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IFT{Watershed From Gray-Sale MarkerRoberto de A. Lotufo�, Alexandre X. Fal~aoy, Franiso ZampirollizAbstratThe watershed transform and the morphologial reonstrution are two of the mostimportant operators for image segmentation in the framework of mathematial morphol-ogy. In many situations, the segmentation requires the lassial watershed transform ofa reonstruted image. In this paper, we introdue the IFT{watershed from gray salemarker - a method to ompute at the same time, the reonstrution and the lassialwatershed transform of the reonstruted image, without expliit omputation of anyregional minima. The method is based on the Image Foresting Transform (IFT) - auni�ed and eÆient approah to redue image proessing tasks to a minimum-ost pathforest problem in a graph. As additional ontributions, we demonstrate why other re-onstrution algorithms are not watersheds, and present a family of simple, yet eÆientIFT-based watershed algorithms: lassial, watershed from labeled marker, from binarymarker with on-the-y labeling, and from gray sale marker with on-the-y labeling andbounded ost.keywords: watershed transform, image foresting transform, graph-searh algorithms, minimum-ost path problems, image segmentation, image analysis, morphologial reonstrution.1 IntrodutionWe have developed a method, alled image foresting transform (IFT) [1℄, to redue imageproessing problems to a minimum-ost path forest problem in a graph. This approah pro-vides a mathematially sound ommon framework for many image-proessing operations,often with onsiderable eÆieny gains over published algorithms. It establishes the or-retness of many algorithms that have been published and used without proof; and o�ersguidelines for modifying and generalizing existing operators without loosing their properties.Thus new image operators an be reated by hanging the parameters of the IFT and/or bysimple modi�ations in its general algorithm. Examples of suessful appliations of the IFTare boundary traking, watershed transforms, morphologial reonstrutions, multi-saleskeletonization, fast binary morphologial operations, multi-sale shape �ltering, Eulideandistane transform, geodesi path omputation, multi-sale fratal dimension, and shape�lotufo�da.fee.uniamp.br,Faulty of Eletrial and Computing Engineering, State University of Camp-inas, Campinas, SP, Brazilyafalao�i.uniamp.br,Institute of Computing, State University of Campinas, Campinas, SP, Brazilzfz�da.fee.uniamp.br,Faulty of Eletrial and Computing Engineering, State University of Campinas,Campinas, SP, Brazil 1



saliene extration [1, 2, 3, 4, 5℄. In this paper, we propose a variant of the IFT{watershedfrom labeled markers presented by Lotufo and Fal~ao [2℄, alled the IFT{watershed fromgray sale marker.The lassial watershed transform of an input image I usually reates an over-segmentedpartition, where the athment basins are inuene zones of the regional minima of I, aspointed by Beuher and Meyer [6℄. In order to redue the number of athment basinsin the segmentation, we usually apply to I a morphologial reonstrution before the wa-tershed transform. In [2℄, we proposed the IFT{watershed from labeled markers, whihomputes the watershed-from-markers transform without requiring minima imposition (seeFigure 1). We presented in [3℄, the relation between watershed-from-markers transform andmorphologial reonstrution. In this paper, we demonstrate that the ost map of the IFTis idential to the output of the gray sale image sup-reonstrution. As a onsequene,we show that the proposed method omputes at the same time the morphologial reon-strution and the lassial watershed transform of the reonstruted image, without expliitomputation of regional minima (see Figure 2). There are interesting advantages of thisapproah as ompared to the urrent lassial watershed approah. It is oneptually solidwith a higher abstration level, where the marker is spei�ed by a gray sale image; it isfaster and simpler by ombining many steps in a single algorithm; and it does not requireexpliit omputation of any regional minima 1.
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Figure 1: The IFT{watershed from markers does not require minima imposition.In order to illustrate the advantages of using the IFT to the design of image operators,partiulary watershed transforms, this paper presents a family of simple and eÆient vari-ations of the IFT-watershed transform: (i) the watershed from labeled markers [2℄, whihis being used here to demonstrate that the ost map of the IFT is idential to the outputof the gray sale image sup-reonstrution; (ii) the watershed from gray sale marker, thenew proposed approah; (iii) the lassial watershed, as a partiular ase of the watershedfrom gray sale marker; (iv) the watershed from gray sale marker with on-the-y labeling1A shorter version of this artile has been published at [7℄. The present version inludes new algorithms,appliations, and experiments for evaluation in 2D and 3D.2
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transformFigure 2: The IFT{watershed from gray sale marker omputes the reonstrution and thewatershed transform of the reonstruted image, simultaneously.of athment basins and bounded ost; and (v) the watershed from binary marker withon-the-y labeling of athment basins. Partiularly (iv) is a very useful approah to avoidost and label propagation in non-relevant regions of the image. This algorithm is usedto ut touhing binary blobs in the negation of the Eulidean distane transform and pro-vides onsiderable speed-up gains over the traditional method. The paper also presentsillustrative appliations of (ii) and (iv); evaluates the eÆieny gains of the IFT-based algo-rithms (i)-(v) in 2D and 3D, using as referene the traditional approah based on immersionsimulations [12℄; and demonstrates why other reonstrution algorithms are not watersheds.This paper is organized as follows. We �rst review the IFT{watershed from labeledmarker (Setion 2) and demonstrate that its ost map is idential to the output of thesup-reonstrution algorithm (Setion 3). We then introdue the IFT{watershed from graysale marker and its eÆient algorithm in Setion 4, and present a further improvementto this algorithm for on-the-y labeling of the athment basins with bounded ost. Wesummarize all variations of the presented IFT-watershed, giving time measurements andillustrative examples in 2D and in 3D. In Setion 5, we demonstrate why other reonstrutionalgorithms are not watersheds. The onlusions are stated in Setion 6.2 The IFT{watershed from Labeled MarkersMany problems in image proessing an be interpreted as an image partition problem basedon a given set of root pixels, where eah root de�nes an inuene zone onsisting of thepixels that are \more losely onneted" to that root than to any other, in some appropriatesense. The image foresting transform (IFT) redues suh problems to the omputation of aminimum-ost path forest in a direted graph whose nodes are the image pixels and whosears are de�ned by an adjaeny relation N between pixels. We denote by N(p) the set ofpixels adjaent to the pixel p (i.e. its neighbors in the graph).3



The ost of a path in this graph is determined by a suitable path-ost funtion f , whihusually depends on loal image properties along the path | suh as olor, gradient, andpixel position. For suitable path-ost funtions, one an hoose the minimum-ost paths sothat their union is an oriented forest, spanning the whole image. The nodes of a given treein the forest are by de�nition the inuene zone of the orresponding root.The result of the IFT is an annotated image, that assigns to eah pixel three at-tributes: its predeessor in the optimum path, the ost of that path, and the orrespondingroot. Its solution is usually obtained in linear time and requires a variant of the Dijk-stra/Moore/Dial's shortest-path algorithm [8, 9, 10℄.In this framework, the watershed-from-markers [6℄ an be omputed by a single IFT [2℄,without minima imposition, where the labeled markers are root pixels. In this ase, theroot map an be replaed by a label map whih orresponds to the athment basins. Thepath-ost funtion fm is given by:fm(< p1; p2; : : : ; pn >) == ( maxfI(p1); I(p2); : : : ; I(pn)g if p1 is a marker pixel+1 otherwise, (1)where pi+1 2 N(pi) and I(pi) is the value of the pixel pi in the image I.The IFT{watershed from labeled markers may be simpli�ed to the following algorithm:Algorithm 1 Watershed from labeled markers using hierarhial FIFO queue (HFQ).Input I: input image,L: labeled marker image;Output L: watershed athment basins;Auxiliary C: ost map, initialized to in�nity;Initialization1. for all pixels L(p) 6= 02. C(p) I(p), insert p in HFQ with ost C(p);Propagation3. while HFQ not empty4. p remove from HFQ;5. for eah q 2 N(p)6. if C(q) > maxfC(p); I(q)g7. C(q) maxfC(p); I(q)g;8. Insert q in HFQ with ost C(q);9. L(q) L(p);Two points are worth disussing in the above algorithm. Note that the pixels in thequeue are never re-evaluated as required by the original Dijkstra/Moore/Dial algorithm [8,9, 10℄. This was explained by Lotufo and Fal~ao in [2℄ and the reason is that all the inidentars to a node have the same weight. The other partiularity of this algorithm is the use4



of a FIFO in the hierarhial queue. This is desirable if one wants to have the inlusionof a slight modi�ation of the path-ost to make the athment basin boundaries be in themedial line of plateaus regions in the image. The FIFO property of the hierarhial queuean be modeled by a lexiographi path-ost funtion as pointed out in [2℄.3 Morphologial ReonstrutionMorphologial reonstrution is a powerful operator in the framework of mathematial mor-phology. It is the building blok of onneted operator design. In this paper, we will beinterested in the sup-reonstrution, also alled dual reonstrution, whih is related to thewatershed. The gray sale sup{reonstrution of image I from marker image J , J � I isgiven by: �J(I) = �1I;B(J); (2)where �I;B(J) = �B(J) _ I is the geodesi erosion, �B(I) is the gray sale erosion of I bythe struturing element B and _ is the pointwise maximum operator. The omposition n(I) is the suessive appliation of the operator n� 1 times:  ( (: : : ( (I)))). The sup-reonstrution is a suessive sequene of erosions of J by B, pointwise maximum with Iuntil stability.An important property, proved by Vinent [11℄, is that the sup-reonstrution of I fromJ is the same as sup-reonstrution of I from RJ , where RJ is given by:RJ(p) = ( J(p) if p is regional minima of J ,1 otherwise: (3)The regional minima M of a gray sale image is the largest onneted omponent ofpixels with same gray sale (plateau), suh that every neighbor pixel of M has a stritlyhigher value.Fig 3 shows the relationship between RJ and J .
R(J)

JFigure 3: Funtions RJ and J .Vinent [11℄ has desribed several morphologial reonstrution algorithms. The onebased on a FIFO queue is reprodued below.Algorithm 2 Graysale reonstrution using a queue.Input I: gray sale mask image,J : gray sale marker image, J � I; 5



Output J : sup-reonstrution of I from JInitialization1. Compute RJ (p) by Eq. 3;2. Insert the pixels in the regional minima of J in queue;Propagation3. while queue not empty4. p remove from queue;5. for eah q 2 N(p)6. if J(q) > J(p) and I(q) 6= J(q)7. J(q) maxfJ(p); I(q)g;8. Insert q in queue;Note that algorithms 1 and 2 are very similar. We laim that the ost map C of algorithm1 is the sup-reonstrution of I from any gray sale marker funtion J suh that:RJ(p) = ( I(p) if L(p) 6= 0;1 otherwise: (4)We an state:Proposition 1 The ost map C in the algorithm 1 is the morphologial reonstrution ofI from any marker image J suh that J � I and RJ is given by Eq. 4 (See Fig. 4).
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Figure 4: Funtions I, RJ and two possible J : J1, J2.Proof 1 Both initialization algorithms are equivalent, the pixels that are inserted in thequeue are the regional minima of J . In the watershed, the inserted pixels have value I(p)at the markers. The others pixels not inserted in the queue have ost in�nity. So, bothregional minima are equivalent and inserted in the queue. Aording to Vinent [11℄, the6



propagation order of the pixels does not matter in the reonstrution. Therefore, we anreplae the FIFO in algorithm 2 by the HFQ of algorithm 1.Line 6 of algorithm 2 may be rewritten as: If J(q) > J(p) and I(q) < J(q), sine J � I.So J(q) must be greater than J(p) and greater than I(q), whih is equivalent to line 6 ofalgorithm 1, where C plays the role of J .The onsequene of this fat is that the morphologial reonstrution, when implementedby the HFQ, an simultaneously output the result of the reonstrution and the athmentbasins of I that were propagated from the regional minima of the marker J . In the IFTframework, the output of the reonstrution is given by the ost map and the watershedathment basins by the root map. This result is not new, as we have presented in [2℄ thatthe maximum ost funtion of the IFT{watershed from markers intrinsially inludes theminima imposition, and reently, and in more detail, with pratial illustrative examples,we showed that the watershed-from-markers and the superior reonstrution are obtainedat the same time by a single IFT [3℄. Here we prove this result by reduing the algorithm1 to algorithm 2.A more important onsequene of the above onlusion is that we an show that themorphologial reonstrution of I from J , I � J , an be modeled as the ost map of anIFT, where the path-ost funtion fr is given by:fr(< p1; p2; : : : ; pn >) = maxfJ(p1); I(p2); : : : ; I(pn)g: (5)Note that J(p) is the initial ost of any path starting at p and all pixels p are rootandidates (we usually all them seed pixels). Suh a marker funtion an be seen as aninitial restrition on the maximum path ost. However, sine the ost of a path froma pixel p to a pixel q may be less than J(q), only some andidate pixels will remain asroot pixels in the minimal-ost path forest. Moreover, we wish to use this formulationto ompute simultaneously the morphologial reonstrution and the watershed transform,without expliit omputation of any regional minima. This is addressed next.4 The IFT{watershed From Gray Sale MarkerWe an de�ne the IFT{watershed of I from gray sale marker J as the watershed transformof I from the markers given by the regional minima of I sup-reonstruted from J .Before presenting the IFT{watershed from gray sale marker algorithm, we will in-trodue a further improvement in the algorithm by avoiding the expliit regional minimadetetion of the marker funtion, whih is normally used to insert the pixels in the HFQ inthe initialization phase of the IFT algorithm. This is also a ontribution of this work thatis not published elsewhere.The IFT{watershed from gray sale marker has the same input as the morphologialsup{reonstrution: I as the image and J as the marker, both gray sale images. Oursimpli�ation stems from the fat that we atually do not need to ompute the regionalminima, but only one pixel per regional minima. This pixel will be the representative ofthe athment basins (i.e. the root of a tree in the minimum-ost path forest). In the7



initialization step, we set the initial root map suh that all pixels are potential andidatesto be root pixels. Instead of initializing the initial ost to in�nity, we insert all pixels in theHFQ with the initial ost given by J+1 and root pointer to p (i.e. R(p) p). The additionof one to the initial ost is the essential part of the tehnique. When a pixel never visited isremoved from the HFQ, it beomes a root pixel. This pixel is the �rst of its regional minima(alled representative), and as suh, its ost value is orreted by subtrating one from theurrent ost. The other pixels that belong to the same regional minima of the reonstrutedimage will have their ost updated in the HFQ and will have their root value pointed to therepresentative of the regional minima. The same happes with the other pixels that belongto the same athing basins of the root pixel. Note that the root pixels are representativesof the regional minima of the sup-reonstruted image and not of the regional minima of J .The tehnique of adding one makes the behavior of plateaus to be dealt with orretlyaording to the FIFO property of the HFQ, as all pixels in the HFQ will be updatedgiven that they were inserted in the queue with a higher initial ost. This removal fromand reinsertion in the HFQ for every pixel, exept the representative one of eah regionalminima, is the prie to pay for not omputing the regional minima expliitly. When theHFQ is implemented eÆiently, it is well worth to adopt the approah just desribed.The IFT{watershed from gray sale marker algorithm is presented below.Algorithm 3 IFT{watershed from gray sale markerInput I: gray sale input image,J : gray sale marker image, J � I;Output J : reonstrution of I from J ,R: athment basins of the watershed;Initialization1. for all pixels R(p) p2. Insert all pixels p in HFQ with ost J(p) J(p) + 1;Propagation3. while queue not empty4. p remove from HFQ;5. if R(p) = p then J(p) J(p)� 1;6. for eah q 2 N(p)7. if J(q) > maxfJ(p); I(q)g8. J(q) maxfJ(p); I(q)g;9. R(q) R(p);10. Update q in the HFQ with ost J(q);4.1 Illustrative ExamplesWe illustrate algorithm 3 with an example of using the IFT{watershed from gray salemarker for ell segmentation.Fig. 5a shows the original image K. The morphologial gradient of K is omputed andshown in Fig. 5b, whih is the input image I for the watershed. Fig. 5 shows the gray8



sale marker image J whih is omputed by the area losing of I by 200. This removes thenumber of regional minima to avoid the oversegmentation. The resultant partitioned imageis shown in Fig 5d whih is the watershed transform of I from the gray sale marker J . Thelassial way of doing this would be �rst omputing image I1 as a reonstrution of I fromJ and then omputing the watershed transform of I1.
(a) (b)
() (d)Figure 5: Watershed from gray-sale marker. a) input image, b) morphologial gradient(I), ) marker image J as the area losing of I, d) watershed partitions.Another typial appliation of the watershed transform is to split touhing ells inbinary images, like some of the ones deteted in the previous example. Note that thereare few ells that are onneted. The lassial solution to split these ells is to �nd thewatershed athment basins of the negation of the distane transform, where the markersare assoiated to eah ell. In the illustration shown in Fig. 6, part (a) is the input binaryimage of touhing ells, part (b) is the inverse of the Eulidean distane transform. Weompute the watershed partitions using the IFT-watershed of algorithm 3 of the negatedEulidean distane transform from its gray sale area losing as marker. The watershedpartitions are shown in part (). For illustration purpose we overlaid the binary image onthe watershed partition to show the split of touhing ells. Finally, in part (d) we show theintersetion of the (a) and () with all deteted ells.
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(a) (b)
() (d)Figure 6: Binary ell segmentation a) Input binary image with touhing ells, b) Inverseof the Eulidean distane transform of (a), ) watershed athment basins of (b) from thegray sale marker used as the area losing of (b), superposed by the input binary image (a),d) intersetion of the watershed athment basins and the binary image.4.2 On-the-Fly Labeling and Bounded CostThe last appliation motivated us to inlude a further improvement to the IFT{watershedalgorithm. The maximum pixel value in the negation of the distane transform is normallythe maximum value in the data type used, alled k. It is not neessary to propagate labelsand osts in this region, whih is outside the binary ells. This requires a bounded path-ostfuntion:fb(< p1; p2; : : : ; pn >) == ( maxfJ(p1); I(p2); : : : ; I(pn)g if J(p1) and I(pi) < k, for i = 1; 2; : : : ; n+1 otherwise. (6)This funtion an be simply and eÆiently implemented by not inserting the pixels ofJ with value k in the queue. In addition to this modi�ation, we an proess the labelmap instead of the root map. Initially the label map is zero for all pixels. When a pixel,whose label is zero, is removed from the HFQ, it means it was not propagated yet and itis the representative of a new athment basin, so a new label is assigned to it. In thisway, the output of the watershed is the label map, whih is often the desirable output of10



the watershed transform. By applying these modi�ations to the algorithm 3, we introduealgorithm 4.Algorithm 4 IFT{watershed from gray sale marker with on-the-y labeling and boundedostInput I: gray sale input image,J : gray sale marker image, J � I;Output J : reonstrution of I from J ,L: athment basin labels of the watershed, initialized to zero;Auxiliary tag: variable initialized to zero;Initialization1. for all pixels2. if J(p) < k then3. Insert p in HFQ with ost J(p) J(p) + 1;Propagation4. while queue not empty5. p remove from HFQ;6. if L(p) = 0 then7. J(p) J(p)� 1;8. tag  tag + 1; L(p) tag;9. for eah q 2 N(p)10. if J(q) > maxfJ(p); I(q)g11. J(q) maxfJ(p); I(q)g;12. L(q) L(p);13. Update q in the HFQ with ost J(q);
Using algorithm 4, the image shown in Fig. 6d is obtained diretly without the ompu-tation of the full watershed partitions of Fig. 6.4.3 Watershed from Binary Marker ImageFor ompleteness, we present another variant of algorithm 3 to ompute the watershedfrom a binary marker using the on-the-y labeling tehnique introdued in algorithm 4.In this ase, the ost map (J) is initialized to in�nity and in the initialization phase ofthe algorithm, only the marker pixels are inserted in the HFQ with ost one. To mimithe minima imposition, I is set to zero for pixels under the marker and the zeros of I arereplaed by ones. The propagation phase is exatly the same as in algorithm 4, exept forline 13 whih is replaed by removing the pixel from HFQ only if the pixel is under themarker, followed by the insertion of the pixel in the HFQ.Algorithm 5 IFT{watershed from marker with on-the-y labelingInput I: gray sale input image,M : binary marker image; 11



Output J : reonstrution of I, initialized to in�nity,L: athment basin labels of the watershed, initialized to zero;Initialization1. for all pixels2. if M(p) then3. Insert p in HFQ with ost J(p) 1;4. I(p) 0;5. else I(p) maxfI(p); 1g;Propagationf Same as in algorithm 4. exept for line 13g:13. if M(p) then Remove q from HFQ;14. Insert q in the HFQ with ost J(q);
4.4 Summary of IFT-watershedsWe �nish this setion by summarizing all variations of the presented IFT{watershed trans-forms:LM - watershed from labeled marker : (algorithm 1) This is the lassial hierarhialqueue-based watershed algorithm. The important point in the IFT framework is theintrinsi sup-reonstrution of the minima imposition integrated with the watershedtransform.BM - watershed from binary marker : (algorithm 5) We presented a fast and simplealgorithm to ompute the watershed from markers with on-the-y labeling.GM - watershed from gray sale marker : (algorithm 4) This is the main ontribu-tion of this work. It ombines sup-reonstrution and watershed transform as they arethe same algorithm. Algorithm 4 detets and labels the athment basins on-the-y.CW - lassial watershed : (algorithm 4) If the marker image is the same as inputimage, the result of the watershed from gray sale marker is the lassial watershed,where eah regional minima is assoiated to eah athment basin.We report in Table 1 the speed of eah algorithm, when using 8 neighbors onnetivity.The image used in the experiment is the morphologial gradient of the image shown inFig 5a whih has 576 � 902 pixels. We ompare three senarios: in the �rst, the image isoversegmentated, in the seond, the gray sale image is properly segmented, and the third,the binary ells is further segmented to ut touhing ells. In all three appliations we om-pare our algorithms to Vinent and Soille (VS) [12℄, based on immersion simulations. Thisalgorithm is neither based on the hierarhial queue, nor requires the expliit omputationof regional minima beforehand. The omputer used in the experiments was a Pentium III,750 MHz. 12



Senario 1: oversegmentationVinent and Soille (VS) 533 msalgorithm 4 (CW) 657 msalgorithm 1 (LM) 489 msalgorithm 5 (BM) 492 msSenario 2: gray sale segmentationalgorithm 4 (GM) 627 mssup-reonstrution and VS 764 msSenario 3: binary segmentationalgorithm 4 (GM) 258 mssup-reonstrution and VS 769 msTable 1: Speed evaluationIn the �rst senario, the image is oversegmented in 30309 athment basins. FromTable 1 we an see that the speed of algorithms 1 and 5 are a little faster than VS, despitetheir simpliity when ompared to VS algorithm. Algorithm 4 is a little slower as it requiresall pixels, exept the representatives, to be inserted in the HFQ twie.In the seond senario, we ompute the watershed athment basins of the gradientimage using as gray sale marker the gray sale area losing by 200 pixels of the gradientimage. The resultant image is shown in Fig. 5d. We see that our solution is faster thanthe lassial approah to �rst sup-reonstrut the gradient image by the marker and thenompute the watershed.For the third senario, the touhing ells of Fig. 6a are segmented by the watershedtrasform from gray sale marker, where the mask image is the negation of the Eulideandistane transform and the marker image is the result of its area losing by 6. Resultantimage is shown in Fig. 6d. In this ase our algorithm is about 3 times faster than thelassial solution. This is due the fat the pixels are not propagated outside the binary ellsbeause of the bounded ost implementation.The extension of the methods disussed here to 3D or higher dimensions is straight-forward. The improvements of the IFT{watershed from gray sale marker presented inalgorithm 4 beome more pronouned for higher dimensions. In a 3D appliation withtouhed binary spheres in an 80� 80� 80 volume, algorithm 4 took 0.33 seonds to proesswhile the separate sup-reonstrution and VS watershed algorithms took 5.33 seonds, aspeed up fator of more than 16.5 Why Other Reonstrution Algorithms Are Not Water-shedsUsing the IFT framework, we have shown that the morphologial reonstrution of I fromJ , with I � J , is the ost map of a minimal-ost path forest with the path-ost funtion frgiven by Eq. 5. 13



One of the simplest and most general shortest path algorithms is the one introdued byBerge [13℄, whih was designed for the lassial distane path-ost funtion fsum:fsum(< p1; p2; : : : ; pn >) = J(p1) + I(p2) + : : :+ I(pn): (7)Berge's algorithm is based on a repetition until stability of the following situation thatmust be true in the shortest path solution. For any two neighboring nodes, J(q) � J(p) +I(q). So this algorithm is a repetition in any sanning order of neighboring pixels of theabove relation. This algorithm an also ompute the root map of the forest partitioning.Algorithm 6 Berge shortest path.InitializationR(p) p;repeat until stability, using any sanning orderif J(q) � J(p) + I(q); q 2 N(p)J(q) J(p) + I(q);R(q) R(p);For the reonstrution algorithm, we have shown that the path-ost funtion is given byfr whih is based on the maximum pixel value in the path. Interesting is the fat that theBerge algorithm in this ase an ompute the ost map orretly, but not the root map.Rewriting the Berge algorithm using the path-ost funtion fr and omputing only theost map, we arrived at the following algorithm.Algorithm 7 Berge minimal-ost path with fr.InitializationR(p) p;repeat until stability, using any sanning orderif J(q) � maxfJ(p); I(q)g; q 2 N(p)J(q) maxfJ(p); I(q)g;whih is the morphologial reonstrution reported by Vinent [11℄ when the pixels an beupdated in any sanning order.Unfortunately, it is not possible to inorporate the root map updating in the Bergealgorithm, as we an demonstrate with a simple illustrative example. Suppose we have thesmall numeri image illustrated in Fig. 7a. The image has two basins and eah one hasa non-in�nity marker pixel with a small dot and a small square below the pixel value, asshown in the �gure. If we san the pixels in raster order, from left to right and up to down,using the Berge algorithm, the result of the �rst san is presented in Fig. 7b. After theanti-raster san order (left and up neighbors), note that the two top-right pixels with values5 and 7 remained rooted at the squared dot marker, as their osts are already orret after14
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( c )Figure 7: Berge algorithms are not watersheds: (a) initial image two markers; (b) rastersan right-down; () anti-raster left-up.the �rst san. Only the sanning order of the hierarhial queue propagates the root in theinreasing path-ost order and as suh an guarantee the orret omputation of the rootmap in the path-ost funtion fr.It is possible to ompute the watershed transform algorithm using the Berge algorithmonly if the path-ost funtion is in the form of a distane funtion of type fsum. This isexatly the ase presented by Meyer in [14℄ with the de�nition of the topographi distane.In summary, the morphologial reonstrution and the watershed transform are wellexplained by the minimal-ost path forest using the fr path-ost funtion. The Dijkstra /Moore / Dial shortest path algorithm an ompute the ost map (reonstrution) and theroot map (watershed) of the minimal-ost path forest. The Berge algorithm using the frpath-ost funtion an only ompute the ost map (reonstrution). This latter algorithmbelongs to the lass of the parallel reonstrution algorithms. If it is desirable to ompute thewatershed using the Berge algorithm beause of its suitability to hardware implementation,the topographi distane must be used.6 Conlusions and CommentsIn this paper, we have shown several results. We had previously pointed out that themorphologial reonstrution algorithm based on the hierarhial queue is also a watershedtransformation [3℄. In this work, we have demonstrated this result by showing the equiva-lene of the morphologial reonstrution algorithm using a FIFO queue and the ost mapof the IFT{watershed-from-markers algorithm.We have onsolidated the importane of the IFT framework, where the image is modeledby a graph and the minimal-ost path forest is omputed resulting in three maps: ost, root,and predeessor maps. In this ontext, the morphologial reonstrution is the ost map ofa minimal-ost path forest using the path-ost funtion fr(p) of the maximum pixel valuesin the path and the pixel value of the gray sale marker funtion at p. We have shownthat the Berge shortest path algorithm works for the omputation of the minimal path-ost(reonstrution), but does not work for the omputation of the root map (athment basins),for this kind of path-ost. This is the reason why non-ordered queue based reonstrutionalgorithms are not watersheds.We have introdued the IFT{watershed from gray sale marker whih is a new oneptwhere the watershed is not omputed from a set of labeled markers but from a gray salefuntion. This onept puts together several steps used in lassial watershed-based seg-mentation strategies in a single algorithm. We have shown that the lassial watershed is a15
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