INSTITUTO DE COMPUTACAO
UNIVERSIDADE ESTADUAL DE CAMPINAS

Practical Comparison of Approximation
Algorithms for Scheduling Problems

E. C. Xavier F. K. Miyazawa

Technical Report - 1C-03-011 - Relatério Técnico

April - 2003 - Abril

The contents of this report are the sole responsibility of the authors.
O contetdo do presente relatério é de Gnica responsabilidade dos autores.



Practical Comparison of Approximation Algorithms for
Scheduling Problems

E. C. Xavief F.K. Miyazawa
April 23, 2003

Abstract

In this paper we consider an experimental study of approtxamalgorithms for schedul-
ing problems in parallel machines minimizing the averag@gtted completion time. We im-
plemented approximation algorithms for the following peots: Plr;| >~ C; , P|| > w;Cy ,
Plrj| > w;Cy, R|| > w;C; andR|r;| Y w;C;. We generated about 900 tests over more than
190 different instances and present some practical aspkttte implemented algorithms. We
also made an experimental comparison on two lower bound=dbasthe formulations used
by the algorithms. The first one is a semidefinite formulafmrthe problemr|| > w;C; and
the other is a linear formulation for the probleftyr;| Y~ w;C;. For all tests, the algorithms
obtained very good results. We note that algorithms usingenefined techniques, when com-
pared to algorithms with simple strategies, does not nacg$sads to better results. We also
present two heuristics, based in approximation algorithiheg generates solutions with better
quality in almost all instances considered.

Key Words: Approximation algorithms, scheduling problems, pradtcealysis.

1 Introduction

In this paper, we consider an experimental study of appration algorithms for scheduling
problems. Several job scheduling problems in parallel nmashthat appears in practice ax®-
hard. The scheduling problems we consider arélBthard and consists in scheduling a set of jobs,
under some restrictions, in a set of machines minimizingatrerage weighted completion time. If
we consider thaP # N P, we cannot solve these problems to optimality efficientlyisimotivates
the development of approximation algorithms, that are iefitcand produces results with quality
guarantee. We implemented some approximation algoritbrestteduling jobs in parallel machines
and study their computational performance.

Given an algorithmA for a minimization problem and an instantef this problem, we denote
by A(I) the value of the solution returned by when applied to the instandeand we denote by
OPT(I) the value of an optimal solution th We say that an algorithnal has an approximation
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factora, or is ana-approximation, itA(1)/OPT(I) < «, for all instanced. When the algorithrd
is probabilistic and the inequaliti[A(1)]/OPT(I) < «is valid for all instances, whereE[A(!)]
is the expected value of the solution returned by algorighnwe say thatA is a probabilistica-
approximation algorithm.

For all problems considered in this paper, we denote/by {1,...,n} the set of jobs and
M ={1,...,m} the set of machines. When machines are unrelated ( e.g. Haremt processing
speed) we denote by, the processing time of jopwhen executed on machingand byp; when all
machines are identical. We denotesythe release date of jol which represents the moment that
a job can start and denote by the importance weight of finishing the job earlier. The costiph
time of the job is denoted b{/’;.

Since we consider several scheduling problems, we use th&arow|5|y introduced by Gra-
ham, Lawler, Lenstra and Rinnooy Kan [3]. In the following detail the terms used in this paper
under this notation. The term corresponds to the machine environmdnffor identical machines
or R for unrelated machines. The terpntell us some restrictions about jobs, if they have release
dates,;, if the jobs can be interrupted and continued lgtetsn, etc. Finally the termy indicates
the objective function we want to minimize.

All problems we consider are non-preemptive, althoughrittyms for preemptive problems are
used to find intermediate solutions.

There are a lot of work in the development of approximatigoathms, but very few consider
practical performance analysis. In [5], Hepner and Steés@nt an implementation of a PTAS for a
single machine scheduling with release dates. In [7] Sheeyh et al., also present an experimental
study of some approximation algorithms for scheduling iz in a single machine. They con-
sider the probleni|r;| > w;C; and a variant of this problem when an average weighted flow tim
is minimized, i.e, problem|r;| > w;(C; — ;).

We implemented algorithms for the following problendr;| >~ C;, P|| Y- w;C;, P|r;j| > w;C;,
R|| > w;C; andR|r;| > w;C;. Forthe problemP|r;| > C; we implemented the algorithm devel-
oped by Phillips et al. [8]. This algorithm is combinator&d is based in a heuristic for the pre-
emptive case. For the probleR|| ) w;C; we implemented the algorithm of Kawaguchi and Kyan
[6], that is based in a list scheduling heuristic. For thebpgmsP|r;| Y w;C; andR|r;| Y w;C;
we implemented algorithms of Schulz and Skutella [9]. Tlygoathm for the first problem is com-
binatorial and the algorithm for the second problem is based solution of a linear program. Both
algorithms are probabilistic. For the proble®f| > w;C; we implemented the algorithm developed
by Skutella [10] that is based on a solution of a semidefinitgam.

We observe that there exists PTAS algorithms for parallelmmees as presented by Afrati et al.
[1], but their implementation requires extra efforts ansufes in algorithms with time complexity
represented by very high degree polynomials.

To our knowledge, this paper is the first to consider praktoalysis of approximation algo-
rithms for parallel machines. All algorithms are impleneshin C. For the algorithms that require
solutions of linear or quadratic programs we use the XpkéBdibrary, of Dash Optimization [2].
Based in the practical results, we propose a simple modditain the algorithm presented by
Schulz and Skutella [9] foR|r;| > w;C; and on the algorithm of Kawaguchi and Kyan [6]. In the
tests we consider, we show that these heuristics obtaiti@muwvith better quality.

The paper is organized as follows. In section 2 we describeéntiplemented algorithms and
give some insight of how they work. In section 3 we compare kweer bounds for problems



R|| > w;C; and some of its particular cases. In section 4 we presenbineuatational results.

2 Algorithms

In this section we describe the algorithms and the way theyraplemented. We do not show
how their approximate factors are obtained. The interesgader can find more details about the
approximation results of these algorithms in the reference

All algorithms are implemented in C. To solve the linear aaah&lefinite programs considered,
we use the Xpress-MP library due to its recognized efficiency

2.1 Algorithm PSW for P|r;| > C;

The algorithm of this section was developed by Phillips ef&lwhich we denote by PSW. It
finds a solution in two phases. In the first phase, the alguriihds an approximated solution for
the preemptive version of this problem and in the secondephiasses an algorithm that converts
the preemptive schedule to a non-preemptive schedule. rEeenptive version of this problem is
alreadyNP-hard, and is approximated by a 2-approximation algoritifhe algorithm that con-
verts the preemptive schedule to a non-preemptive oneupesda new schedule that is at most
three times worse than the preemptive schedule. This leaa${approximation algorithm for the
problemP|r;| > C; (see [8]).

The algorithm for the preemptive schedule is based in tHeviong idea: at any time, execute
m jobs with the shortest remaining amount of work. The time plexity of the implemented
algorithm, which we denote byreemptiveis O(n(logn + m)).

The algorithm PSW, uses the preemptive scheduled geneogtéioe algorithmPreemptive
scheduling each jopin the machine which completedin the preemptive schedule.

The algorithm generates a ligtl;, for each machine, of jobs ordered by their preemptive
completion timeg”; in the preemptive schedule. For each machijriee algorithm PSW generates
a non-preemptive schedule with jobs in the order specified/bywith the constraint that no jop
starts before its release date.

The time complexity of the implemented algorithm($én log n + m) plus the time complexity
to generate the preemptive schedule.

2.2 Algorithm KK for the problem P|| )" w,C;

The algorithm of this section is an extension of the problgih  w,;C; for the problemP|| > w;C}
The problemt || > w;C; can be solved optimally with the following algorithm devedal by Smith
[11]: order jobs in non-decreasing order%f and schedule the jobs in this order. The aproxima-
tion algorithm for the parallel machine case is an extensooder jobs in non-decreasing order of
ZJJ_ and schedule jobs in this order every time a machine becorees Kawaguchi and Kyan [6]

have shown that this algorithm generates schedules witltarfaf (@) of the optimal. The
implemented algorithm, which we denote by KK, have time claxipy O(n logn + nm).



2.3 Algorithm SzSk for the problem P|r;| Y w;C;

The algorithm of this section was developed by Schulz andeliau[9] and we denote it by
SzSK. The algorithm is a probabilistic 2-approximation algionit. For each instance, the algorithm
SzSK is executed 100 times and the best generated schedule rise@tun our experiments, we
observed that more executions leads to very small impromesnéhe algorithm is related to the
linear formulation for a single machine problem presenteldw. We have variableg;;, for each
job j and for each time intervét, £+1] that a job can run. We also have variabigs that represents
the finishing time of jobj. The constant’ is an upper bound for the completion time of any job.
The relaxed linear program, denotedl®S is the following:

Min EjEJ ij’j

Y, U = pj Vi€ J,
jesUie <1 t=0,.
C; = B+ Zt v y]t(t+ )VJEJ
Yjie = 0 V] e J andt =0,. -1,
Yijt > 0 V] € Jandt = Tj,...,T.

This linear program can be solved using a combinatorialrdlgn [9]. Suppose we have just
one machinen times faster than the machines considered. Consider tleegsing times of the
jobs to bem times smaller. Construct a preemptive schedule for thiglsimachine with the new
processing times using the following rule: at any time, tt$ a preemptive schedule on the
new single machine by scheduling, among the available jiblespne with the smallesﬁ; ratio.
The resulting schedule corresponds to an optimum solutidheé formulation. Each varlab@t
receive valud if job j is processed during time — 1, ¢) in the generated schedule.

Notice that the algorithnPreemptiveis easily modified to solve this formulation and can be
implemented to run ifO(nlogn). After this, we construct a schedule based in probabilssic
signments. We choose for each jppba variablex; uniformly distributed from the intervdD, 1].
Then we consider the probabilistic finishing time, i.e., fingt time in the schedule where the total
amount of work done ig;c;. We denote this value b¢’;(«;). The algorithm @Sk attributes
each jobj uniformly and independent to one of the machines. For each machine the algorithm
schedules jobs in nondecreasing order of valugsgy; ).

The time complexity of the algorithmzSk is O(nlogn + m).

24 Algorithm Sk for R|| > w,C;

The algorithm of this section is a probabilistic 2-approation algorithm based on a semidefi-
nite formulation and is presented by Skutella [10]. We dertbe algorithm by 8. The quadratic
program for this problem has binary variabtgg, that says that a jopis to be processed in machine
i, if and only if a;; = 1 and variableg”; that represents the finishing time of jgb We also have
a function <; that specify the execution order of a job pgi% in machine:s. The jobj must be
processed beforkin machine; if ;“—i > I’j’—f;c The quadratic program is the following:



Min ZjeJ ijj

C; = XL (pij + X, aikpik) Vi € J,
aj; € {0,1} Vie M, VjedJ.

Skutella have shown that this formulation is equivalentifollowing quadratic formulation:
Min ¢’a+ 1a”Da

Vi€ J,

wherea € R™" is a vector of all variables;; lexicographically ordered with respect to the natural
order1,2,...,m of the machines and then, for each machinghe jobs ordered according tg;.
The vectorc € R™ is given byc;; = w;p;; andD = (d(;)k)) iS @ Symmetrienn X mn-matrix
given by

0ifi £horj=k,
d(ij)(hk) =  W;jpPik ?f 1= handk <; j,
Wk Pij if = handj <; k.

This problem can be solved in polynomial time if, and onlymfatrix D is positive semidefinite.
This motivates the construction of a new formulation, whighcallQSP

Min c'a+ 2a’ (D + diagc))a

= 1 Vjel,
a > 0,

where(D + diag(c)) is positive semidefinite and diég is a diagonal matrix with the vecter

Given a solution foIQSRP, job j is assigned to machinewith probability a;; and in each ma-
chinei the execution order is given by the functieq. In our implementation, this assignment is
performed 100 times returning the best generated schefolethe special case of identical par-
allel machines, the optimal solution of the above formolatis given bya;; = % In this case,
we implemented a combinatorial algorithm for this especése attributing each job to a machine
with probability%. This combinatorial algorithm is denoted bk-&. The time complexity of the
algorithm isO(n logn + m) plus the time complexity to solve the semidefinite prog@8P

2.5 Algorithm SzSk2 for R|r;| > w;C;

The algorithm for problemR|r;| > w;C}; is also a probabilistic algorithm and is, presented
by Schulz and Skutella [9]. The algorithm, denoted 3562, is based in the solution of a linear
formulation and is a generalization of the algorithmSR. As in the linear program of the algorithm



SzSK, this formulation have variableS; that represents the finishing time of jgkand variables
yi;t, that says that job is processed in machineat timet, for each time intervalt, ¢ + 1]. The
maximum time that a machine can execute is denotedl.byhe formulation is exponential, but it
can be made polynomial with a small loss in the objective tionausing interval times that increase
exponentially in their size. In this case, we have binaryaldesy; ;; indicating the execution of job
4 in machinei at intervall; = ((1 + 8)'~%, (1 + B8)']. The size of an interval, is denoted by|.
For simplicity we denotél + 3)’ by ;. The relaxed formulation, which is denoted bySSis the
following:

n
E :chj
i=1

m L
it |1 1
Ci=), Z(%;I—MB t-1 + syinll)Vi € J,

i=1 1=0 B

yii =0 Yie M, YjelJ, B <ry—1,

yileO Vie M, VjedJ, VIi=0,..L

The algorithm solves the linear progranPSSand assign each jop to a machine-interval

pair (i, ;) at random with probabllltyM The jobs assigned to a machinare scheduled

in non-decreasing order of intervals aSS|gnment If theeenaore than one job assigned to the
same pair(z, I;), the algorithm schedule them in order of their vajueFor a givene > 0 setting

8 = § this algorithm has a probabilisti@ + ¢)-approximation factor. As in the algorithnkSthe
probabilistic assignment step is executed 100 times arlddastegenerated schedule is returned. The
time complexity of this algorithm i€ (nm log(14¢ T + nlog n) plus the time complexity to solve
the linear progranb.PSS Since this algorithm is executed with different valueg,oive denote by
SzSK 2, the algorithm 8Sk2 with the given value of, that is, the algorithm &5k 2, ; is the
algorithm & Sk2 with value ofe = 0.1.



2.6 Two Heuristic Algorithms

In this section we present a new algorithm denoted by HE1 HergroblemR|r;| > w;C},
that is a simple modification of the algorithnzSk2 and an extended heuristic of algorithm KK
for the problemP|r;| >~ w;C;, which we denote by HE2. In [4], Hariri and Potts present apém
heuristic algorithm fod |r;| > w;C; used to find an upper bound for a branch and bound algorithm.
The algorithm is as follows:

1. LetS be the set of all (unsequenced) jobs,Met= 0 andk = 0 and find7" = minjecs{r;}.
2. Find the seb’ = {j|j € S,r; < T'} and find a job with i € 5" and 7t = maxjesl{’;’—j}.

3. Setk = k + 1, sequence job in positionk, setT = T + p;, setH = H + w;T and set
S=85-{i}.

4. If S = (), then stop with the sequence generated having H as its caben@se sefl’ =
maz{T, minjcs{r;}} and go to step 2.

In algorithm S Sk 2, the jobs are assigned to pairs machine-interval and tixeguted in each
machine by the order of intervals assignments. In algoritha1, the assignment step is done as in
algorithm &Sk 2, but the jobs assigned to a machiree scheduled using the algorithm of Hariri
and Potts.

The algorithm HE2 executes an extended heuristic of algoriKK: every time a machine
becomes free, execute among the available jobs, the onemvéhest ratio%. Notice that without
the presence of release dates, this algorithm is essgralgbrithm KK.

3 Study of Two Lower Bounds

In this section we present an experimental study of two féatans that provides lower bounds
for our algorithms. The first formulation is the semidefirfisemulation QSPpresented for algo-
rithm Sk, and the second is a linear formulatibRSSpresented for algorithmZsk 2. For prob-
lems that consider jobs with release dates we used the laweds provided by the linear program
LPSS For problems without release dates we performed a comgughistudy to determine which
formulation give lower bounds with better quality. For theshgeneric problenk|| )" w,C;, we
consider three case&2|| > w;Cj, R5|| Y w,;C; andR7|| Y w;C;. We also tried to study the case
R10|| >~ w;C; but we could not solve integer instances of this problem ieasonable amount of
time. We performed five tests with 100 jobs for each case. Toegssing times of jobs were taken
uniformly from the intervall,100] andw; was chosen uniformly from the intervil, 10]. The
linear programLPSSis generated with time intervals defined with parameter 0.3 ande = 0.1.
Besides the quality of the lower bound increases usirg0.1 when compared with the solutions
with e = 0.3, the solutions provided by the algorithms do not differ sachmas we will see in the
next sections. The lower bounds of these two formulatioacampared with the value of an integer
solution, which we obtained from the integral solutions migramQSP The results of these tests
can be seen in table 1.



Problem Integer Optima) QSP LPSSe = 0.3 || LPSSe = 0.1

Value [Ratio[| Value [Ratio[| Value [Ratio
163066 [163052.920.999 152588.4%0.935 159313.820.976]
R2|| X w; Cy 228766  [228732.030.999[214004.870.935[223453.1$0.976]
223714 [223673.3$0.999[| 209223.010.935[| 218505.520.976|
174802 |174764.490.999[163503.5(0.935([170744.8$0.976
180367  [180337.230.999[168738.8%0.935[176189.9]0.976

Value |Ratio|| Value |[Ratio|| Value [Ratio
36767 36690.74]0.997|| 34506.58[0.938|| 35914.83[0.978|
R5|| X w; C; 33675 33636.31]0.998|| 31603.44]0.938|[ 32925.71/0.97
44130 44043.36|0.998]| 41379.21]0.937[| 43097.67[0.976|
36168 36104.74]0.998|| 33948.00[0.938|| 35340.76/0.97
37343 37251.78]0.997|| 35028.43[0.938|| 36457.91]0.976|

Value |[Ratio|| Value |[Ratio|| Value [Ratio
26542 26473.41]0.997|| 24920.74]0.938|| 25924.81]0.976|
R7|| X w; C; 22429 22361.25/0.996|| 21074.51]0.939|[ 21915.70[0.97
26919 26857.20[0.997|| 25279.07[0.939[ 26302.32[0.97
29093 29017.66[0.997|] 27314.76[0.938[| 28415.94[0.976]
25543 25440.19[0.995[| 23967.79]0.938][ 24928.01|0.97"

Table 1: Comparison between formulatid@SPandLPSS

We also performed computational tests to compare the loaends for problemP|| " w;Cj.
In this case we could solve only instances up to 20 jobs witha2himes and 15 jobs with 5 ma-
chines. The next theorem, proved by Skutella [10], helpusterstand the hardness to obtain
integer solutions for instances of this problem.

Theorem 3.1 For instances of’m/|| ) w;C;, an optimum vector solutioa of the quadratic pro-
gram QSP isy;; = % for all 7, 5. This optimum solution is unique if all ratioS%, are different and
positive.

In all instances the solution of the quadratic program is#xahe one provided in the theorem.
Since the Xpress solver finds the optimal integer solutiangus branch and bound tree, the number
of nodes is exponential. We could not solve these kind oflprob even if we use an upper bound
provided by our approximation algorithms. We could solvly amstances with 20 jobs for problem
P2|| > w;C; and instances with 15 jobs for problef5|| > w;C;. The results of our tests are
presented in table 2.

Problem Integer Optima) QSP LPSSe = 0.3 |[LPSSe = 0.1
Value [Ratio|| Value [Ratio|]| Value [Ratio
19615 19546.740.996/{18413.840.938|| 19142.580.97
P2|| > w; Cj 19214 19164.000.997/(18082.130.941{{18773.200.977|
17199 17135.740.996/{16158.010.939[| 16785.030.97
16398 16322.5(0.995(15385.340.938|| 15992.720.97
16415 16365.000.996{15451.820.941]| 16033.150.976

Value |Ratio|| Value |Ratio|| Value [Ratio
5121 4913.60[0.959| 4712.12[0.920]| 4842.30[0.94
P3| X w; C; 5467 5257.60]0.961]| 5035.09[0.920|| 5177.84]|0.94
6536 6312.40[0.965 | 6039.39]0.924|| 6215.11]0.950
4875 4651.60/0.954]| 4468.68[0.916|| 4590.74|0.9417]
5105 4895.80[0.959| 4694.55[0.919]| 4824.64/0.94

Table 2: Comparison between formulatid@SPandLPSS

In all generated tests, the lower bounds provided by the dtation QSPare better than the
lower bounds provided by formulatidoPSS Also note that whem = 0.1 the difference is not so
large. We do not use smaller valueseddince the increase in the computational time to solve such
formulations is very high.



4  Practical Analysisof the Implemented Algorithms

In this section, we present the results of our tests. Sinoeegmroblems are particular cases
of others, we performed several different tests. Each stibseis reserved for one case. Before
presenting the computational results for each problem,egeribe the proceeding to generate each
test. For each test we generate 100 jobs with processingreetgnt uniformly chosen from the
interval [1, 100] andw; chosen from the intervdl, 10]. When the problem require release dates,
the data is generated using the same approach used by HwafiRaits [4]. The release dates are
uniformly chosen from the interval, E'[p|nvy]. This simulates the arrival of jobs from a stable
queue according to a Poisson process with paramg&r The time in all tables is given in seconds.
The ratio in the table correspondsf%, whereV is the value found by the algorithm add3 is a
lower bound for the optimal solution. We perform tests wittb27 and 10 machines. As was done
in [5], we generated five different instances for each tesblem, so the results in each line of the
tables corresponds to the mean of five tests. The algorithens tested on a AMD Athlon 1.2Ghz
with 800 MB of RAM under Linux 2.4.2-2 kernel.

4.1 Testsfor theproblem P|| > w;C;

In this problem we used the algorithms KKzSk, Sk-C, &Sk2 and HE1. We do not use
the algorithm HE2 here because without the presence ofseléates this algorithm generates the
same solutions of algorithm KK. The table 3 presents theltesi this tests. The LB column
corresponds to the fractional optimal solution of the qatidrformulation)S P of the algorithm
SK.

Il Problem [ LB [Aigorithm [ Value [Time] Ratio ]|

KK |383017.§ 0.01]1.0007]
P2|| S w;C; ||382923.909 Sz5k | 383258.4 0.111.0009
Sk-C[383319. 0.05]1.0010)
S7SK20.1 | 383463.6 6.15 | 1.0010)
HEI,.; |383265. 6.18]1.0008

KK | 146088.7 0.01]1.0019
P5|| S w;C; || 145821.3[ S5z5k | 148134.4 0.17|1.015
Sk-C [ 147933.6 0.07|1.0144
SzSK20.1 | 147929.6 16.85] 1.0144]
HE1,.; |147860. 16.95|1.0139

KK [115431.0 0.01]1.0037]
P7|| S w;C; ||115054.84 Sz5k [117479.4 0.11|1.0210
Sk-C [ 117882.6 0.07 | 1.0245|
SzSK20.1 | 117906.6 28.45| 1.0247]
HET,.; |118298.428.14|1.028]]

KK 82516.2| 0.01|1.0063
P10|| X w; Oy || 81997.11]  SzSK 85775.2] 0.11]1.0460

SK-C 85646.6] 0.06 | 1.0445
SzSK2(p.1 | 86259.0[43.45[ 1.0519
HEI, ; [ 86200.0[43.57[1.0512

Table 3: Comparison between KKzSk, SzSk2, HE1 and &-C.

The algorithms obtained very good results for all testethimses. The algorithm KK is the most
simple and obtained the best results generating solutidgtsvalues less thaf.7% of the lower
bounds, besides the other algorithms use more advances] llgsave can see, the ratio grows when
we use more machines. For algorithm KK the increase is vegllsior the other ones the growth
is more representative. We believe that with more jobs perhima the ratios obtained tends to
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decrease. This can be seen in graphics (1, 2, 3 and 4). Weesilidbe more about this behavior in
the next subsection.

4.2 Testsfor theproblem P|r;| > C;

To solve the problen®|r;| > C; we used the algorithms PSWz Sk, SzSk2, HE1 and HE2.
Although the algorithm 8Sk is the combinatorial version of the algorithnzSk2 for identical
machines, we also included the algorithrmSB 2 in the comparisons. The algorithmg$&k2 and
HE1 were executed with parameter 0.3 ande = 0.1. We perform different tests using different
values for parametey to generate the release dates. We used parameter).2, v = 0.4 and
v = 0.6. The LB column has the fractional optimal solution of theskn program of algorithm
SzSk2 with e = 0.1. It is interesting to note that this lower bound may be far yadfvam the
integer optimal, since the value of an optimal integer sofufor the programL PSS is already a
lower bound for the original probled®|r;| Y C;. The tables 4, 5 and 6 present the results obtained
for these tests.

[[Problemwithy = 0.2]] LB [ Algorithm [ Value | Time [Ratio]]

PSW [109136.4 0.01 | 1.08
SzSK [124153.4 0.01 | 1.23
S7SK20 5 (1132984 5.08 | 1.13
P2|r;| ©C; 100161.5S75K2, 1 [108391.4 78.45 | 1.08
HETy.5 [105280.4 5.79 | 1.05
HEIy, [1052764 79.72 | 1.05
HEZ [1049814 001 | 1.04

PSW | 60768.4] 0.01 | 115
SzSK | 75553.8] 0.25 | 1.43
SZSK20 5 | 63130.6] 58.19 | 1.20
P5lr;| ©C; 52569.48[S7SK2, 1| | 62362.6] 425.89] 1.18
HEIy.5 | 60418.6] 52.95 | 1.14
HEIy.; | 60651.0] 431.40] 1.15
HEZ | 57960.8] 0.01 | 1.10

PSW [ 579536] 001 | 1.12
SzSK | 68479.4] 0.01 | 1.33
SZSK2g 5 | 59530.8] 90.13 | 1.15
P7r;| ¥ C; 51345.58[SzSK2, 1 | 59246.2] 807.20] 1.15
HETy.5 | 58486.2] 90.17 | 1.13
HEIy, | 58983.2| 810.64| 1.14
HEZ | 57204.4] 001 | 111

PSW | 535264] 001 | 1.12
SzSK [ 62120.2] 0.24 | 1.30
SZSK20 5 | 55645.2] 171.29] 1.16
P10|rj| S C; || 47731.20[S25k20. 1 | 54684.6]1584.29 1.14
HETy.5 | 548452| 183.71| 1.14
HEIy, | 54618.4|1611.67 1.14
HEZ | 53494.6] 001 |1.12

Table 4: Comparison between PSW,S&, SzSk2, HE2 and HE1.

The algorithm HE2 generate the best schedules in all testgicéNthat the algorithm HE1
obtain better results when we have few machines and smaksaify. The algorithms PSW and
HEL1 are the second best in all cases. For all tests, the tdgoR SW generate solutions that are at
most12% of the lower bound although its approximation factor is 6hétinteresting point is that
the ratio for the algorithm &Sk get better results when we have more machines with biggeesal
of v. The algorithm Sk2 obtained better results than the algorithaS8 for all cases, except
when we have big values efand more machines as we can see in table 6. Analyzing théfmatt
solution of the linear program used by the algoritha582, we can see that the solver generates an
optimal fractional solution using less machines in such g that variables of some machines are
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[[Problemwithy = 0.4]] LB [Algorithm [ Value [ Time [Ratio]|

PSW [126560.q 0.01 | 111
SZSK 1620404 1.73 | 1.42
S7SK20 5 [133894.7 652 | 1.17
P2|r;| ¥ C; 113585.09575K2, 1 |126938.9 86.24 | T.11
HETy.5 [1216824 6.11 | 1.07
HEI, ; [121691.0 95.55 | 1.07
HEZ [121034. 001 | 1.06

PSW [104561.0 0.01 | 110
SzSK 1247594 0.26 | 1.32
S7SK2 5 [107531.0 62.90 | 1.13
Pslr;| ©C; 94406.70[SZSK2 | [104917.9 49505 T.11
HETy.5 [105297.9 59.61 | 111
HEIy., |104759.9 503.41] 1.10
HEZ |103638.] 0.01 | 1.09

PSW [108252.4 0.01 | 1.09
SzSK (1196284 2.15 | 1.21
SZSK2 5 |111726.§ 112.95| 1.13
P7lr;| © C; 98514.48[S7SK2, ; [109100.4 952.18] 1.10
HETy.5 |109449.§ 107.21 T.11
HEI,.; |108890.9 967.13] 1.10
HEZ |108235. 0.01 | 1.09

PSW [103936.4 0.01 | 1.10
SzSK [107757.q 0.7 | 114
SZSK2g 5 [107522.0 218.68] 1.14
P10|r;| T C; 94268.95[SzSK2 1 |104450.2 1912.04 1.10
HETy.5 |105247.4 221.41| 111
HETy , |104419.41917.11 1.10
HEZ [103936.4 001 | 1.10

Table 5: Comparison between PSW,SK, SzSk2, HE2 and HE1.

[[Problemwithy =0.6]] LB [Algorithm [ Value [ Time [Ratio]|

PSW [1681884 001 | 111
SzSK (2164230 155 | 1.43

SZSK20 5 |175249. 7.24 | 1.15
P2lr;| $C; 151285.09525K2 1 | 168341. 100.95] 1.11
HEI, 5 [165981.0 6.60 | 1.09

HEI, ; |165810.q 86.39 | 1.09
HEZ |164796. 0.01 |1.08

PSW [155055.4 0.01 | .09
SzSK 1760754 0.10 | 1.24
SZSK20 5 |162046.9 62.90 | 1.14
P5|r;| X C; 141989.5§575K2 1 | 156466.4497.253 1.10

HEI, 5 [1568344 67.48 | 1.10
HEI, ; |155801.9 490.57| 1.09
HEZ |1549964 0.01 | 1.09

PSW [157384.9 0.01 | 1.09
SZSK (1653779 221 | 1.4

SZSK20 3 | 162347.q 120.04] 1.12
PTlr;| X C; 144311.0§Sz5K2. 1 | 158264.01023.79 1.09
HEI, 5 [158676.9 116.25] 1.09

HEI, ; [157997.q1177.69 1.09
HEZ |157384. 001 |1.09

PSW [152096.4 0.01 | 1.09
SzZSK 153544.4 0.07 [ 1.10
SzZSK2q 3 [158748.4 246.22| 1.13
P10|r;| X Cy 139258.2§ SzSk 2,1 [152670.72051.54 1.09
HE1y 3 [153621.4 243.68| 1.10
HEI1y ; [152384.11955.04 1.09
HE2 152096.4 0.01 | 1.09

Table 6: Comparison between PSW,SK, SzSk2, HE2 and HE1.

little used. Consequently, the generated schedule have swunhines that are almost unused. The
algorithm &Sk is the combinatorial version ofzZ8K2 but the jobs are attributed to all machines
uniformly. This also explains why the algorithm HE1 when gared to the algorithm PSW, get
better results using two machines than 7 and 10 machinesedBas this observation we try to
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solve the linear programPSSunder the algorithm HE1 with an increase in the number of jmdrs
machine. Note that the algorithm HE1 is based in the algoriBzSk2 and we can expect the
same behavior in both algorithms. We perform several testscen be seen in tables 7, 8, 9 and 10.
The interesting point to note is that when we get a ratio of@axmately 60 jobs per machine the
algorithm HE1 produces better schedules. The solutionedfitiear program has better attribution
when this happens. We also present some graphics (1, 2, 3)ahdtdummarizes these results.
As we mentioned in the previous subsection, the algorithetdbgtter results when we use more
jobs per machine. This can be easily verified in these grapiNotice that we could not solve all
instances of the problem with a given= 0.3. When we solved the problem with ten machines for
example, we used = 0.8 and the time to solve the linear prograr®SSis still high. With such
values, the lower bound provided by the linear program besoworse and the ratios obtained in
these tests are bigger than the ones of the previous testseee that such ratios could be much
better.

[P2Ir;[3 C; withy =0.6[] LB |Algorithm| Value [ Time[Ratio]]
H PSW | 28791.2] 0.01] 1.24]|

[ -

23153, 11| HEILy 5 | 28870.0|0.310] 1.24]|

PSW_| 64322.2] 0.01] 1.25]|

[J| = 40 51281. 51| HEIo 5 | 64647.0] L.11] 1.26|
PSW | 96616.0] 0.01] 1.25]|

|J] = 60 7694432| HEI, 5 | 07042.4] 2.35] 1.26|
PSW 1225914 0.01] 1.24]|

|J] =80 98227. 78| HEI,. 5 |122696.4 3.30] 1.24]|

PSW_[165469.§ 0.01] 1.23]|
|J| =100 133011, 1J| HEIo 5 |164117.4 4.20] 1.22]|

PSW_[204703. 0.01] 1.21

|J| =120 167971.4 HE10_3 200258.010.26] 1.19
PSW_[443288.4 0.01] 1.16]|
381645. oq HETy 3 42920544511 1.12]]

I

Table 7: Comparison between PSW, and HEL.

[[P5Ir; 1> C; withy =0.6] LB |Algorithm| Value | Time [Ratio]]

PSW | 75690.0 ] 0.01 | 1.24]|
60878. 68| HEIy.5 | 759986 | 9.920 | 1.24|

[ -w

PSW | 156073.2] 0.01 | 1.24]|
|| = 100 125460. 43 HELy.5 | 1572884 62.87 | 1.25|

H PSW | 248198.8] 0.01 | 1.25]|

[ -0

198061. 29 HEIy.3 | 250604.0] 138.54] 1.26 |

PSW [ 319717.4] 001 | 1.24]|

[J] = 200 256076. 51 HEI 3 | 322656.8] 246.97] 1.26 |
PSW [ 507942.0] 0.01 | 1.23]|

|J| = 300 411426, 111 HEIp 5 | 498390.2 579.96] 1.21]]
PSW [ 763560.2] 0.01 | 1.20]|

|J| = 400 635731 4q HEI, 5 | 735126.4| 1066.94 1.15]|
PSW_[11004364 001 | L.17]|

|J| = 500 936920. 79 HEI, 3 |1064286.4 1648.83 1.13]|

Table 8: Comparison between PSW, and HE1.
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[[P7Ir; 1> C; withy = 0.6]] LB |Algorithm| Value | Time [Ratio]]
H PSW [ 168822.6] 0.01 | 147]|

[ -

114575. 89| HEIp. | 170932.8] 3111 | 1.49]|

PSW_[317334.2] 0.01 | 1.48]|

|7| = 200 213171 61| HEIo. | 321711.4| 137,540 1.50]|
PSW [ 458481.0] 0.01 | 1.48]|

|7| = 300 308844. 77| HEI. | 465342.2] 308.92| 1.50]|
PSW [ 643410.0] 0.01 | 1.37]|

|J| = 400 468532. 64| HEIp | 644531.8 559.20] 1.37]|
PSW_] 904658.2] 0.01 | 1.34]|

[J] = 500 671739, 66| HEIo | 877560.8] 912.38] 1.30]|
PSW_[1201110. 0.1 | 1.30]|

|| = 600 921405. 31| HEIo o |1168692.41306.89 1.26]|
PSW_[19732924 0.01 | 1.25]|

|| = 800 1575752. 9cp HEIo o |1913924.02357.64 1.21]|

Table 9: Comparison between PSW, and HE1.

[P10[r;[>C; withy =0.6]] LB |Algorithm| Value [ Time [Ratio]]
PSW | 160832.6] 0.01 | 1.65]|

|J] = 100 96960. 46| HEIy.s | 162182.8] 38.420] 1.67]|

H PSW | 312235.6] 0.01 | 1.66]|

[ -

187381 gq HELy s | 315302.8] 174.60] 1.68]|
PSW ] 6355436] 0.01 | 1.65]|
|7| = 400 384035. oq HELy s | 644026.2] 720.43] 1.67]|
PSW ] 995554.0] 0.01 | 1.46]|
|7| = 600 677843. 3q HELy s | 996502.2| 1614.99 1.47]|
PSW_[1535404.0 0.01 | 1.37]|
[J] = 800 11137534 HEIp s | 1494949.42901.7§ 1.34 |
PSW_[22141624 0.01 | 1.32]|
|J] = 1000 1eseooeq HEL, g |2168788.44648.66 1.30]|
PSW _[29947674 0.01 | 1.31
[J] = 1200 2269898. HEI, g |2920309.4 684341 1.28

Table 10: Comparison between PSW, and HE1.
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Figure 1: Graphics for 2 machines

4.3 Testsfor theproblem R|| > w;C

In this problem we use the algorithm& SSzSk2 and HE1. For the tests in table 11 we choose
pi; uniformly from the intervall, ..., 100]. In the tests presented in table 12 the processing times
are chosen from different intervals to give the idea that axeehmachines with different speeds. Us-
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Figure 2: Graphics for 5 machines
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Figure 3: Graphics for 7 machines
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Figure 4: Graphics for 10 machines

ing two machines the processing times are chosen from teevaif1, . . . , 50] for the first machine
and from[50, . .., 100] for the second machine. Using five machines the processirgstare cho-
sen from intervalsil, .. ., 20], [20,...,40], ..., [80,...,100]. Using seven machines the process-
ing times are chosen from intervals, . .. , 15],[15,...,30],...,[90,...,100]. In the tests with ten
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machines, the processing times are chosen from intefvals. , 10][10, . .., 20][20,...,30],...,
[90,...,100]. We usec = 0.1 ande = 0.3 in the algorithms 8Sk2 and HE1. The LB column
corresponds to the fractional solution found by the quadfatmulationQSPof the algorithm .

Il Problem [ LB [Algorithm ] Value [ Time [ Ratio ]|

SK 194216.4 1.13 |1.0005
R2|| 30 w; Cj ||194112.01SzSKk20.3 [194149.4 1.40 |1.0007]
SzSK2( .1 [194156.4 6.14 [1.0002
HEI1y 3 [194143.4 1.21 [1.0007]
HEI1y ;1 [194143.4 6.78 | 1.0007]

SK 37763.0] 38.31]1.0039
R5|| S w; C; || 37616.6 [Sz5K25 5 | 37644.0] 4.08 |1.000
S75K2,.1 | 37635.8] 21.31|1.0005
HEIy.5 | 37627.4] 3.81 |1.0007
HEIy., | 37625.8] 21.99]1.0007

SK 26305.0] 89.36 | 1.0097]
R7|| S w;C; || 26049.94[525k2g 5 | 26154.2] 5.15 |1.004Q
SzSK2,.1 | 26149.8] 25.43]1.0039
HETy.5 | 26140.2] 5.06 |1.0034
HEIL, ; | 26145.6] 26.21]1.0030

SK 11666.2] 200.79] 1.0290)
R10|| ¥ w; C; || 11337.05[525k2g. 5 | 11474.6] 8.15 |1.0I21
SzSK2,.1 | 11463.0] 40.96 | 1.0111
HETy.5 | 11450.2] 8.79 |1.0099
HETy , | 11465.2] 39.56 | 1.0113

Table 11: Comparison betweemr SSzSk2 and HE1.

[[ Problem* ][ LB [ Algorithm [ Value | Time [ Ratio ]|

S<_ |246873. 0.97 |1.0005
R2|| S w; C; ||246745.49525k25 5 | 246811.4 1.12 |1.0002
SzSK2,.1 | 246818. 6.24 |1.0002
HETy.5 |246783.4 1.13 |1.0001]
HEI, . |246783.4 6.78 |1.0001]

SK 73934.6| 37.41|1.0057|
R5|| 3" w; Cj || 73513.03] SzSK2¢.3 | 73670.0] 3.80 |1.002]]
SzSK2q .1 | 73673.0] 16.78]1.0022
HEIy 3 | 73659.6] 3.71 [1.0019
HEIy ;1 [ 73667.6] 17.21]1.0021]

SK 52211.6| 98.06 | 1.0129
R7|| 2 w; C; || 51544.92] SzSK2¢. 3 | 51828.4] 5.90 |1.0054
SzSK2( .1 | 51808.0] 26.31]1.005]]
HEIy 3 [ 51849.2] 5.14 [ 1.0059
HEI1y ; [ 51834.2] 26.71]1.0056|

SK 30516.2] 207.62 1.0724)
R10|| 3 w; Cj || 28453.73[525K20 5 | 29472.2] 807 |1.035
S75K2,.1 | 29451.0] 40.95 | 1.0350
HEIy.5 | 29415.8] 8.16 |1.0339
HEIy., | 29449.4| 41.08|1.0349

Table 12: Comparison betweemr SSzSk2 and HE1.

As we can see all algorithms produces schedules very clodetoptimal. For all tests, the
algorithms produced solutions with values that are at iisof the lower bound except for the
algorithm X that generated a solution with vall& of the lower bound. In general the algorithm
HE1 generate better schedules. Other point is that alththegemidefinite progra@SPgenerate
fractional solutions that are closer to the optimal, theoatgm S generate the worst schedules
even if compared with the algorithmzSk 2, 3.
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4.4 Comparison for problem R|r;| Y w,C;

In this case we use the algorithmg$Sk2 and HE1 to solve problemk|r;| > w;C;. Table
13 show the results of the tests. The processing times weagenhuniformly from the interval
[1,...,100] and we usey = 0.2 to generate release dates. The LB is the optimal fractiaiatisn
of the linear progran.PSS with e = 0.1. We emphasize that this lower bound may be far away
from the integer optimal solution, since an integer optiswltion toLL PSS is already a relaxation
of the problemR|r;| > w;C;. The algorithm HE1 get better results in all tests.

Il Problem [ LB TAlgorithm] Value [ Time [Ratio]]

SZSK20. 313523464 590 | 115
SZSK2. 1 |339533. 806 | 111
R2|r;| X w;C; ||306490.19 HEL 5 |332137.§ 56 | 1.08
HEL,., |3318784 74.4 | 1.08

S7SK20.3 2571458 51.8 | 1.12
SzSK20.1 | 252826, 420.8] 1.10
R5|r;| S w;C; ||230274.70 HELy.5 |251919.4 53.7 | 1.09
HET, ; [251915.4 364.7| 1.09

S7SK20.3 | 254033.7109.37 1.1
SzSK20.1 | 250782.6 840.1] 1.09
R7|r;| S w;C; ||229843.17 HELy.5 | 2501654 94.7 | 1.09

HEI, 1 [250146.4 777.6| 1.09

SzSK2( 3 |256892.4 186.3| 1.10
SzSK2p .1 | 253754.41603.64) 1.09
R10|r;| >0 w; C; ||233510.8 HEIp 3 [253180. 185.5] 1.08
HE1p 1 [253132.41491.8 1.08

Table 13: Comparison betweezS«2 and HE1.

5 Conclusion

We present computational results for some approximatigordhms for scheduling on parallel
machines. As expected, the practical solutions yieldegdtetter than the approximation factor
of the presented algorithms. We also note that algorithntls miore refined techniques does not
lead to better results. In fact, for problem®| >~ w;C; andP|r;| )" C; algorithms PSW and KK
obtained the best results even when compared to algoriththsdvanced ideas. We also note that
the solutions provided by the algorithmk Ss worst than the solutions provided by the algorithm
SzSKk2 despite the semidefinite program generate fractionatisakiwith better quality. Finally
we present two heuristics that get better results in alnbsases studied.
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