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Abstra t

A graph with at least two verti es is mat hing overed if it is onne ted and
ea h edge lies in some perfe t mat hing. A mat hing overed graph G is
extremal if the number of perfe t mat hings of G is equal to the dimension
of the latti e spanned by the set of in iden e ve tors of perfe t mat hings of
G. We rst establish several basi properties of extremal mat hing overed
graphs. In parti ular, we show that every extremal bri k may be obtained
by spli ing graphs whose underlying simple graphs are odd wheels. Then,
using the main theorem proved in [2℄ and [3℄, we nd all the extremal ubi
mat hing overed graphs.

1

Introdu tion

All graphs onsidered in this paper are loopless. An edge e of a graph G is a multiple
edge if there are at least two edges of G with the same ends as e. For terminology
and notation not de ned here, we refer the reader to [1℄ and [7℄. This work may
be regarded as an appli ation of the te hniques developed in our earlier papers [2℄
and [3℄.
Petersen (1890) proved that every 2- onne ted ubi graph has a perfe t mat hing
(see [1℄). Tutte (1947) proved the following theorem whi h hara terizes graphs that
have a perfe t mat hing.
 Supported by npq, Brasil. Supported by pronex/ npq (664107/1997-4).
y Supported by a grant from npq. Supported by pronex/ npq (664107/1997-4).
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Theorem 1.1 (Tutte)
A graph G has a perfe t mat hing if and only if,

jO(G
for all B  V , where O(G

B )j  jB j

B ) denotes the set of odd omponents of G

B.

Using the above theorem it an be shown that every edge in a 2- onne ted ubi
graph is in some perfe t mat hing of the graph. Thus, every su h graph has at
least three perfe t mat hings. Lovasz and Plummer have onje tured that there exist
onstants > 0 and d > 1 su h that every 2- onne ted ubi graph on n verti es
has at least dn perfe t mat hings (see [7℄). This onje ture has been veri ed for
bipartite ubi graphs (see [7℄) but, beyond this, not mu h seems to be known about
the number of perfe t mat hings in 2- onne ted ubi graphs.
A graph is mat hing overed if it has at least two verti es, is onne ted and, given
any edge of the graph, there is a perfe t mat hing of the graph that ontains it. As
noted above, using Theorem 1.1 it an be shown that every 2- onne ted ubi graph
is mat hing overed. Figure 1 shows four ubi graphs whi h have played important
roles in our work.
PSfrag repla ements
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Figure 1: Four important

R8
ubi mat hing

P
overed graphs

For any graph G, we denote by M(G) the set of all perfe t mat hings of G and
for M 2 M(G), we denote the in iden e ve tor of M by M . The mat hing latti e
of a mat hing overed graph G is the set of all integer linear ombinations of ve tors
in fM : M 2 M(G)g. We denote the numbers of verti es, edges and bri ks of a
mat hing overed graph G by m(G), n(G) and b(G), respe tively. (The invariant b(G)
will be explained in greater detail in the next se tion.) Whenever G is understood,
we shall simply write M, m, n and b, instead of M(G), m(G), n(G) and b(G),
respe tively.
Edmonds, Lovasz and Pulleyblank [5℄ proved that the dimension dim(G) of the
mat hing latti e of a mat hing overed graph G is equal to m n + 2 b. Clearly the
number of perfe t mat hings in G is at least dim(G). A mat hing overed graph G
is extremal if jM(G)j = dim(G). For brevity, we shall refer to an extremal mat hing
overed graph as an extremal graph.
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It an be shown that a 2- onne ted ubi graph on n verti es has at most n=4
bri ks. Thus, the dimension formula mentioned above implies that every 2- onne ted
ubi graph on n verti es has at least n=4 + 2 perfe t mat hings. It o urred to us
that if the Lovasz and Plummer onje ture were true, then there an only be a nite
number of extremal 2- onne ted ubi graphs. This does indeed turn out to be true;
we show that there are pre isely eleven extremal ubi mat hing overed graphs. The
theta graph, the ubi bipartite graph with pre isely two verti es, is one of them.
The four graphs shown in Figure 1 are also extremal. We shall show that every graph
in this list, other than the theta graph and the Petersen graph, an be obtained by
spli ing opies of K4 .
In the next se tion, we shall brie y re all the ne essary terminology from the
theory of mat hing overed graphs. In se tion 3 we shall establish basi properties of
extremal graphs. In se tion 4 we shall give a hara terization of bipartite extremal
graphs. In se tion 5 we shall give a hara terization of extremal bri ks. Finally, in
se tion 6, we shall show that there are pre isely eleven extremal ubi graphs.

2

Spli ing and Separation

Let G and H be two disjoint graphs and let u and v be verti es of G and H , respe tively, su h that the degrees of u in G and of v in H oin ide. Let d denote
the ommon degree of u and v . Further, suppose that an enumeration  := (e1 =
u1 u; e2 = u2 u; :::; ed = ud u) of the edges of G in ident with u, and an enumeration
 := (f1 = v1 v; f2 = v2 v; :::; fd = vd v ) of the edges of H in ident with v are given.
Then the graph obtained from G u and H v by joining, for 1  i  d, ui and vi
by a new edge is said to be obtained by spli ing G and H at the spe i ed verti es u
and v with respe t to the given enumerations  and  of the sets of edges of G and
H in ident with u and v , respe tively.
In general, the graph resulting from spli ing two graphs G and H depends on the
hoi e of u, v ,  and  . For example, there are several ways in whi h two 5-wheels
an be spli ed at their hubs; the graphs that an be obtained by hoosing various
enumerations of edge sets in ident with their hubs in lude the pentagonal prism and
the Petersen graph. However, if G is ubi , then, up to isomorphism, the graph
obtained by spli ing G and H = K4 depends only on the hoi e of the vertex u in
G. In this ase we shall denote the graph by (G K4 )u and say that it is obtained
by spli ing G and K4 at u. If G is vertex transitive, even the hoi e of the vertex u
is irrelevant; in this ase, we shall simply denote the resulting graph by G K4 . As
examples, let us onsider the graphs C 6 and R8 shown in Figure 1. It is easy to see
that C 6 = K4 K4 . The graph C 6 is learly vertex transitive; there is only one way
of spli ing C 6 and K4 and C 6 K4 = R8 . The automorphism group of R8 has three
orbits and, therefore, it is possible to obtain three di erent graphs by spli ing R8 and
K4 .
The following Proposition is a simple onsequen e of the de nition of a mat hing
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overed graph.
Proposition 2.1
Any graph obtained by spli ing two mat hing overed graphs is also mat hing overed.

Let G be a graph. Then, for any subset X of V , r(X ) denotes the ut of G with
X and X := V X as its shores; in other words, r(X ) is the set of all edges of
G whi h have pre isely one end in X . A ut r(X ) is trivial if either X or X is a
singleton.
Let G be a onne ted graph and let C := r(X ) be a ut of G, where X is a nonnull
proper subset of V (G). Then, the graph obtained from G by ontra ting X to a single
vertex x is denoted by GfX ; xg and the graph obtained from G by ontra ting X to
a single vertex x is denoted by GfX ; xg. We shall refer to these two graphs GfX ; xg
and GfX ; xg as the C - ontra tions of G. If the names of the new verti es in the
C - ontra tions are irrelevant, we shall simply denote the two C - ontra tions of G by
GfX g and GfX g.
Let G be a mat hing overed graph and let X be an odd subset of V . Then, the
ut C := r(X ) is alled a separating ut of G if the two C - ontra tions G1 and G2 of
G are mat hing overed. The following proposition provides onditions under whi h
a ut of a mat hing overed graph is a separating ut.
Proposition 2.2 (See [2℄)
A ut C of a mat hing overed graph G is a separating ut of G if and only if, given
any edge e of G, there exists a perfe t mat hing Me of G su h that e 2 Me and
jC \ Me j = 1.
2

Suppose that G is a mat hing overed graph that is obtained by spli ing G1 and G2
at vertex u of G1 and v of G2 . Then, C := r(V (G1 ) u) = r(V (G2 ) v ) is a
separating ut of G. Conversely, suppose that G is a mat hing overed graph, C a
separating ut of G, and G1 and G2 the two C - ontra tions of G. Then G an be
obtained by suitably spli ing G1 and G2 . Thus, the two operations of spli ing and
separation may be regarded as the opposites of ea h other.
2.1

Tight Cuts, Bra es and Bri ks

Let G be a mat hing overed graph. A ut C := r(X ) of G is tight if jC \ M j = 1
for every M 2 M. It is easy to see that every trivial ut of a mat hing overed graph
G is tight. The following result an be easily dedu ed from the de nitions:
Proposition 2.3
For any tight ut C of a mat hing overed graph, the two C - ontra tions of G are
also mat hing overed.
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Thus every tight ut of a mat hing overed graph G is a separating ut of G. But
the onverse is not true. For example, the graphs C 6 , R8 and P of Figure 1 have
separating uts that are not tight.
A barrier of a graph G is a nonnull set of verti es B su h that jO(G B )j = jB j. A
barrier is trivial if it onsists of just one vertex. A mat hing overed graph is bi riti al
if it is free of nontrivial barriers. By Theorem 1.1, a mat hing overed graph G is
bi riti al if and only if G u v has a perfe t mat hing, for ea h pair u; v of distin t
verti es u and v of G.
Lemma 2.4
Any spli ing of two bi riti al graphs is bi riti al.

Proof: Let G be a mat hing overed graph, C a separating ut of G su h that ea h
C - ontra tion of G is bi riti al.
Let G1 := GfX ; xg and G2 := GfX ; xg denote the two C - ontra tions of G. Let
u and v denote two distin t verti es of G.
We assert that G u v has a perfe t mat hing. For this, adjust notation so that
vertex u lies in X . If vertex v also lies in X then G1 u v has a perfe t mat hing
that is extendable to a perfe t mat hing of G u v . Assume thus that v lies in X .
Then, G1 u x has a perfe t mat hing M1 and G2 v x has a perfe t mat hing
M2 . The union of M1 and M2 is a perfe t mat hing of G u v .
In all ases, we on lude that G u v has a perfe t mat hing. This on lusion
holds for ea h pair u; v of distin t verti es of G. As asserted, G is bi riti al.
2
The following result plays a fundamental role in the theory of mat hing overed
graphs.
sz and Pulleyblank [5℄)
Theorem 2.5 (Edmonds, Lova
A mat hing overed graph with at least four verti es is free of nontrivial tight uts if
and only if it is 3- onne ted and bi riti al.

A bipartite mat hing overed graph without nontrivial tight uts is alled a bra e. A
nonbipartite mat hing overed graph without nontrivial tight uts is alled a bri k.
By Theorem 2.5 it follows that bri ks are pre isely the nonbipartite mat hing overed
graphs that are 3- onne ted and bi riti al.
2.2

Cubi

Bri ks

In ase of ubi graphs, Theorem 2.5 has the following onsequen es:
Corollary 2.6
A ubi mat hing overed graph with at least four verti es is a bri k if and only if it
is bi riti al.
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Proof: Let G be a ubi mat hing overed graph with at least four verti es. If G is a
bri k then it is bi riti al. To prove the onverse, suppose that G is bi riti al.
Assume, to the ontrary, that G is not 3- onne ted. Graph G, a mat hing overed
graph, is 2- onne ted. Moreover, G has more than two verti es, by hypothesis.
Let fu; v g denote a 2-separation of G. The number of odd omponents of G u v
is even. If G u v has odd omponents then it has pre isely two, when e fu; v g is
a nontrivial barrier of G, a ontradi tion. We may thus assume that ea h omponent
of G u v is even. By hypothesis, G is ubi , when e v is joined to verti es of some
omponent K of G u v by at most one edge. If v is not joined to verti es of K
then u is a ut vertex, a ontradi tion. We on lude that v is joined to verti es of
K by pre isely one edge, e. Then, the end of e in V (K ) plus vertex u onstitute a
nontrivial barrier of G, a ontradi tion. We on lude that if G is bi riti al then it is
3- onne ted. By Theorem 2.5, G is a bri k.
2
Corollary 2.7
Any spli ing of two ubi bri ks is a ( ubi ) bri k.

Proof: Let G be the result of the spli ing of two ubi bri ks. By Lemma 2.4, G is
bi riti al. By Corollary 2.6, G is a bri k.
2
We note that, in general, a graph obtained by spli ing two bri ks is not ne essarily
a bri k. This is so be ause a spli ing of two 3- onne ted graphs need not ne essarily
be 3- onne ted (see Figure 2)

Figure 2: A spli ing of two bri ks that is not a bri k

The following theorem gives onditions under whi h a spli ing of two bri ks is a
bri k.
Theorem 2.8
Let G be a mat hing overed graph, C := r(X ) a nontrivial separating ut of G su h
that ea h C - ontra tion of G is a bri k. Then, G is a bri k if and only if no pair of
verti es of G, one in X , the other in X , overs the set of edges of C .

Proof: Assume that G is a bri k. Cut C , a nontrivial separating ut of G, is odd but
not tight. Therefore G has a perfe t mat hing M that ontains at least three edges
in C . Thus, no pair of verti es of G overs M \ C .
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Conversely, assume that for every vertex v in X and every vertex w in X ut C
has an edge that is not in ident with any of v and w. Ea h C - ontra tion of G is a
bri k, therefore 3- onne ted and bi riti al. By Lemma 2.4, G is bi riti al. To prove
that G is 3- onne ted, let v1 and v2 be any two verti es in G. Adjust notation so that
v1 lies in X .
Consider rst the ase in whi h v2 also lies in X . Graph H := GfX ; xg v1 v2
is onne ted be ause ea h C - ontra tion of G is 3- onne ted. But H is the graph
obtained from G v1 v2 by ontra ting the set X to x. Moreover, G[X ℄ is onne ted.
Therefore, G v1 v2 is onne ted.
Consider now the ase in whi h v2 lies in X . Graph H1 := G[X ℄ v1 is onne ted, be ause ea h C - ontra tion of G is 3- onne ted. Likewise, H2 := G[X ℄ v2
is onne ted. By hypothesis, C has an edge e that is not in ident with v1 and v2 .
Therefore, e is an edge of G v1 v2 that joins a vertex in H1 to a vertex in H2 . We
on lude that G v1 v2 is onne ted. This on lusion holds for ea h pair v1 , v2 of
verti es of G, when e G is 3- onne ted.
2
2.3

Tight

ut de omposition

Suppose that G is a mat hing overed graph and that C := r(X ) is a nontrivial
tight ut of G. Then, by Proposition 2.3, the two C - ontra tions G1 = GfX g and
G2 = GfX g are both mat hing overed graphs that are smaller than G and we say
that we have de omposed G into G1 and G2 . If either G1 or G2 has a nontrivial
tight ut, that graph an be de omposed into smaller mat hing overed graphs. This
pro ess may be repeated until ea h of the resulting graphs is either a bri k or a bra e
and is alled a tight ut de omposition of G. Remarkably, tight ut de ompositions
are unique up to multipli ities of edges:
sz ([6℄))
Theorem 2.9 (Lova
Any two tight ut de ompositions of a mat hing overed graph yield the same list of
bri ks and bra es (ex ept possibly for multipli ities of edges).

In parti ular, any two de ompositions of a mat hing overed graph G yield the same
number of bri ks; this number is denoted by b(G) (or simply b, if G is understood).
A near-bri k is a mat hing overed graph G su h that b = 1. In parti ular, every
bri k is a near-bri k.
Proposition 2.10
Every bi riti al near-bri k is a bri k.

Proof: Assume, to the ontrary, that a bi riti al near-bri k G has a nontrivial tight ut
C := r(X ). Let G1 := GfX ; xg and G2 := GfX ; xg denote the two C - ontra tions
of G. By Theorem 2.9, one of G1 and G2 is a near-bri k, the other a bipartite
mat hing overed graph. Adjust notation so that G1 is bipartite. Let fA; B g denote
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the bipartition of G1 su h that x lies in A. Then, B is a nontrivial barrier of G. This
ontradi ts the hypothesis that G is bi riti al.
2
2.4

Removable edges

Let G be a mat hing overed graph. An edge e of G is removable if the subgraph G e
obtained by deleting e is mat hing overed. A removable edge e of G is b-invariant
if b(G e) = b(G). Of the four graphs in Figure 1, K4 and C 6 have no removable
edges, R8 has pre isely one removable edge whi h is also b-invariant, whereas every
edge of P is removable but is not b-invariant. Con rming a onje ture that had been
proposed by Lovasz in 1987, we proved the following theorem in [2℄ and [3℄:
Theorem 2.11
Every bri k di erent from K4 , C 6 , and the Petersen graph has a removable edge that
is b-invariant.

The theorem we proved in [2℄ and [3℄ is in fa t stronger than the above theorem.
Using that theorem, we were able to des ribe a pro edure for nding a basis for
the mat hing latti e of mat hing overed graph G onsisting of in iden e ve tors of
perfe t mat hings of G (see [4℄).
2.5

Separating

uts in bri ks

By de nition, a bri k does not have any nontrivial tight uts. But it is also possible
for a bri k to have no nontrivial separating uts at all; any su h bri k is solid. More
generally, a mat hing overed graph G is solid if ea h separating ut of G is tight.
The odd wheel W2k+1 (k  1) is the graph obtained from an odd ir uit C =
(v0 ; v1 ; :::; v2k ; v0 ) by adding a new vertex h and joining it to ea h vertex of C . The
vertex h is alled the hub of W2k+1 and the ir uit C its rim. The odd wheel W3 is
isomorphi to K4 ; in this ase, any vertex of the graph may be regarded as its hub.
However, for k  2, W2k+1 has a unique hub. For every k  1, W2k+1 is a solid bri k.
(See [2℄ for a proof of this and for other examples of solid bri ks.)
Clearly any bri k whose underlying simple graph is an odd wheel is also solid. We
shall refer to su h a graph as an odd wheel up to multiple edges.
Suppose that G is a bri k, C is a nontrivial separating ut of G and that G1 and G2
are the two C - ontra tions of G. Then C is alled a robust ut of G if b(G1 ) = 1 and
b(G2 ) = 1. That is, a ut C of a bri k G is robust if and only if ea h C - ontra tion of
G is a near-bri k. We were able to show in [3℄ that every nonsolid bri k has a robust
ut. This was a ru ial step in the indu tive proof of Theorem 2.11.
In the urrent ontext, we shall see that every solid extremal bri k is an odd wheel
(up to multiple edges) and that every extremal nonsolid bri k has a robust ut C so
that one of its C - ontra tions is an odd wheel (up to multiple edges) and the other C ontra tion is an extremal bri k. In ase of ubi graphs, we prove something stronger,
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namely that every extremal ubi bri k di erent from K4 and P has a robust ut C
of ardinality three so that one of its C - ontra tions is K4 , the other C - ontra tion
is an extremal ubi bri k. It is this result that enables us to determine the list of all
extremal ubi mat hing overed graphs.

3

Extremal Graphs

As mentioned in the introdu tion, Edmonds, Lovasz and Pulleyblank ([5℄) established
the following formula for the dimension of the mat hing latti e of a mat hing overed
graph.
Theorem 3.1
For any mat hing overed graph G, dim(G) = m

n+2

b.

As an immediate onsequen e of the above theorem we have:
Corollary 3.2
For any mat hing overed graph G, jMj  m

n+2

b.

A mat hing overed graph G is extremal if jMj = m n + 2 b. If G is a ubi
bri k on n verti es, then dim(G) = 3n=2 n + 2 1 = n=2 + 1. All the four graphs in
Figure 1 are ubi bri ks. Furthermore, jV (K4 )j = 4 and jM(K4 )j = 3; jV (C 6 )j = 6
and jM(C 6 )j = 4; jV (R8 )j = 8 and jM(R8 )j = 5; and jV (P )j = 10 and jM(P )j = 6.
Therefore, all these four bri ks are extremal. It is also easy to verify that for every
k  1, the odd wheel W2k+1 is an extremal bri k. However, not every graph whose
underlying simple graph is an odd wheel is extremal, see Proposition 3.6.
3.1

Three Fundamental Properties of Extremal Graphs

An edge of a graph is solitary if it lies in pre isely one perfe t mat hing of the graph.
The following theorem shows the relevan e of the notion of b-invarian e to the study
of extremal graphs.
Theorem 3.3
Let G be a mat hing overed graph and let e be a removable edge of G that is binvariant. Then G is extremal if and only if G e is extremal and e is solitary in
G.

Proof: Sin e e is a removable edge of G, the graph G
Moreover, e is b-invariant, when e b(G e) = b. Thus,

jM(G

with equality if and only if G

e) j  ( m

1)

n+2

e is extremal. Also,

jMj  jM(G

e) j + 1 ;

e is mat hing overed.
b;
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with equality if and only if e is solitary in G. Adding up the two inequalities and
simplifying, we have that

jMj  m

n+2

b;

with equality if and only if G e is extremal and e is solitary in G. As asserted, G
is extremal if and only if G e is extremal and e is solitary in G.
2
We now establish simple relations between the number of verti es, the number
of edges and the number of perfe t mat hings of a mat hing overed graph and the
values of these parameters in the ut- ontra tions of G with respe t to a tight ut
and also with respe t to a separating ut.
Theorem 3.4
Let G be a mat hing overed graph, C a tight ut of G, G1 and G2 the two C ontra tions of G. Graph G is extremal if and only if (i) ea h of G1 and G2 is
extremal and (ii) ea h edge of C is solitary in at least one of G1 and G2 .

Proof: For i = 1; 2, let mi := jE (Gi )j, ni := jV (Gi )j, bi := b(Gi ) and Mi := M(Gi ).
For ea h edge e in C , let Mi(e) denote the set of perfe t mat hings of Gi that ontain
edge e and M(e) the set of perfe t mat hings of G that ontain edge e. Then,

jM(e)j = jM1(e)j  jM2(e)j  jM1(e)j + jM2(e)j

1; (8e 2 C )

(1)

with equality if and only if e is solitary in at least one of G1 and G2 . Adding up (1)
over all edges e in C , we dedu e that

jMj  jM1j + jM2j jC j;

(2)

with equality if and only if ea h edge of C is solitary in at least one of G1 and G2 .
On the other hand,

jM1j  m1

n1 + 2

b1 ;

(3)

b2 ;

(4)

with equality if and only if G1 is extremal. Likewise,

jM2j  m2

n2 + 2

with equality if and only if G2 is extremal. Adding (2), (3) and (4), and taking into
a ount that m = m1 + m2 jC j, n = n1 + n2 2 and b = b1 + b2 , we dedu e that

jMj  m

n+2

b;

(5)

with equality if and only if ea h of G1 and G2 is extremal and ea h edge of C is
solitary in at least one of G1 and G2 .
2
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Theorem 3.5
Let G be a bri k, C a robust ut of G, G1 and G2 the two C - ontra tions of G. Graph
G is extremal if and only if (i) ea h of G1 and G2 is extremal, (ii) ea h edge of C is
solitary in at least one of G1 and G2 , and (iii) G has pre isely one perfe t mat hing
that ontains more than one edge in C .

Proof: For i = 1; 2, let mi := jE (Gi )j, ni := jV (Gi )j, bi := b(Gi ) and Mi := M(Gi ).
By hypothesis, C is robust, when e b1 = 1 = b2 . For ea h edge e in C , let Mi (e)
denote the set of perfe t mat hings of Gi that ontain edge e and M(e) the set of
perfe t mat hings M of G su h that M \ C = feg. Then,

jM(e)j = jM1(e)j  jM2(e)j  jM1(e)j + jM2(e)j

1; (8e 2 C )

(6)

with equality if and only if e is solitary in at least one of G1 and G2 . Graph G is a
bri k and ut C is robust in G, therefore at least one perfe t mat hing of G ontains
more than one edge in C . Adding up (6) over all edges e in C , we dedu e that

jMj  jM1j + jM2j jC j + 1;

(7)

with equality if and only if ea h edge of C is solitary in at least one of G1 and G2 ,
and G has pre isely one perfe t mat hing that ontains more than one edge in C . On
the other hand,

jM1j  m1

n1 + 2

b1 = m1

n 1 + 1;

(8)

b2 = m2

n 2 + 1;

(9)

with equality if and only if G1 is extremal. Likewise,

jM2j  m2

n2 + 2

with equality if and only if G2 is extremal. Adding (7), (8) and (9), and taking into
a ount that m = m1 + m2 jC j and n = n1 + n2 2, we dedu e that

jMj  m

n+1=m

n+2

b;

(10)

with equality if and only if ea h of G1 and G2 is extremal, ea h edge of C is solitary
in at least one of G1 and G2 , and G has pre isely one perfe t mat hing that ontains
more than one edge in C .
2
The Petersen graph P provides an interesting illustration of the above theorem.
If X is the vertex set of any pentagon of P , C := r(X ) is a robust ut of G. The
two C - ontra tions of P are both 5-wheels and are extremal. Furthermore, there is
only one perfe t mat hing of P that has more than one edge in C .
We on lude this subse tion with useful observations on multiple edges in extremal
graphs. Let e be a b-invariant removable edge in an extremal graph G and let M be a
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perfe t mat hing ontaining e. Sin e e is solitary, it follows that no edge in M other
than e an be a multiple edge. In parti ular, sin e any multiple edge in an extremal
graph is a b-invariant removable edge, it follows that no perfe t mat hing of su h a
graph an ontain more than one multiple edge. It is also easy to see that if e is a
b-invariant removable edge in an extremal graph G, then the graph G + f obtained
from G by adding an edge f joining the two ends of e is also extremal. Applying
these observations to odd wheels, we have:
Proposition 3.6
Let G be a graph whose underlying simple graph is an odd wheel W2k+1 . Then G is
extremal if and only if either n = 4 and any two multiple edges of G are adja ent, or
n > 4 and all multiple edges of G are in ident with the hub of W2k+1 .
3.2

Solitary Edges

In this subse tion, we shall dis uss onditions under whi h an edge of a graph is
solitary. The following proposition is a simple observation.
Proposition 3.7
In any graph G, an edge e := vw is solitary in G if and only if graph G
pre isely one perfe t mat hing.

v

w has

2

Proposition 3.8
Let G be a bipartite graph with a unique perfe t mat hing M , P a maximal M alternating path in G. Then, P has odd length, the rst and last edges of P lie in
M , and the origin and terminus of P both have degree one in G.

Proof: Let v denote the origin of P .
Assume, to the ontrary, that the edge e of M in r(v ) does not lie in P , let w
denote the end of e distin t from v . By the maximality of P , w lies in P , when e the
subpath of P from v to w, plus edge e, is an M -alternating ir uit in G. This implies
that M is not unique, a ontradi tion.
We on lude that the rst edge of P lies in M . Likewise, the last edge of P also
lies in M . Then, P has odd length. Assume, to the ontrary, that the degree of v is
at least two. Let f denote any edge of r(v ) M , let x denote the end of f distin t
from v . By the maximality of P , x lies in P . Thus, the subpath of P from v to x
plus edge f is an M -alternating ir uit in G. This implies that M is not unique, a
ontradi tion. We on lude that vertex v has degree one in G. Likewise, so too does
vertex w, the terminus of P .
2
The following result is due to Kotzig (see [7℄):
Theorem 3.9
Every graph that has a unique perfe t mat hing has a ut edge.
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Proof: Let G be a graph with a unique perfe t mat hing M and let B be a maximal
barrier of G. Let K denote the set of all odd omponents of G B . We observe that
ea h K 2 K is fa tor- riti al. If not, by Tutte's theorem (Theorem 1.1), there exists
a nonempty subset B 0 of V (K ) su h that jO(K B 0 )j  jB 0 j + 1 and it follows that
B [ B 0 is a barrier of G. This is not possible, by the maximality of B . We also note
that G B has no even omponents. If not, then, for every even omponent K of
G B and any vertex v of V (K ), B [ fv g is a barrier of G. Again, this not possible,
by the maximality of B .
Let H denote the bipartite graph obtained by ontra ting ea h odd omponent K
of G B to a vertex yK and deleting all edges with both ends in B . Then (B; Y ) is
a bipartition of H , where Y := fyK : K 2 Kg. Clearly, N := M \ E (H ) is a perfe t
mat hing of H and, sin e ea h K 2 K is fa tor- riti al, any perfe t mat hing of H
an be extended to a perfe t mat hing of G. Hen e N is the only perfe t mat hing
of H .
Let P be a maximal N -alternating path in H . By Proposition 3.8, P has odd
length and its origin and terminus both have degree one in H . Adjust notation so
that the origin of P lies in Y . Then, the rst edge of P is a ut edge of G.
2
The next property gives a re ursive algorithm to de ide whether a given perfe t
mat hing of a graph is unique.
Corollary 3.10
Let G be a (nonnull) graph with a perfe t mat hing M . Then, M is the only perfe t
mat hing of G if and only if (i) G has a ut edge e that lies in M , and (ii) M e is
the only perfe t mat hing of G v w, where v and w are the ends of e.
3.3

Redu tion of 2-Verti es

A 2-vertex of a graph G is a vertex of degree two in G that is adja ent to pre isely
two verti es of G. Let G be a mat hing overed graph, u a 2-vertex of G, v and w
the two neighbors of u. Let X := fu; v; wg. Then, C := r(X ) is a tight ut of G.
The C - ontra tion G1 := GfX ; xg is thus a mat hing overed graph. We say that
G1 is obtained from G by the redu tion of a 2-vertex. If G1 also has a 2-vertex the
operation may be repeated until we obtain a graph free of 2-verti es: that graph is
said to be the 2-redu tion of G.
Proposition 3.11
The 2-redu tion of a mat hing overed graph G is unique up to isomorphisms.

Proof: By indu tion on G. If G is free of 2-verti es then G is the only 2-redu tion of
G, and the assertion holds trivially.
Assume thus that G has at least one 2-vertex, say u. Let v and w denote the
neighbors of u, X := fu; v; wg, C := r(X ), G1 := GfX ; xg. If u is the only 2-vertex
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of G then G1 is free of 2-verti es and is thus the only 2-redu tion of G. Again, the
assertion holds in this ase.
Assume thus that G has a 2-vertex u0 distin t from u. Let v 0 and w0 denote the
two neighbors of u0 , X 0 := fu0; v 0 ; w0g, C 0 := r(X 0 ) and G01 := GfX 0 ; x0 g.
We assert that ea h 2-redu tion of G1 is isomorphi to ea h 2-redu tion of G01 .
For this, onsider rst the ase in whi h C and C 0 are not disjoint. In that ase,
graphs G1 and G01 are isomorphi . By indu tion hypothesis, all 2-redu tions of G1
are isomorphi , when e so too are all 2-redu tions of G1 and G01 .
Consider last the ase in whi h C and C 0 are disjoint. In that ase, vertex u0 is
a 2-vertex of G1 and vertex u is a 2-vertex of G01 . By indu tion hypothesis, ea h 2redu tion of G1 is isomorphi to ea h 2-redu tion of G1 fX 0 ; x0 g and ea h 2-redu tion
of G01 is isomorphi to ea h 2-redu tion of G01 fX ; xg. But G1 fX 0 ; x0 g = G01 fX ; xg.
In both ases, every 2-redu tion of G1 is isomorphi to every 2-redu tion of G01 .
This on lusion holds for ea h pair of distin t 2-verti es u and u0 of G. Therefore, all
2-redu tions of G are isomorphi .
2
Corollary 3.12
A mat hing overed graph G is extremal if and only if its 2-redu tion is extremal.

Proof: By indu tion on G. If G is free of 2-verti es then the assertion holds immediately. Assume thus that G has a 2-vertex u. Let v and w denote the neighbors of u,
X := fu; v; wg, C := r(X ), G0 := GfX ; xg, G00 := GfX ; xg.
Let m0 , n0 and b0 denote respe tively the number of edges, verti es and bri ks of
0
G . Let M0 denote the set of perfe t mat hings of G0 .
For ea h perfe t mat hing M of G, M \ E (G0 ) is a perfe t mat hing of G0 ; onversely, for ea h perfe t mat hing M 0 of G0 pre isely one of M 0 [fuv g and M 0 [fuwg
is a perfe t mat hing of G. Thus, there exists a one-to-one orresponden e relating
M and M0, when e
jMj = jM0j:
Clearly,
m

n = m0 + 2

(n0 + 2) = m0

n0 :

Graph G00 is C4 , up to multiple edges in C . Moreover, C is tight. Therefore,
b = b0 :

We on lude that jMj (m n + 2 b) = jM0j (m0 n0 + 2 b0 ). Thus, G is
extremal if and only if G0 is extremal. By indu tion hypothesis, G0 is extremal if and
only if its 2-redu tion is extremal. But the 2-redu tion of G0 is the 2-redu tion of G.
As asserted, G is extremal if and only if its 2-redu tion is extremal.
2
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Bipartite Extremal Graphs

In this se tion we hara terize bipartite extremal mat hing overed graphs.
Lemma 4.1
Let G be a bipartite mat hing overed graph free of verti es of degree two. Then, G
is extremal if and only if it ontains pre isely two verti es.

Proof: By hypothesis, G is free of verti es of degree two and mat hing overed. Every
mat hing overed graph is 2- onne ted. Therefore, either G has pre isely two verti es
or ea h vertex of G is in ident with at least three edges.
Assume, to the ontrary, that G has at least four verti es. Then, ea h vertex of G
is in ident with at least three edges. Let fA; B g denote the bipartition of G. Sin e G
has at least four verti es and is free of verti es of degree two, it has a removable edge,
say e (see [4℄ for a proof). Every removable edge of G is b-invariant. In parti ular, e
is b-invariant. By Theorem 3.3, edge e is solitary in G.
Let u and v denote the ends of e. Adjust notation so that u lies in A, whereupon v
lies in B . Let M be the perfe t mat hing of G that ontains edge e. Let N := M e,
H := G u v . Then, N is a perfe t mat hing of H . For ea h perfe t mat hing N 0
of H , set N 0 [ feg is a perfe t mat hing of G. Sin e e is solitary, it follows that N is
the only perfe t mat hing of H .
Let P denote a maximal N -alternating path in H , w and x the origin and terminus
of P . By Proposition 3.8, path P has odd length, the rst and last edges of P lie in
M and ea h of w and x has degree one in H .
The degree of ea h vertex of G is at least three. Therefore, in G, w is joined by at
least two edges to vertex v . Likewise, vertex x is joined to vertex u by at least two
edges.
Therefore, P may be extended in G to an M -alternating ir uit that ontains two
edges not in M , ea h of whi h is a multiple edge in G. Ea h su h edge is removable,
b-invariant, but not solitary in G. By Theorem 3.3, graph G is not extremal, a
ontradi tion.
2
Corollary 4.2
A bipartite mat hing overed graph is extremal if and only if its 2-redu tion ontains
pre isely two verti es.

5

Extremal Bri ks

In this se tion we show that every bri k is either an odd wheel up to multiple edges
or the result of the spli ing of an odd wheel with an extremal bri k. We a omplish
this by showing that (i) every solid extremal bri k is an odd wheel and (ii) every
nonsolid extremal bri k is the result of the spli ing of two extremal bri ks, at least
one of whi h is solid. In both ases we shall make use of the following result:
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Theorem 5.1
Let G be an extremal mat hing overed graph. If G is free of verti es of degree two
then G is bi riti al.

Proof: By indu tion on G. Assume that G is free of verti es of degree two. Assume,
to the ontrary, that G has a nontrivial barrier B .
If ea h omponent of G B is trivial then G is bipartite. That is, G is a bipartite
extremal mat hing overed graph free of verti es of degree two that ontains at least
four verti es. That is a ontradi tion to Lemma 4.1.
We may thus assume that G B has a nontrivial omponent, say K . Let C :=
r(V (K )). Then, C is a nontrivial tight ut of G. Let G1 := GfV (K ); vK g and
G2 := GfVK ; vK g denote the two C - ontra tions of G.
By Theorem 3.4, ea h of G1 and G2 is extremal. Moreover, ea h edge of C is
solitary in at least one of G1 and G2 .
Graph G2 is an extremal mat hing overed graph and B is a nontrivial barrier
of G2 . By indu tion hypothesis, G2 is not free of verti es of degree two. It follows
that C ontains pre isely two edges. Moreover, vertex vK is the only vertex of degree
two in G2 and vertex vK is the only vertex of degree two in G1 . By Proposition 5.2,
asserted below, no edge of C is solitary in any of G1 and G2 . This is a ontradi tion
to Theorem 3.4. As asserted, G is bi riti al.
Proposition 5.2
Let G be a mat hing overed graph, v the only vertex of degree two in G. Then, no
edge of r(v ) is solitary in G.

Proof: Let e1 and e2 denote the two edges of r(v ). For i = 1; 2, let vi denote the end
of ei distin t from v . By hypothesis, vertex v1 has degree greater than two. Ea h edge
of r(v1 ) e1 lies in a perfe t mat hing that ne essarily ontains edge e2 . Therefore,
e2 lies in at least d1 1 perfe t mat hings of G, where d1 denotes the degree of v1 .
Therefore, e2 is not solitary in G. Likewise, e1 is not solitary in G.
2
The proof of Proposition 5.2 ompletes the proof of Theorem 5.1.

2

Corollary 5.3
Every extremal ubi mat hing overed graph with at least four verti es is a bri k.

Proof: Let G be an extremal ubi graph with at least four verti es. By Theorem 5.1,
G is bi riti al. By Corollary 2.6, G is a bri k.
2
5.1

Extremal Solid Bri ks

In this se tion we hara terize the solid extremal bri ks: they are all odd wheels. In
order to do that we need two lemmas:
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Lemma 5.4
Let G be a mat hing overed graph su h that no two 2-verti es are adja ent. Then,
an edge e is removable in G if and only if it lies and is removable in the 2-redu tion
of G.

Proof: By indu tion on G. If G is free of 2-verti es then G is its 2-redu tion and the
assertion holds trivially. Assume thus that G has a 2-vertex, u. Let v and w denote
the two verti es of G that are adja ent to v . Let X := fu; v; wg, C := r(X ). Let
G1 := GfX ; xg and G2 := GfX ; xg denote the two C - ontra tions of G.
Assume that e lies and is removable in G2 . The underlying simple graph of G1 is
C4 . By hypothesis, neither v nor w has degree two (or less) in G, when e ea h edge
of C is a multiple edge in G1 . If e lies in C then it is a multiple edge of G1 , when e
G1 e is mat hing overed; if e does not lie in C then G1 = G1 e. In both ases,
G1 e is mat hing overed. By hypothesis, e is removable in G2 , when e G2 e is
mat hing overed. We on lude that both (C e)- ontra tions of G e are mat hing
overed, when e so too is G e. Thus, e is removable in G.
Conversely, assume that e is a removable edge of G. Edges e1 := uv and e2 := uw
are learly nonremovable in G. Therefore, e is an edge of G2 . Moreover, u is a 2vertex of G e, when e ea h (C e)- ontra tion of G e is mat hing overed. In
parti ular, G2 e is mat hing overed. That is, e lies in G2 and is removable in G2 .
We on lude that an edge of G is removable in G if and only if it lies in G2 and is
removable in G2 . Vertex x of G2 has degree at least four, be ause its degree is equal
to two less than the sum of the degrees of v and w in G. Therefore, no two 2-verti es
of G2 are adja ent. By indu tion hypothesis, an edge of G2 is removable in G2 if and
only if it lies and is removable in the 2-redu tion of G2 . But the 2-redu tion of G2 is
the 2-redu tion of G, by Proposition 3.11. As asserted, an edge of G is removable in
G if and only if it lies and is removable in the 2-redu tion of G.
2
Lemma 5.5 (The Ex hange Property)
Let G be a solid mat hing overed graph, e a removable edge of G. Every edge f that
is removable in G e is also removable in G.

Proof: Assume, to the ontrary, that f is not removable in G. By hypothesis, f is
removable in G e. Thus, e is the only edge of G f that does not lie in some perfe t
mat hing of G f . By Tutte's Theorem (Theorem 1.1), G f has a barrier B su h
that e is the only edge of G that has both ends in B . Moreover, sin e G is mat hing
overed, B is not a barrier of G, when e f has its ends in distin t (odd) omponents
of G f B .
Let K denote the set of (odd) omponents of G f B . For ea h K in K, let
CK := rG (V (K )). Let g denote any edge of G. We assert that g lies in a perfe t
mat hing Mg of G that has pre isely one edge in CK , for ea h K in K. For this,
onsider rst the ase in whi h g is distin t from both e and f . Graph G e f is
mat hing overed. Let Mg be a perfe t mat hing of G e f that ontains edge g .
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A simple ounting argument shows that Mg ontains pre isely one edge in CK , for
ea h K in K. Consider next the ase in whi h G is one of e and f . Let Me := Mf be
a perfe t mat hing of G that ontains edge e. A straightforward ounting argument
shows that Me ontains edge f and pre isely one edge in CK , for ea h K in K. As
asserted, ea h edge g of G lies in a perfe t mat hing Mg of G that ontains pre isely
one edge in CK , for ea h K in K. It follows that CK is a separating ut, for ea h
omponent K in K.
Let M be a perfe t mat hing of G e that ontains edge f . Thus, M is a
perfe t mat hing of G that ontains edge f but does not ontain edge e. A ounting
argument shows that M ontains pre isely three edges in CK , for some omponent
K in K. Thus, CK is separating but not tight in G. This ontradi ts the hypothesis
that G is solid. As asserted, f is removable in G.
2
Theorem 5.6
Let G be a bri k on n verti es. If n = 4 then G is extremal and solid if and only if
all multiple edges of G are pairwise adja ent. If n > 4 then G is extremal and solid
if and only if it is an odd wheel up to multiple spokes.

Proof: We have already noted that every odd wheel is an extremal solid bri k. The
suÆ ien y of the asserted onditions thus follows from Proposition 3.6. Let us now
pro eed to prove their ne essity. Thus, assume that G is an extremal solid bri k. We
shall prove that either (i) n  6 and G is an odd wheel up to multiple spokes, or
(ii) n = 4 and all multiple edges of G are pairwise adja ent. This shall be done by
indu tion on jV (G)j.
Consider rst the ase in whi h no removable edge of G is b-invariant. By Theorem 2.11, G is one of K4 , C6 and P . Graphs C6 and P are not solid. Thus, G = K4 ,
an odd wheel. The assertion holds in this ase.
We may thus assume that G has a removable edge e that is b-invariant. By
Theorem 3.3, edge e is solitary and graph G e is extremal. Let M be the perfe t
mat hing of G that ontains edge e.
Let W denote the 2-redu tion of G e. Every vertex of G, a bri k, is adja ent
to at least three verti es. Let us now examine in some detail the relation involving
G e and W . In [2℄, we proved a result (Theorem 2.28) that implies the following
assertion:
Theorem 5.7
If a mat hing overed graph G is solid and e is a removable edge in G then G
also solid.
Proposition 5.8
Graph W is a solid extremal bri k.

e is

2
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Proof: Graph G e is extremal. Sin e G is solid, G e is also solid, by Theorem 5.7.
By de nition, e is b-invariant, when e G e is a near-bri k. Thus, G e is an extremal
solid near-bri k.
The operation of redu tion of a 2-vertex, when applied to a graph G0 , orresponds
to the repla ement of G0 by G1 , one of its C - ontra tions, where C is a tight ut of
G0 . Moreover, the C - ontra tion of G distin t from G1 is bipartite. Every separating
nontight ut of G1 is also a separating nontight ut of G0 . We on lude that the 2redu tion of a solid graph is solid. We also on lude that the operation of 2-redu tion
preserves the number of bri ks of the graph. In our ase, the 2-redu tion W of G e
is a solid near-bri k. Moreover, W is extremal, by Corollary 3.12. Thus, W is an
extremal solid near-bri k. By Theorem 5.1, W is bi riti al. By Proposition 2.10, W
is a bri k. As asserted, W is an extremal solid bri k.
2
By indu tion hypothesis, either (i) W has at least six verti es and is an odd wheel
up to multiple spokes, or (ii) W has pre isely four verti es and all multiple edges are
pairwise adja ent.
Proposition 5.9
No edge of M e is removable in W .

Proof: Assume, to the ontrary, that some edge f of M e is removable in W . By
Lemma 5.4, f is removable in G e. By Lemma 5.5, f is removable in G. Then, G f
has a perfe t mat hing M 0 that ontains edge e. Thus, M 0 is a perfe t mat hing of
G that ontains edge e but not f , when e it is distin t from M . We on lude that e
is not solitary in G, a ontradi tion.
2
Lemma 5.10
At most one end of e has degree three in G.
Proof: Let v and v 0 denote the ends of e in G. Every vertex of G is adja ent to at
least three verti es in G. Assume, to the ontrary, that both v and v 0 have degree
three in G. Let b1 and b2 denote the verti es of G that, in addition to v 0 , are adja ent
to v in G. Likewise, let b01 and b02 denote the verti es of G that, in addition to v , are
adja ent to v 0 in G. We now onsider three ases, depending on the number of verti es
that fb1 ; b2 g and fb01 ; b02 g have in ommon. In ea h ase we dedu e a ontradi tion.
Case 1 Sets fb1 ; b2 g and fb01 ; b02 g are identi al.
Adjust notation so that b1 = b01 , whereupon b2 = b02 (Figure 3(a)). Consider rst the
ase in whi h n = 4. In that ase, the underlying simple graph of G is K4 , when e b1
and b2 are adja ent. No perfe t mat hing of G e ontains an edge that joins b1 and
b2 . Therefore, edge e is not removable in G, a ontradi tion. Consider next the ase
in whi h n > 4. Then, G b1 b2 is not onne ted, when e G is not 3- onne ted. This
is a ontradi tion to Theorem 2.5. In both alternatives we derived a ontradi tion.
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Figure 3: Illustrations for the proof of Lemma 5.10. Dashed lines indi ate edges that lie in
the perfe t mat hing

M

of

G that

ontains edge

e.

Case 2 Sets fb1 ; b2 g fb01 ; b02 g have pre isely one vertex in ommon.
Adjust notation so that b2 = b02 (Figure 3(b)). Let B := fb1 ; b2 ; b01 g, I := fv; v 0g,
X := B [ I . Then, W is isomorphi to GfX ; xg. No edge of G joins any two verti es
in B , be ause e is removable. Thus, jM \ r(X )j = 3 and jr(X )j  5. Moreover, the
ends of the three edges of M \ r(X ) in X are distin t.
Consider rst the ase in whi h x is adja ent in W to pre isely three verti es.
Then, at least one edge of M \r(X ) is multiple in W , when e removable in W . This
is a ontradi tion to Proposition 5.9. Consider next the ase in whi h x is adja ent
in W to more than three verti es. Then, W is an odd wheel with at least six verti es
and x is its hub. Ea h spoke of W is removable in W . In parti ular, ea h of the three
edges of M \ r(X ) is removable in W . In both alternatives we get a ontradi tion
to Proposition 5.9.
Case 3 Sets fb1 ; b2 g fb01 ; b02 g are disjoint.

Let B := fb1 ; b2 g, X := B [ fv g. Likewise, let B 0 := fb01 ; b02 g, X 0 := B 0 [ fv 0 g. Then,
W is isomorphi to the graph obtained from G by ontra ting X to a single vertex x
and X 0 to a single vertex x0 (Figure 3( )).
No edge of G has both ends in B , otherwise e would not be removable. Likewise,
no edge of G has both ends in B 0 . Let L be the subgraph of W spanned by M e.
Then, ea h of x and x0 has degree two in L, all the other verti es have degree one in L.
Consider rst the ase in whi h W is an odd wheel with more than four verti es. The
hub of W is in ident with an edge of M e. Moreover, ea h spoke of W is removable.
This is a ontradi tion to Proposition 5.9. Consider next the ase in whi h W has
pre isely four verti es. The degrees of the verti es of L are 1; 1; 2; 2. Moreover, L is
free of multiple edges, by Proposition 5.9. Therefore, L is a path Q := (w; x; x0 ; w0)
of length three (Figure 3(d)). The degree of x in W M is at least two and the two
edges of M \ rW (x) are not multiple edges in W . Therefore, at least two edges join
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x to w0 in W . Likewise, at least two edges join x0 to w in W . This is a ontradi tion
to the fa t that the multiple edges of W are pairwise adja ent. In both alternatives
we derived a ontradi tion.
In all ases onsidered we derived a ontradi tion based on the hypothesis that
both ends of e have degree three in G. As asserted, at most one end of e has degree
three in G.
2

We now omplete the proof of the Theorem onsidering two ases: in the rst ase,
no end of e has degree three in G; in the se ond ase, pre isely one end of e has degree
three in G.
Case 1 No end of e has degree three in G.

Therefore, W = G e. Consider rst the ase in whi h n = 4. Then, the multiple
edges of G e are pairwise adja ent in G e. Moreover, sin e e is solitary, at most
one edge of G is not adja ent to edge e. We on lude that the multiple edges of G
are pairwise adja ent and the assertion holds.
Consider now the ase in whi h n > 4. Then, G e is an odd wheel, up to
multiple spokes. Let h denote the hub of G e. Every spoke is removable in G e.
By Proposition 5.9, no edge of M e is removable in G e. Therefore, no edge of
M e is in ident with h. We on lude that edge e is the edge of M in ident with h,
when e G is an odd wheel, up to multiple spokes.
Case 2 Pre isely one end of e has degree three in G.

Let v denote the end of e of degree three. Let h denote the other end of e. Let b1 and b2
denote the two verti es that are adja ent to v in G e, let X := fb1 ; b2 ; v g (Figure 4).
For i = 1; 2, let fi := bi vi denote the edge of M in ident with bi , letgi := bi wi denote
any edge in r(bi ) (M [ r(v )). No edge of G joins verti es b1 and b2 , be ause e is
removable. Then, fe; f1 ; g1 ; f2 ; g2 g  r(X ) (Figure 4(a)). Graph W is isomorphi to
GfX ; xg.
We assert that w1 = h. For this, assume the ontrary. Consider rst the ase
in whi h w1 does not lie in fv1 ; v2 ; hg. Then, in W , x is adja ent to at least four
verti es. In that ase, W is an odd wheel with at least six verti es and x is its hub.
Ea h spoke of W is thus removable in W . In parti ular, f1 is removable in W , a
ontradi tion to Proposition 5.9. Consider next the ase in whi h w1 lies in fv1 ; v2 g.
If w1 = v1 then f1 is a multiple edge in W . If w1 = v2 then f2 is a multiple edge
in W . In both alternatives, an edge of M e is removable in W , a ontradi tion to
Proposition 5.9. As asserted, w1 = h. This equality holds for ea h edge g1 = b1 w1
of r(X ) M that is in ident with b1 . Therefore, b1 is adja ent to pre isely three
verti es: v , v1 and h. Likewise, b2 is adja ent to pre isely three verti es: v , v2 and h
(Figure 4(b)). Moreover, edges g1 and g2 are multiple in W .
If V (W ) = fx; h; v1 ; v2 g then the underlying simple graph of W is K4 ; moreover,
pre isely one edge joins v1 and v2 , be ause g1 and g2 are multiple edges in W : in
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that ase, W h is the triangle Q := (x; x1 = v1 ; x2 = v2 ). Alternatively, if W has
more than four verti es then it is an odd wheel up to multiple spokes; the only vertex
of W not in ident with edges in M is h; every spoke of W is removable, when e,
by Proposition 5.9, vertex h is the hub of W : in that ase, W h is the polygon
Q := (x; x1 = v1 ; x2 ;    ; xn 4 = v2 ). In both alternatives, repla ement of x in Q
by (b2 ; v; b1 ) yields an odd polygon R with pre isely n 1 verti es, whi h is equal to
G h. Moreover, h is adja ent to ea h vertex of R. We on lude that G is an odd
wheel up to multiple spokes, with at least six verti es, with hub h and rim R.
The analysis of the two possible ases ompletes the proof of Theorem 5.6.
2
5.2

Extremal Nonsolid Bri ks

We are now in position to show that every nonsolid extremal bri k is the result of
spli ing an odd wheel (up to multiple edges) with an extremal bri k.
Let G be a mat hing overed graph. A ut C pre edes ut D in G, written C  D,
if jM \ C j  jM \ Dj for ea h perfe t mat hing M of G. If equality holds for ea h
perfe t mat hing M of G then C and D are mat hing equivalent. If stri tly inequality
holds for at least one perfe t mat hing M then C stri tly pre edes D in G, written
C  D. The following result was proved in [2℄ as Corollary 2.4:
Theorem 5.11
Let G be a bri k, M0 a perfe t mat hing of G, C a nontrivial separating ut of G
su h that j M0 \ C j > 1. If C is minimal with respe t to the relation  of pre eden e
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among all nontrivial separating uts D of G su h that D
then C is robust.

C

and j M0 \ D j > 1,

Corollary 5.12
Every nonsolid bri k has a robust ut.

Proof: Assume that G is a nonsolid bri k. Then, G has a separating nontight ut
C . Let M0 be a perfe t mat hing of G that ontains more than one edge in C . Let
C denote the olle tion of those nontrivial separating uts D of G su h that D  C
and jM0 \ Dj > 1. Cut C ertainly lies in C , when e C is nonnull. Let D be a ut in
C that is minimal with respe t to the relation of pre eden e. By Theorem 5.11, D is
robust.
2
Theorem 5.13
Every nonsolid bri k G has a robust ut C su h that one of the C - ontra tions of G
is solid.

Proof: By Corollary 5.12, G has robust uts. Let C := r(X ) be a robust ut
in G, with jX j as small as possible. Let G2 := GfX ; xg, and let M0 denote a
perfe t mat hing of G su h that j M0 \ C j > 1. We assert that the C - ontra tion
G1 := GfX ; xg of G is solid.
Assume, to the ontrary, that G1 has a separating nontight ut D1 . Let M10 denote
any perfe t mat hing of G1 ontaining more than one edge in D1 . Let M100 denote
a perfe t mat hing of G2 that ontains the edge of M10 in C . Let M1 := M10 [ M100 .
Then M1 is a perfe t mat hing of G that ontains more than one edge in D1 and just
one edge in C .
We rst observe that C and D1 are \ oherent" separating uts of G, in the following sense: for every edge e of G there exists a perfe t mat hing Me of G that ontains
edge e and just one edge in ea h of C and D1 . To see this, onsider rst the ase in
whi h e lies in G1 ; in that ase, G1 has a perfe t mat hing, Me0 , that ontains e and
just one edge in D1 ; let Me00 denote a perfe t mat hing of G2 that ontains the edge
of Me0 in C . Then Me0 [ Me00 is a perfe t mat hing of G that ontains edge e and just
one edge in ea h of C and D1 . Now onsider the ase in whi h edge e does not lie in
G1 . Let Me00 denote a perfe t mat hing of G2 that ontains edge e. Let Me0 denote a
perfe t mat hing of G1 that ontains the edge of Me00 in C and just one edge in D1 .
Again, Me0 [ Me00 is a perfe t mat hing of G that ontains edge e and just one edge
in ea h of C and D1 .
Let C denote the olle tion of those nontrivial separating uts D of G su h that
D  D1 and jM1 \ Dj > 1. Colle tion C is nonnull, be ause ut D1 lies in C . Let
D denote a ut in C that is minimum with respe t to the relation of pre eden e. By
Theorem 5.11, D is robust. Sin e M1 has more than one edge in D, but has only one
edge in C , it follows that D is not mat hing-equivalent to C . In parti ular, D 6= C .
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Let Y denote the shore of D su h that jX \ Y j is odd. Then, I := r( X \ Y )
and U := r( X \ Y ) are odd uts. A simple ounting argument then shows that for
every set M of edges of G,

j M \ C j + j M \ D j = j M \ I j + j M \ U j + 2 jM \ r(X Y; Y X )j ;
where r(X Y; Y X ) denotes the set of edges of G that have one end in X

(11)
Y,

the other in Y X .
For any edge e of G, mat hing Me , de ned above, ontains edge e and just one
edge in ea h of C and D1 . Sin e D  D1 , it follows that Me also has just one edge
in D. Thus, jMe \ C j + jMe \ Dj = 2. From (11), we dedu e that Me has just one
edge in ea h of I and U . Moreover, Me and r(X Y; Y X ) are disjoint. These
on lusions hold for ea h edge e of G, and edge e lies in Me . Therefore, ea h of I
and U is separating. Moreover, no edge of G joins a vertex of X Y to a vertex of
Y X . Thus modularity applies to the pair C , D, that is, for every set M of edges
of G,
jM \ C j + jM \ D j = jM \ I j + jM \ U j :
(12)
We assert that U is a tight ut in G2 . For this, assume, to the ontrary, that there
exists a perfe t mat hing M200 of G2 that ontains more than one edge in U . Let M20
denote a perfe t mat hing of G1 that ontains the edge of M200 in C and just one edge
in D1 . Then M2 := M20 [ M200 onstitutes a perfe t mat hing of G that ontains one
edge in ea h of C and D1 , but more than one edge in U . From (12), we dedu e that
M2 ontains more than one edge in D. Thus M2 has just one edge in D1 but more
than one edge in D. This ontradi ts the relation D  D1 . As asserted, U is tight in
G2 .
We assert that uts C and U are not mat hing equivalent. For this, assume the
ontrary. From (12), we dedu e that D and I are also mat hing equivalent. Therefore,
I also lies in C and is minimal with respe t to the relation  of pre eden e. Therefore,
I is robust. Moreover, M1 has one edge in C and more than one edge in D, when e it
has more than one edge in I . Thus, C and I are distin t. We on lude that X \ Y
is a proper subset of X , a ontradi tion to the minimality of jX j. As asserted, C and
U are not mat hing equivalent.
We now show that ut U is trivial in G2 . For this, assume the ontrary. We have
seen that ut U is tight in G2 . Thus, ut U is a nontrivial tight ut of G2 . Cut
C is robust in G, when e G2 is a near-bri k. By the uniqueness of the tight ut
de omposition, one of the U - ontra tions of G2 is bipartite, the other is a near-bri k.
Let Z denote the shore of U in G2 su h that H := G2 fZ ; z g is bipartite. Let fA; B g
denote the bipartition of H . Adjust notation so that z lies in A, whereupon B does
not ontain vertex z . Then, B is a nontrivial barrier of G2 .
If the ontra tion vertex x of G2 does not lie in B then B is a nontrivial barrier
of G, a ontradi tion. Therefore, x lies in B . We on lude that z lies in A and x lies
in B . These are the only verti es of H that are not original verti es of G. Moreover,
H is mat hing overed. It follows that every perfe t mat hing of G ontains the
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same number of edges in C and in U . That is, C and U are mat hing equivalent, a
ontradi tion. As asserted, U is trivial in G2 .
Finally, U is trivial in G, otherwise U = C , when e C and U are mat hing
equivalent, a ontradi tion. We on lude that X \ Y is a singleton. Thus, U is tight
in G. In that ase, I is not tight in G, otherwise both C and D would be tight uts,
by (12). Thus, X \ Y is not a singleton. We on lude that Y = jX j jX \ Y j +
X \ Y < jX j. This ontradi ts the minimality of jX j.
In all ases, we obtained a ontradi tion, based on the hypothesis that G1 is not
solid. As asserted, G1 is solid.
2

Figure 5 illustrates the ne essity of the minimality of jX j in the proof of Theorem 5.13.
It shows that minimality of X is not suÆ ient: it depi ts a bri k G and a robust ut
C := r(X ). The C - ontra tion GfX g of G is C6 + e, the other C - ontra tion of G
is C6 plus a multiple edge. Thus, neither C - ontra tion of G is solid. Cut D is also a
robust ut of G, one of its C - ontra tions is K4 , up to multiple edges. The triangle
in G[X ℄ spans a ut I that is robust in GfX g and naturally a separating ut of G.
However, I is not robust in G. To see this, observe that for every perfe t mat hing
M of G,
j M \ C j + j M \ D j = j M \ I j + 1:
In parti ular, if M has just one edge in I then it has pre isely one edge in ea h of
C and D. Therefore, one of the I - ontra tions of G is not a near-bri k, it has a
2-separation, the uts C and D are the asso iated tight uts. Finally, we note that
G is not extremal.
Corollary 5.14
Every extremal nonsolid bri k G has a robust ut C := r(X ) su h that C - ontra tion
GfX g is an odd wheel up to multiple edges, and C - ontra tion GfX g is an extremal
bri k.

Proof: By Theorem 5.13, G has a robust ut C := r(X ) su h that C - ontra tion
G1 := GfX g is solid. Let G2 := GfX g.
By de nition of robust ut ea h of G1 and G2 is a near-bri k. By Theorem 3.5,
ea h of G1 and G2 is extremal. Cut C , a nontrivial separating ut of G, has at
least three edges in some perfe t mat hing of G. Thus, both G1 and G2 are free of
2-verti es. By Theorem 5.1, ea h of G1 and G2 is bi riti al. By Proposition 2.10 ea h
of G1 and G2 is a bri k. Thus, ea h of G1 and G2 is an extremal bri k. Moreover, G1
is solid. By Theorem 5.6, G1 is an odd wheel, up to multiple edges.
2

Figure 6 illustrates Corollary 5.14. It shows a graph that is the result of the spli ing
of two 5-wheels, up to multiple edges, at their hubs. We remark that this graph
is also the result of the spli ing of an extremal bri k and a K4 . We shall see that
every extremal nonsolid ubi bri k other than the Petersen graph may be obtained
by spli ing a smaller extremal ubi bri k and a K4 . It seems quite plausible that an
analogous result ( onje ture 5.15) holds for all extremal nonsolid bri ks.
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Figure 5: An example that illustrates the need for a robust
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proof of Theorem 5.13.

Figure 6: An example of a nonsolid extremal bri k.

Conje ture 5.15
Every nonsolid extremal bri k distin t from the Petersen graph is the result of the
spli ing of an extremal bri k and K4 , up to multiple edges.
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Extremal Cubi Graphs

In this se tion we hara terize extremal ubi graphs and show that there are pre isely
eleven su h graphs.
By Corollary 4.2, the theta-graph, the bipartite graph with just two verti es and
three edges, is the only ubi extremal bipartite mat hing overed graph. By Corollary 5.3, every extremal ubi graph with more than two verti es is a bri k. Thus,
our task now onsists of determining the extremal ubi bri ks.
As noted in the introdu tion, every 2- onne ted ubi graph is mat hing overed.
Furthermore, if G is any 2- onne ted ubi graph and C is a nontrivial ut of G with
jC j = 3, then both C - ontra tions of G are ubi and 2- onne ted. We therefore
have:
Proposition 6.1
In a 2- onne ted ubi graph, every 3- ut is separating.
We shall see that every extremal ubi bri k other than K4 and the Petersen graph
has a nontrivial 3- ut.
6.1

Essentially 4-Conne ted Extremal Cubi

Bri ks

A 3- onne ted ubi graph G is said to be essentially 4- onne ted if jr(X )j > 3, for
all subsets X of V (G) su h that 1 < jX j < jV (G)j 1. In this se tion we shall show
that there are pre isely two essentially 4- onne ted extremal ubi bri ks: K4 and P ,
the Petersen graph.
Theorem 6.2
Let G be an essentially 4- onne ted ubi bri k distin t from K4 and the Petersen
graph. Then G is not extremal.

Proof: Sin e C 6 is not essentially 4- onne ted, it follows that G 6= K4 ; C 6 ; P . Therefore, by Theorem 2.11, there exists an edge e = uv in G su h that e is removable and
b-invariant.
Assume, to the ontrary, that G is extremal. By Theorem 3.3, edge e is solitary.
Thus, graph H := G u v has pre isely one perfe t mat hing. By Theorem 3.9,
graph H has a ut edge, say f = xy .
Graph G, a bri k, is 3- onne ted, when e H is onne ted. Therefore, H f has
pre isely two onne ted omponents. Let X and Y be the sets of verti es of the two
omponents of H f , where x 2 X , and y 2 Y . Sin e G 6= K4 , at least one of X and
Y has ardinality greater than one. Suppose that jX j > 1. Then, the ut C := r(X )
is a nontrivial ut of G. Thus, sin e G is essentially 4- onne ted, jC j  4. And so
there must be at least three edges of G from fu; v g to X . However, the total number
of edges in r(fu; v g) is four. This means that there is at most one edge from fu; v g
to Y . It follows that jr(Y )j  2. This is impossible be ause G is 3- onne ted.
2
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Bri ks

In this se tion we show that every nonessentially 4- onne ted extremal ubi bri k
is the result of spli ing K4 and an extremal ubi bri k distin t from the Petersen
graph. For this, we need the following result:
Lemma 6.3
Let G be an extremal ubi bri k, C a nontrivial 3- ut of G. Then, ea h C - ontra tion
of G is an extremal ubi bri k.

Proof: By indu tion. Assume as the primary indu tive hypothesis that the assertion
holds for ea h nontrivial 3- ut of ea h extremal ubi bri k G0 having fewer verti es
than G. Assume as the se ondary indu tive hypothesis that the assertion holds for
ea h nontrivial 3- ut C 0 of G that stri tly pre edes C . (See the beginning of Se tion 5.2
for the de nition of the relation of stri t pre eden e.)
The main part of the proof is to show that ut C is robust in G. That is, ea h
C - ontra tion of G is a near-bri k. For this, let X be a shore of C , G1 := GfX ; xg.
We must show that G1 is a near-bri k.
Cut C is a 3- ut of G, in turn a 3- onne ted graph. By Proposition 6.1, C is
separating in G. Thus, G1 is a ubi mat hing overed graph. Every bri k is a
near-bri k. We may thus assume that G1 is not a bri k.
Cut C is nontrivial, when e G1 has at least four verti es. By Corollary 2.6, graph
G1 is not bi riti al. Let B denote a maximal nontrivial barrier of G1 . Graph G, a
bri k, is bi riti al. Ea h barrier of G1 that does not ontain vertex x is a barrier of
G. We on lude that x lies in B .
Let K denote the set of (odd) omponents of G1 B . For ea h K in K, let
CK := r(V (K )), let GK := GfV (K ); vK g.
Graph G1 , a ontra tion of G, in turn a bri k, is 3-edge- onne
ted. Therefore,
P
jCK j  3 for ea h K in K. On the other hand, sin e G1 is ubi , K2K jCK j = 3jB j.
It follows that CK is a 3- ut, for ea h K in K. Thus, GK is ubi .
Let BK denote any barrier of GK . If BK does not ontain vK then it is a barrier
of G, when e it is trivial. If BK ontains vK then B [ (BK vK ) is a barrier of
G1 , when e BK = fvK g, by the maximality of B . In both ases, BK is trivial. This
on lusion holds for ea h barrier BK of GK . Thus, GK is a ubi bi riti al mat hing
overed graph. If K is nontrivial then, by Corollary 2.6, graph GK is a bri k. We
on lude that b(G1 ) is equal to the number of nontrivial omponents of G1 B .
If every omponent of G1 B is trivial then G1 is bipartite. Moreover, B is one of
the parts of the bipartition of G1 . In that ase, the other part is a nontrivial barrier of
G, a ontradi tion. We on lude that at least one omponent of G1 B is nontrivial.
Assume, to the ontrary, that G1 B has at least two nontrivial omponents, say
J and L. For every perfe t mat hing M of G,

jB j

2 + jM \ CJ j + jM \ CL j 

X

K2K

jM \ CK j = jB j

1 + jM \ C j;
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when e jM \ CJ j + jM \ CL j  1 + jM \ C j. Thus, ea h of CJ and CL pre edes
C . Moreover, neither CJ nor CL is tight in G, therefore ea h of CJ and CL stri tly
pre edes C . In parti ular, CJ is a nontrivial 3- ut of G that stri tly pre edes C . By
indu tion, ea h CJ - ontra tion of G is an extremal ubi bri k.
In parti ular, H := GfV (J ); vJ g is an extremal ubi bri k. Moreover, C is a
nontrivial 3- ut of H . By indu tion, ea h C - ontra tion of H is an extremal ubi
bri k. But B is a nontrivial barrier of the C - ontra tion of H that ontains vertex
vJ , a ontradi tion.
Thus, we have shown that if G1 is not a bri k then it has a nontrivial barrier B
su h that pre isely one omponent of G1 B , say J , is nontrivial. Moreover, GJ is
a bri k. This implies that b(G1 ) = 1. That is, G1 is a near-bri k. This on lusion
holds for ea h C - ontra tion G1 of G. As asserted, C is robust. This ompletes the
main part of the proof.
By Theorem 3.5, ea h C - ontra tion of G is an extremal ubi near-bri k. By
Theorem 5.1, ea h C - ontra tion of G is a bri k. As asserted, ea h C - ontra tion of
G is an extremal ubi bri k.
2
Theorem 6.4
Let G be a ubi bri k that is not essentially 4- onne ted. If G is extremal then it
is the result of spli ing K4 and an extremal ubi bri k distin t from the Petersen
graph.

Proof:By hypothesis, graph G is not essentially 4- onne ted, therefore it has at least
one nontrivial 3- ut. Choose a nontrivial 3- ut C := r(X ) su h that X is minimal
and let G1 := GfX ; xg and G2 := GfX ; xg denote the C - ontra tions of G.
By Lemma 6.3, ea h of G1 and G2 is an extremal ubi bri k. By Theorem 3.5,
G has pre isely one perfe t mat hing that ontains more than one edge in C .
Let us rst show that G1 must be essentially 4- onne ted. Suppose that this is
not the ase. Then G1 has a nontrivial 3- ut C1 := r(Y ), where Y is a proper
subset of X . This is a ontradi tion to the minimality of X . Indeed, G1 is essentially
4- onne ted.
Let us now show that G1 is K4 . Graph G1 is an extremal ubi bri k that is
essentially 4- onne ted. By Theorem 6.2, G1 is one of K4 and P , the Petersen graph.
It an be easily seen that if G1 = P , then G would have at least two perfe t mat hings
that in lude ut C . This is pre luded by Theorem 3.5. Therefore, graph G1 is K4 .
Likewise, G2 annot be the Petersen graph, otherwise G would have at least two
perfe t mat hings that in lude ut C . The assertion holds.
2
The following Theorem is an immediate onsequen e of Theorem 3.5 and Theorem 6.4. A vertex v of a ubi graph H is said to satisfy the unique mat hing ondition
if the graph obtained from H by deleting v and all the three neighbours of v has a
unique perfe t mat hing.
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Theorem 6.5
Let G be an extremal ubi bri k di erent from K4 and P . Then
G = (H

K4 )v ;

where H is an an extremal ubi bri k on jV (G)j 2 verti es distin t from P and v
is a vertex of H that satis es the unique mat hing ondition.
Theorem 6.5 suggests how all extremal bri ks distin t from the Petersen graph
may be generated. We start with K4 . Clearly it is the only extremal ubi bri k on
four verti es. For n  4, suppose that the set Gn of all extremal ubi bri ks on n
verti es is known. Then ea h graph in the set Gn+2 , the set of ubi bri ks on n + 2
verti es, is of the form (H K4 )v , where H is a member of Gn and v is a vertex of
H that satis es the unique mat hing ondition. All graphs (up to isomorphism) that
an be generated in this way are shown in Figure 7.
Let G1 := K4 , G2 := C 6 and G3 := R8 . Sin e G1 and G2 are vertex-transitive, it
follows that G4 = fG1 g, G6 = fG2 g and G8 = fG3 g. The automorphism group of G3
has three orbits. Verti es of G3 marked u and v in Figure 7 belong to di erent orbits
and satisfy the unique mat hing ondition. The verti es of the third orbit of G3 do
not satisfy the unique mat hing ondition. Thus we obtain graphs G4 := (G3 K4 )u
and G5 := (G3 K4 )v that onstitute the set G10 of extremal ubi bri ks on ten
verti es. It an be seen that G12 = fG6 ; G7 g where G6 = (G4 K4 )u 
= (G5 K4 )v

and G7 = (G5 K4 )v , G14 = fG8 g where G8 = (G6 K4 )u = (G7 K4 )u and, nally,
G16 = fG9g where G9 = (G8 K4 )u. To on rm that the nine graphs G1 ; G2; :::; G9
are the only extremal ubi graphs, other than the Petersen graph and the theta
graph, the following fa ts need to be veri ed for ea h Gi :
1. Every labelled vertex of Gi has the unique mat hing property and di erent
labelled verti es of Gi belong to di erent orbits under the automorphism group
of Gi , and
2. Every unlabelled vertex of Gi belongs to the same orbit as a labelled vertex or
it does not have the unique mat hing property.
There is only one extremal ubi bri k on sixteen verti es, namely G9 (Figure 7)
and no vertex of this graph satis es the unique mat hing ondition. Therefore, there
are no extremal ubi bri ks on eighteen verti es. It is quite interesting that this
pro edure annot be arried on forever.
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