

ount the maximumamount of work arrived at any time. When probabilisti
 envelopes are used, there is no needto 
onsider spikes of work up to a 
ertain amount de�ned by the probability of violation.However, loss of pa
kets may o

ur.An upper bound for the a

umulated amount of work arrived 
an be 
omputed as themean amount of work plus an upper bound for the a

umulated in
rements. An upperbound for mBm in
rements 
an be 
omputed by using the upper bounds for the lo
al fBmin
rements, sin
e in the neighborhood of time t, an mBm 
an be approximated by an fBmwith Hurst parameter H(t). It is known that [8℄:ZH(m) � �HtH�1 (4)3
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Figure 1: The EP monofra
tal and EP multifra
tal for the tra
e MEM-1053844177As the size of lo
al in�nitesimal neighborhood of t goes to zero, the envelope pro
ess,Â(t), of an mBm with mean �a, standard deviation � and Holder fun
tion H(:) 
an beexpressed as : Â(t) = Z t0 �a+ ��H(x)xH(x)�1dx (5)whi
h is 
alled mBm envelope pro
ess.This envelope redu
es to the fBm envelope previously derived in [8℄ when H(:) is a
onstant value, i.e., Â(t) = at+ ��tH (6)Extensive simulation experiments using both syntheti
 traÆ
 and real network traÆ
were 
ondu
ted in order to assess the a

ura
y of the proposed envelope. It was shownthat the mBm envelope pro
ess is an a

urate model [6℄. Figures 1 shows the a

umulatedtraÆ
 arrived from a real network tra
e, the mBm envelope pro
ess and the monofra
talfBm envelope pro
ess. The tra
e used was 
olle
ted at the University of Memphis on May24, 2003 (please, see Table 2). The monofra
tal envelope pro
ess for this tra
e is de�nedby the following parameters �a = 1788:9, �2 = 8546650:0 and H = 0:94. It 
an be observedthat the multifra
tal envelope pro
ess is a tight bound for the multifra
tal stream whereasthe monofra
tal envelope overestimates the amount of traÆ
 arrived. Thus, dimensioningnetworks with multifra
tal streams based on monofra
tal models leads to overprovisioningof resour
es.4 Time S
ale of Interest of a Queue Fed by a Single StreamIn this se
tion, the time at whi
h a queue rea
hes its maximum o

upan
y in a probabilisti
sense is derived. The queue size at this time provides a simple delay bound. Consider a
ontinuous-time queueing system, with deterministi
 servi
e given by C. The 
umulative ar-rival pro
ess is represented by A(t) (for A(0) = 0). Let Â(t), a 
ontinuous and di�erentiablefun
tion, be the probabilisti
 envelope pro
ess of A(t), su
h that P (A(t) > Â(t)) � �.4



During a busy period, whi
h starts at time 0, the number of 
ells in the system at timet is given by q(t). Thus, q(t) = A(t)� 
t � 0.By de�ning q̂(t) as q̂(t) = Â(t)� Ct � 0; (7)we 
an see that P (q(t) > q̂(t)) = P (A(t) > Â(t)) � �.The maximum delay in a FIFO queue is given by the maximum number of 
ells in thequeue during the busy period, whi
h 
an be de�ned asq̂max = max(q̂(t)) t � 0 (8)Therefore, P (q(t) > q̂max) � P (q(t) > q̂(t)) � � (9)P (q(t) > q̂max) � �: (10)The queue length at time t, q(t), will only ex
eed the maximum queue length q̂max withprobability �. In other words, only when the arrival pro
ess ex
eeds the envelope pro
ess,will the maximum number of 
ells in the system ex
eed the estimated value. Intuitively,by bounding the behavior of the arrival pro
ess, it is possible to transform the problemof obtaining a probabilisti
 bound for the sto
hasti
 system de�ned by q(t) = A(t) � Ct,into an easier problem of �nding the maximum of a deterministi
 system, des
ribed byq̂(t) = Â(t)�Ct.Inserting the mBm envelope pro
ess into Equation (7) gives:q̂(t) = Â(t)� Ct= Z t0 �a+ ��H(x)xH(x)�1dx� Ct (11)In order to 
ompute q̂max it is ne
essary to �nd t? su
h thatdq̂(t)dt = 0 (12)or equivalently, dÂ(t)dt = C (13)The time-s
ale of interest, t?, is the time at whi
h the queue size rea
hes its peak, 
alledthe Maximum Time-S
ale (MaxTS) and t? de�nes the point in time at whi
h the un�nishedwork in the queue a
hieves its maximum in a probabilisti
 sense. Hen
e, t? 
an be 
omputedfrom Equation (13) as: 5



t? = ���H(t?)(C � �a) � 11�H(t?) (14)Substituting t? ba
k into Equation (11) , it 
an be 
on
luded that:q̂max = Â(t?)� Ct? (15)q̂max = Z t?0 ��H(x)xH(x)�1dx�(C � �a) H(t?)1�H(t?) (��H(t?)) 11�H(t?)5 Time S
ale of Interest of a Queue Fed by Several Multi-fra
tal FlowsIn this se
tion, MaxTS 
omputed in the previous se
tion is used to derive expressions forpredi
ting the equivalent bandwidth and bu�er requirements for an aggregate of multifra
-tal 
ows. Essentially, a method for 
omputing the bandwidth ne
essary to support therequirements of bu�er over
ows is proposed, as well as for determining the maximum prob-abilisti
 delay for an aggregate of heterogeneous 
ows. The problem in this se
tion 
an bestated as follows:Given a set of 
ows with mean �ai, standard deviation �2i and Holder exponents givenby Hi(t), what is the link 
apa
ity needed so that the maximum queue size will be boundedby q̂Nmax with probability �?To answer this question the expression of the envelope pro
ess resulting from the ag-gregation of several 
ows is needed. To 
ompute the amount of traÆ
 aggregate the lo
alasymptoti
ally self-similar (lass) property is used. In [9℄ it was proved that the aggregateof N fBm pro
esses with mean �ai and varin
ia �2i is an fBm pro
ess with mean �a and�2, given by the PNi=1 �ai and by PNi=1 �2i , respe
tively. Thus, lo
ally the mBm pro
ess
an be represented by an fBm resulting from the aggregation of fBm pro
esses. Similarly,the mBm envelope pro
ess 
an be lo
ally approximated by an fBm envelope pro
ess whi
hresults from the aggregation of the N fBm envelope pro
esses.Assume N independent 
ows de�ned by the following parameters: mean �ai, varian
e�2i and Holder exponents Hi(t). Let the aggregate pro
ess be denoted by W (:), and theenvelope pro
ess of ea
h sour
e given by Âi(t). The aggregate envelope pro
ess ÂN () forthe 
umulative work of W (:) in the interval [0; t℄ is given by:ÂN (t) = NXi=1 Âi(t)ÂN (t) = Z t0 NXi=1 �ai + � NXi=1 �2iHi(x)x2Hi(x)�1!6



 NXi=1 �2i x2Hi(x)!� 12 dx (16)where Âi(t) is the envelope pro
ess for the ith 
ow.Repla
ing Â(t) in Equation (7) by the aggregate envelope pro
ess ÂN (t), gives thefollowing: � NXi=1 �2iHi(t)t2Hi(t)�1! NXi=1 �2i t2Hi(t)!� 12 = C � NXi=1 �ai (17)Equation (17) 
an be solved numeri
ally to �nd the maximum time s
ale of a queue fedby several streams, t??, whi
h is then inserted in Equation (11) to 
ompute q̂Nmax. Moreover,
ombining Equations (13) and (15) results in the following:�Z t0  NXi=1 �2iHi(x)x2Hi(x)�1! NXi=1 �2i x2Hi(x)!� 12 dx�� NXi=1 �2iHi(t)t2Hi(t)! NXi=1 �2i t2Hi(t)!� 12 � q̂Nmax = 0 (18)Computing t?? from Equation (18) and inserting it in Equation (13) makes it possibleto answer the fundamental question posed at the beginning of this se
tion, i.e., what is theequivalent bandwidth of an aggregate of multifra
tal traÆ
 streams, whi
h is given by:Ĉ = NXi=1 �ai + �t??�1 Z t??0  NXi=1 �2iHi(x)x2Hi(x)�1! NXi=1 �2i x2Hi(x)!� 12 dx� q̂Nmaxt?? (19)or equivalentlyq̂Nmax = Z t??0 NXi=1 �ai + � NXi=1 �2iHi(x)x2Hi(x)�1! NXi=1 �2i x2Hi(x)!� 12 dx� Ct?? (20)Note that Equations (17) and (18) do not require previous knowledge of the whole streamand 
an be used in a measurement-based framework. In su
h a framework the mean, thevarian
e and the Holder exponent values 
an be measured and inserted in Equation 19 toestimate on-line the equivalent bandwidth of an aggregate stream.For the spe
ial 
ase of multiplexing N identi
al sour
es, the envelope pro
ess, ÂN (:), isgiven by: 7



ÂN (t) = NXi=1 Âi(t)= Z t0 N�a+ ��N�2H(x)x2H(x)�1��N�2x2H(x)�� 12 dx (21)In this 
ase, Equation 17 is redu
ed to�(N�2H(t)t2H(t)�1)pN�tH(t) = N(
� �a) (22)Using the same approa
h as above, it is possible to obtain t?? and q̂Nmax:t?? = N 12(H(t??)�1) t?i (23)q̂Nmax = pN Z t??t?i ��H(x)xH(x)�1dx+N H(t??)�1=2H(t??)�1 q̂max (24)t?i = ���H(t?)(
� �a) � 11�H(t?) (25)q̂max = Â(t?i )� 
t?i (26)where t?i and q̂max are derived from a queueing system fed by a single sour
e and 
 = C=N .6 Numeri
al ExamplesIn order to evaluate the a

ura
y of the expressions de�ned in Se
tion 5, simulation experi-ments using both syntheti
 and real network data were pursued. In the experiments a queueis fed by several multifra
tal streams; the servi
e rate and the bu�er size were varied. In thenumeri
al examples presented here the servi
e rate is 5% higher than the total mean rate.The queue length is re
orded and the maximum queue length is 
ompared against the themaximum queue length estimated by Equation 20. Table 6 shows the 
hara
teristi
s of thesyntheti
 tra
es utilized. Di�erent 
ombinations of the pro
ess in Table 6 were employedto produ
e the aggregate traÆ
. Figure 2 shows the evolution of the queue length for theaggregation of all �ve tra
es. It 
an be seen that the predi
ted maximum time s
ale byEquation 17 mat
hes exa
tly the one obtained via simulation. Su
h pattern were observedin all experiments with syntheti
 tra
es.Real network traÆ
 were obtained from the NLANR site (www.nlanr.net). Tra
es usedin previous investigations of others were also utilized for 
omparison purpose [10℄[11℄. Table2 shows the 
hara
teristi
s of the tra
es used. Experiments using real network traÆ
 werealso 
arried out. Figure 3 shows the maximum time s
ale predi
ted by Equation 17 and bythe one obtained in the simulation using the four tra
es de
-pkt in Table 2. It 
an be seen8



Fluxo �a �2 H(:)1 14.22 82.09 1910 t2 � 1910 t+ 0:9852 12.96 88.18 4910 t3 � 7910 t2 + 3310 t+ 0:513 13.03 200.93 �2110 t4 + 1110 t3 � 110 t2 + 810 t+ 0:514 14.43 87.93 sin(t)10 + 0:615 14.43 187.93 49100 t+ 0:5Table 1: the syntheti
 network traÆ
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Figure 2: MaxTS for syntheti
 network traÆ
that the predi
ted value for the maximum time s
ale is very 
lose to the one obtained viasimulation. A
tually, the deviation is within the interval de�ned by the pre-de�ned errormargin.The whole advantage of statisti
al multiplexing is the eÆ
ient use of resour
es a
hievedby interleaving pa
kets of di�erent streams whi
h allows the support of a higher number ofusers when 
ompared to 
ir
uit swit
hing. To evaluate the bene�ts of using the expressionfor the equivalent bandwidth of an aggregate of multifra
tal 
ows a gain measure, G(n), wasde�ned as the ratio between n times the equivalent bandwidth of a tra
e and the equivalent
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Tra
e Date # of pa
kets aggregation pointANL-1050127417 04/11/03 121998 Agonne NL to STARTAPANL-1050225668 04/13/03 105641 Agonne NL to STARTAPMEM-1053844177 05/24/03 220904 University of MemphisMEM-1054459191 06/01/03 266708 University of MemphisCOS-1057970154 07/12/03 1247518 Colorado State UniversityBWY-1058086940 07/13/03 1168143 Columbia Universityde
-pkt-1 03/08/95 3300000 Digital IAPde
-pkt-2 03/09/95 3900000 Digital IAPde
-pkt-3 03/09/95 4300000 Digital IAPde
-pkt-4 03/09/95 5700000 Digital IAPTable 2: Real tra
e with TraÆ
 gather at Internet 2 ABILENE and Digital's Intenet A

essPointbandwidth for the aggregate of n tra
es with equal statisti
al 
hara
teristi
s. G(n) is givenby: G(n) = nEB(1)EB(n) =R t?0 �a+ � ��2H(x)x2H(x)�1� ��2x2H(x)�� 12 dx�KR t??0 �a+ n�12 � ��2H(x)x2H(x)�1� ��2x2H(x)�� 12 dx�K 0 (27)where EB1 is the equivalent bandwidth for a single 
ow and EBn is the equivalent band-width of an aggregate of n 
ows. t? e t?? are the time s
ales given by Equation 14 and byEquation 23, respe
tively. K is the bu�er size at the multiplexer and K 0 = Kn .The gain G(:) was evaluated as a fun
tion of the number of aggregated 
ows for di�erenttraÆ
 
hara
teristi
s. Figure 4 shows the gain for tra
es with Holder exponents, H(:),given by the quadrati
 and by the 
ubi
 fun
tions de�ned in Table 6 for di�erent varian
evalues. The mean arrival rate is �a = 125:09 and the varian
e for the 
ow 
alled \low" is�2 = 290:00. For the 
urves named \median" and \high" the varian
e values are 10�2 qand100�2, respe
tively.It 
an be observed in Figure 4 that the gain in
reases with the varian
e. For instan
e,for Holder exponents given by a quadrati
 fun
tion, the maximum gain is 1:35 for streamswith low varian
e whereas it is 4:0 for streams with high varian
e. The gain is also in
u-en
ed by the Holder exponent values. A
tually, what is relevant is the mean value of theHolder exponent up to the maximum time s
ale, i.e., R t??0 H(x)dxt?? , whi
h 
an be noti
ed by
omparing Figures 4.a and 4.b. For the same mean and varian
e value, the gain is higherfor the tra
es with Holder exponents given by a quadrati
 fun
tion than for the tra
es withexponents given by a 
ubi
 fun
tion. For instan
e, 
onsidering 
ows with median varian
e,the maximum gain is 2:2 for the tra
es with exponents given by a quadrati
 fun
tion whereasit is 1:45 for tra
es with exponents given by a 
ubi
 fun
tion.10
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Figure 5: Multiplexing gain with homogeneous 
ows for H(.) versus mean HTo answer the question of whether a monofra
tal approa
h 
ould be used for resour
edimensioning in networks with multifra
tal 
ows, a monofra
tal envelope (Equation 6) wasderived for the tra
e with Holder exponents given by a 
ubi
 fun
tion. Figure 5 shows thegain 
onsidering the mbm envelope pro
ess, denoted, H(:), and 
onsidering the monofra
talenvelope pro
ess, H, for both high and median varian
e. It 
an be seen that the gainobtained by using the mBm pro
ess is double the value produ
ed by using the monofra
talenvelope for median values of the varian
e whereas it is more than the double for highvarian
e values. This happens sin
e the Hurst parameter overestimates the lo
al behaviorof the Holder exponents whi
h leads to overprovisioning of resour
es and, 
onsequently, alower gain.Evaluation of the gain was also pursued using real network tra
es. The evaluation withthe tra
es MEM-1053844177 and MEM-1054459191 (Table 2) are displayed in Figure 6. ThetraÆ
 des
riptors of these tra
es are �a = 1014:88, �2 = 3:2e6 and �a = 1810:98, �2 = 8:6e6,respe
tively. The gain for the tra
e MEM-1054459191 is higher than for the tra
e MEM-1053844177. Again, this happens be
ause the tra
e MEM-1054459191 has higher varian
evalue and higher mean H(:) value up to the maximum time s
ale.11
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(a)Figure 6: Multiplexing gain with homogeneous 
ows for real traÆ
7 Related workA. Erramilli, O. Narayan, A. Neidhardt and I Saniee [3℄ proposed that traÆ
 should bemodeled by random 
as
ades at time s
ales smaller than a 
uto� value and be representedby an fBm at larger s
ales. They show that for IP traÆ
, the 
uto� s
ale is of the order ofone Round Trip Time (RTT), while for VBR video it is typi
ally of the order of a frameduration. Erramili et. al. showed that mu
h more a

urate results 
an be obtained byusing their model rather than using purely monofra
tal models.Other models based on multipli
ative 
as
ade have been proposed. These models mapa given sample into a binary multis
ale tree [11℄. Ea
h node in the tree 
orresponds tothe aggregation of the traÆ
 mapped into its des
endents. Thus, nodes at higher levelsof the tree 
orrespond to 
oarser time s
ale whereas nodes at lower levels 
orrespond to�ner time s
ales. The multipliers (weights) assigned to ea
h des
endent of a node 
an beset to represent a spe
i�
 marginal distribution and s
aling. In the Multifra
tal WaveletModel (MWM)[12℄, multipliers are multipli
ative innovations, generating approximately alog-normal marginal distribution. Both models require the setting of 2 + log2N parameterswhere N is the sample size. The major drawba
k of MWM, is the number of parametersto be �tted and the requirement of having to 
onstru
t a multis
aling binary tree whi
h isnot suitable for on-line 
hara
terization. A maximum time s
ale for queues fed by MWMhas also been derived.Re
ent investigation [13℄ on small time s
ales of Internet traÆ
 points out that monofra
-tal behavior is observed at these s
ales. It is 
laimed that 
orrelations at small time s
alesare 
aused mainly by 
ows with bursts of densely 
lustered pa
kets and not by the a
knowl-edgement me
hanism of TCP. However, in our investigations using publi
ly available tra
eswe found 
lear multifra
tal behavior at these s
ales.Another thread of work related to this paper is traÆ
 modeling based on measurements.In [14℄, the time s
ale at whi
h losses most probably o

ur, the (dominant) times s
ale ofinterest is 
omputed using a hybrid measurement/analyti
al approa
h. The time s
ale is12



determined by observing a virtual queue with smaller 
apa
ity than the one under studygiven that losses at the former are more frequent. In [15℄, a maximum rate envelope pro
essis used to 
ara
terize the arrival as well as the servi
e rate for these envelopes are derivedvia measurement. The maximum time s
ale 
an be derived by using these two measures.Con
lusionsThe provisioning of Quality of Servi
e for appli
ations in the Internet is a major 
hallengeyet to be over
ome. Central to su
h provisioning is the ability to 
ompute the ammount ofbandwidth demanded by a 
ow so that the QoS requirements of that 
ow are supported.Moreover, it has been shown that Internet traÆ
 presents multi-s
aling 
hara
teristi
s whi
h
an be a

urately 
aptured by multifra
tal pro
esses.This paper introdu
ed expressions for the time at whi
h the length of a queue fed byseveral multifra
tal 
ows rea
hes its maximum. The equivalent bandwidth of an aggregateof multifra
tal 
ows was also furnished. These expressions 
an be used in measurementbased admission 
ontrol in Di�Serv networks as well as for dimensioning LSP's in MPLSnetworks.A
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