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Ear decompositions of matching covered graphs�Marcelo H. CarvalhoyUFMS, Campo Grande, Brasil Cl�audio L. LucchesizUNICAMP, Campinas, BrasilU.S.R.MurtyxUniversity of Waterloo, Waterloo, CanadaFebruary 1998AbstractEar decompositions of matching covered graphs are important for understanding theirstructure. By exploiting the properties of the dependence relation introduced by Carvalhoand Lucchesi in [2], we are able to provide simple proofs of several well-known theoremsconcerning ear decompositions. Our method actually provides proofs of generalizationsof these theorems. For example, we show that every matching covered graph G di�erentfrom K2 has at least � edge-disjoint removable ears, where � is the maximum degreeof G. This shows that any matching covered graph G has at least �! di�erent eardecompositions, and thus is a generalization of the fundamental theorem of Lov�asz andPlummer establishing the existence of ear decompositions. We also show that everybrick G di�erent from K4 and C6 has � � 2 edges, each of which is a removable edgein G, that is, an edge whose deletion from G results in a matching covered graph. Thisgeneralizes a well-known theorem of Lov�asz. Using this theorem, we give a simple proofof another theorem due to Lov�asz which says that every non-bipartite matching coveredgraph has a canonical ear decomposition, that is, one in which either the third graph inthe sequence is an odd-subdivision of K4 or the fourth graph in the sequence is an odd-subdivision of C6. Our method in fact shows that every non-bipartite matching coveredgraph has a canonical ear decomposition which is optimal, that is one which has as fewdouble ears as possible. Most of these results appear in the Ph.D.thesis, [3], of the �rstauthor written under the supervision of the second author.1 IntroductionAmatching covered graph is a non-trivial connected graph in which every edge is in someperfect matching. There is an extensive literature on matching covered graphs. For a historyof the subject and for all terminology and notation not de�ned here, we refer the reader toLov�asz and Plummer [6], Lov�asz [7], or Murty [9].�AMS subject classi�cation: 05C70ySupported by UFMS and CAPES, Brasil.zSupported by grants from CNPq, and FAPESP.xWork partially done during this author's visit to UNICAMP, Brasil, from September to December, 1996.1



2 Carvalho, Luccchesi and MurtyTwo types of decompositions of matching covered graphs, namely tight cut decomposi-tions and ear decompositions, have played signi�cant roles in the development of the subject.For example, both these decompositions are essential ingredients in Lov�asz's chracteriza-tion of the matching lattice [7]. Here we use tight cut decompositions in our study of eardecompositions. For all the relevant de�nitions and theorems concerning the tight cut de-composition of a matching covered graph, we refer the reader to the sources cited above. Werecall below some of the basic de�nitions related to ear decompositions.Let G0 be a subgraph of a graph G and let P be a path in G� E(G0). A single ear ofG0 is a path P of odd length in G such that (i) both the ends of P are in V (G0), and (ii) Pis internally disjoint from G0. The following theorem provides a decomposition of bipartitematching covered graphs.Theorem 1.1 Given any bipartite matching covered graph G, there exists a sequenceG1 � G2 � : : : � Gr = Gof matching covered subgraphs of G where (i) G1 = K2, and (ii) for 1 � i � r � 1, Gi+1 isthe union of Gi and a single ear of Gi.The sequence G1; G2; : : : ; Gr of subgraphs of G with the above properties is an ear de-composition of G in which each member of the sequence is a matching covered subgraph of G.Such decompositions do not exist for non-bipartite matching covered graphs. For example,K4 has no ear decomposition as in Theorem (1.1). However, every matching covered graphhas an ear decomposition with a slight relaxation of the above de�nition. For describing thatdecomposition, we require the notion of a double ear.A double ear of a matching covered graph G0 is a pair of vertex disjoint single ears ofG0. An ear of G0 is either single ear or double ear of G0.An ear decomposition of a matching covered graph G is a sequenceG1 � G2 � : : : � Gr = Gof matching covered subgraphs of G where (i) G1 = K2, and (ii) for 1 � i � r � 1, Gi+1 isthe union of Gi and an ear (single or double) of Gi. The following fundamental theorem wasestablished by Lov�asz and Plummer. See [6].Theorem 1.2 (The two-ear Theorem) Every matching covered graph has an ear decom-position.There are various proofs of this theorem. The original proof due to Lov�asz and Plummeris somewhat involved. Later on, Little and Rendl [10] gave a simpler proof. Recently, anothersimple proof was given by Szigeti [11].A matching covered subgraph H of a graph G is nice if every perfect matching of Hextends to a perfect matching of G. It is easy to see that all the subgraphs in an eardecomposition of a matching covered graph must be nice matching covered subgraphs of thegraph. In all the previous approaches, an ear decomposition of a matching covered graph



Ear decompositions of matching covered graphs 3G is established by showing how a nice matching covered proper subgraph Gi of G can beextended to a nice matching covered subgraph Gi+1 by the addition of a single or double ear.Our approach is to build an ear decomposition of a matching covered graph in the reverseorder. To state our theorem precisely, we need to de�ne the notion of a removable ear in amatching covered graph.Let G be a matching covered graph, and let P be a path in G. Then, P is said to be aremovable single ear in G if (i) P is an odd path which is internally disjoint from the restof the graph, and the graph obtained from G by deleting all the edges and internal vertices ofP is matching covered. (A removable ear of length one is a removable edge.) The notionof a removable double ear in G is similarly de�ned. A removable ear in G is either asingle or double ear which is removable.In trying to establish the existence of ear decompositions with special properties, it is oftenconvenient to �nd the subgraphs in the ear decomposition in the reverse order starting withGr = G. Thus, after obtaining a subgraph Gi in the sequence which is di�erent fromK2, we�nd a suitable removable ear (single or double) and obtain Gi�1 fromGi by removing that earfrom Gi. For example, to show that a matching covered graph G has an ear decomposition,it su�ces to show that every matching covered graph di�erent fromK2 has a removable ear.This is our approach. We in fact prove the folowing more general theorem.Theorem 1.3 Any matching covered graph G di�erent fromK2 has � removable ears (singleor double).Clearly Theorem(1.2) is a special case of Theorem (1.3). In fact (1.3) shows that everymatching covered graph G has at least �! di�erent ear decompositions.Suppose that G1 � G2 � : : : � Gr = Gis an ear decomposition of a matching covered graph G. If a member Gi of the sequence isobtained from its predecessor Gi�1 by adding a single (double) ear, then we shall say thatGi is obtained from Gi�1 by the addition of a single (double) ear. In any ear decompositionof a non-bipartite matching covered graph G, there must be at least one double ear addition.Furthermore, if Gi is the �rst member of an ear decomposition which is obtained by a doubleear addition1, then G1, ...,Gi�1 are bipartite and Gi, ...,Gr = G are non-bipartite.In any ear decomposition, by de�nition, G1 is K2, and G2 is an even circuit. It is notdi�cult to check that if G3 is non-bipartite, then it must in fact be an odd subdivision ofK4, and if G3 is bipartite and G4 is non-bipartite, then G4 must be an odd subdivision ofC6. We shall refer an ear decompositionG1 � G2 � : : : � Gr = Gof a non-bipartite matching covered graph G as a canonical ear decomposition if eitherits third member G3 or its fourth member G4 is non-bipartite. The following fundamentaltheorem was proved by Lov�asz in 1983 [5].1We only consider ear decompositions which are �ne. By this we mean that a double ear (P1; P2) is addedto Gi to obtain Gi+1 only if neither Gi + P1, nor Gi + P2 is matching covered.



4 Carvalho, Luccchesi and MurtyTheorem 1.4 (The canonical ear decomposition Theorem) Every non-bipartite match-ing covered graph G has a canonical ear decompositionIn [5], Lov�asz gave several applications of the above theorem to extremal problems ingraph theory. Later on he used it to deduce the following theorem which was crucial for hiswork on the matching lattice.Theorem 1.5 (The removable edge Theorem) Every brick di�erent from K4 and C6has a removable edge.Lov�asz's original proof of Theorem (1.4) was quite involved. A simpler proof was givenby Carvalho and Lucchesi [1]. Our approach here shall be to prove Theorem (1.5) �rst andthen to derive (1.4) from it. We shall in fact prove the following generalization of (1.5).Theorem 1.6 Every brick di�erent from K4 and C6 has at least �� 2 removable edges.A proof of the above theorem was �rst given by Carvalho and Lucchesi in [2]. The proofwe give here is along the same lines, but is somewhat simpler.Any two ear decompositions of a bipartite matching covered graph have the same length.However, the length of an ear decomposition of a non-bipartite matching covered graph de-pends on the number of double ears used in the decomposition. An optimal ear decomposi-tion of a matching covered graph G is one which uses as few double ears as possible. Optimalear decomposition of G have been used by Carvalho and Lucchesi [4] for determining a basisof the matching lattice of G. In this connection, they proved the following generalization of(1.4).Theorem 1.7 (Optimal canonical ear decomposition Theorem) Every non-bipartitematching covered graph G has an optimal ear decomposition which is canonical.One merit of our approach is that we are able to prove the above theorem from (1.5)directly by a simple inductive argument.In the next section, we recall the de�nition of the dependence relation that we alludedto in the abstract, and state some of its salient properties. In section 3, we give a proof ofTheorem (1.3). In section 4, we give a proof of Theorem (1.6). In section 5, we give proofsof Theorems (1.4) and (1.7).2 A dependence relationLet G be a matching covered graph, and let e and f be any two edges of G. Then e dependson f , or e implies f , if every perfect matching that contains e also contains f . (Equivalently,e depends on f if e is not admissible in G� f .)We shall write e ) f to indicate that e depends on f . Clearly, ) is reexive andtransitive. It is convenient to visualize ) in terms of the digraph it de�nes on the set ofedges of G. (See Figure 1 for an illustration.) A study of this relation, as shown by its many
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Figure 1:important uses in Carvalho's thesis [3], turns out to be very useful for understanding thestructure of matching covered graphs.The folowing lemmas can be proved easily using Tutte's theorem.Lemma 2.1 (See [9]) Let G be a graph which has a perfect matching. Then an edge e ofG is admissible if, and only if, there is no barrier which contains both the ends of e.Lemma 2.2 Let G be a matching covered graph, and let e and f be any two edges of G.Then, the relation e) f holds if, and only if, there exists a barrier B of G� f such that (i)both the ends of e are in B, and (ii) the ends of f lie in di�erent components of G� f �B.Proof: If G�f has a barrier B satisfying the above properties, then clearly e) f . Supposenow that e) f , or that e is not admissible in G� f . Clearly, G� f has a perfect matching.Therefore, by (2.1), G � f has a barrier B such that both ends of e are in B. On the otherhand, since e is admissible in G, B cannot be a barrier in G itself. It follows that the endsof f lie in di�erent components of G� f �B.We shall say that two edges e and f are mutually dependent if e ) f and f ) e. Inthis case we shall write e, f . Clearly, is an equivalence relation on E(G). By identifyingthe vertices in the equivalence classes in the digraph representing dependence relation ())on E(G), we obtain the digraph D(G) representing the dependence relation ()) on the setof equivalence classes. This digraph is clearly acyclic. The sources in this digraph are calledminimal classes. If e is an edge, then a source Q in the component of D(G) containing e (ormore precisely containing the equivalence class containing e) is said to be a minimal classinduced by e. The following lemma is an immediate consequence of this de�nition.



6 Carvalho, Luccchesi and MurtyLemma 2.3 If Q is a minimal class, then every edge not in Q is admissible in G � Q.(Thus, if G�Q is connected, then G� Q is matching covered)The equivalence classes in a brick have some attractive properties:Lemma 2.4 Let G be a brick and let e and f be two edges of G such that e , f . Then,G� e � f is bipartite. Moreover, both ends of e lie in one part of the bipartition, and bothends of f lie in the other part of the bipartition.Proof: By Lemma (2.2), G � f has a barrier B such that both ends of e are in B, and thetwo ends of f are in di�erent components of G� f � B.Suppose that there exists another edge e0 which has both its ends in B. Let M be aperfect matching in G which contains the edge e0. Simple counting shows that f 2 M , ande 62 M . But this contradicts the hypothesis that e , f . Therefore, e is the only edge withboth ends in B.Suppose now that G � e � f is not bipartite. Then, some component H of G � e � Bis non-trivial. As G is a brick, r(V (H)) is not a tight cut in G. Hence, there exists aperfect matchingM of G such that jM \r(V (H))j � 3. A simple counting argument showsjM \r(V (H))j = 3, f 2 M , and e 62 M . Again, this contradicts the hypothesis. ThereforeG� e� f is bipartite.Conversely, if G� e � f is bipartite, then clearly e, f .Lemma 2.5 Let G be a brick and let Q be an equivalence class of G. Then, jQj � 2 .Moreover, if jQj = 2, then G� Q is bipartite.Proof: If possible, let e, f , and g, be any three edges in Q. Then, by Lemma 2.4, E n fe; fgand E n fe; gg are coboundaries of G. The symmetric di�erence of these two coboundariesis ff; gg. But the symmetric di�erence of any two coboundaries of a graph is a coboundaryof the graph. Thus, ff; gg is a coboundary of G. This is a contradiction because G is3-connected.In a general matching covered graph, the equivalence classes can be arbitrarily large.However, the following result can be proved using an argument similar to the one used in theproof of (2.5):Lemma 2.6 (Carvalho-Lucchesi) Let G be a matching covered graph and let Q be a min-imal class of G. If Q does not include an edge cut of size 2, then jQj � 2. (In particular, ifG is a 3-edge-connected, then jQj � 2 for any minimal class Q of G.)The proof given by Carvalho and Lucchesi of Theorem (1.3) in [3] is based on the abovelemma.



Ear decompositions of matching covered graphs 73 Removable ears in matching covered graphsWe shall �rst consider the cases in which G is either a brick or is a brace on at least sixvertices. We shall then be able to prove the theorem in general by induction using the tightcut decomposition procedure.Lemma 3.1 Let G be a brick. Then G has � removable ears.Proof: Let v be a vertex of degree � of G, and let e1,...,e�, be the edges incident with v.Let Q1,...,Q� be minimal equivalence classes induced by e1,...,e�, respectively. It followsfrom the de�nitions that, for each i, 1 � i � �, there exists a perfect matchingMi, such thatMi contains the edges in Qi, and the edge ei (because, Qi, being induced by ei, depends onei). It follows that theMi are distinct, and hence, the Qi are distinct. But, by (2.3), G�Qiis matching covered for each i, and by (2.5) jQij � 2 for 1 � i � �.Lemma 3.2 Let H be a brace on six or more vertices. Then, every edge e of H is removable.Proof: Let H be a brace with bipartion (U;W ), where jU j = jW j � 3. By de�nition, forany subset X of U (or of W ), 0 < jX j < jU j � 1, we have jN(X)j � jX j+ 2.Let e be any edge of H . Then, jNH�e(X)j � jX j + 1, for each subset X of U (orof W ), 0 < jX j < jU j � 1. Suppose now that there exists a subset X of U (or of W ),jX j = jU j � 1, such that jNH�e(X)j � jX j. As H � e has a perfect matching, we must infact have jNH�e(X)j = jX j. Then, there exists a vertex w 2 W such that jNH�e(w)j = 1.Consequently, jNH(w)j � 2. This is not possible because H is a brace.Therefore jNH�e(X)j � jX j + 1 for every proper subset X of U . Hence H � e is amatching covered graph.Proof of Theorem (1.3): It is easy to verify the statement of the theorem if jV (G)j � 4.Let G be a matching covered graph on six or more vertices. If G is either a brick or a brace,then the validity of the theorem follows from Lemmas (3.1) and (3.2). To prove the theoremin general, assume inductively that any matching covered graph G0 with jE(G0) + jV (G0)j <jE(G)+ jV (G)j has �(G0) edge-disjoint removable ears. We shall �rst deal with a few simplecases.First consider the case in which G has two parallel edges, say e and f . Then, G � f ismatching covered and has fewer edges thanG. By induction,G�f has at least �(G�f) edge-disjoint removable ears, say Q1; Q2; :::; Q�(G�f). If e is not in any one of these �(G�f) ears,then they are removable ears in G as well, and in addition, feg and ffg, are also removablein G. On the other hand, if e is one of the Qi, say e 2 Q1, then feg, ffg, Q2; :::; Q�(G�f)are removable ears in G. Since �(G� f) � �(G)� 1, it follows that G has at least �(G)edge-disjoint removable ears. Thus we may assume that G is simple.Now consider the case in which G has two adjacent vertices, say v and w, of degree two.Let u be the neighbour of v di�erent from w, and t be the neighbour of w di�erent from v. Ifu is the same vertex as t, then it would be a cut vertex of G, which is impossible. Thereforeu and v are distinct, and P = (u; v; w; t) is a path of length three which is internally disjoint



8 Carvalho, Luccchesi and Murtyfrom the rest of the graph. Obtain the graph G0 from G by deleting v and w and joining uand t by a new edge e. Clearly, G0 has fewer vertices than G, and �(G0) = �(G). Therefore,by induction, G0 has � removable ears. Any removable ear of G0 that does not include theedge e is also a removable ear of G. And, if Q0 is a removable ear of G0 which includes e,we can obtain a removable ear Q of G from Q0 be replacing e by the path P . It follows thatG has at least �(G) edge-disjoint removable ears. Thus we may assume that no two of itsvertices of degree two are adjacent.We divide the rest of the proof into two main cases depending on whether or not G isbicritical. If G is bicritical, and is not a brick, then G has a 2-separation cut. This is the�rst case we consider.Case 1. G is bicritical and fv1; v2g is a 2-separation of G: Firstly note that if there isan edge f joining v1 and v2 in G, then G�f is also bicritical. In particular, f is removable inG. Moreover, if Q is a removable ear of G� f , then Q is also a removable ear of G. Thus, ifthere is an edge joining v1 and v2, we can delete it and apply induction to obtain the requiredresult. So, we may assume that there is no such edge in G.Express G, in the usual manner, as the union of two edge-disjoint graphs H1, H2 withV (H1)[V (H2) = fv1; v2g. Let e = v1v2 be a new edge. Then, G1 = H1+e, and G2 = H2+eare both matching covered. Furthermore, �(G1);�(G2) � 3, and thus neither G1 nor G2 iseither K2.Let v be a vertex of degree � in G. Without loss of generality, we may assume either thatv 2 V (G1) n fv1; v2g or that v = v1. Let us �rst suppose that v 2 V (G1) n fv1; v2g. Then, byinduction, G1 has at least � edge-disjoint removable ears, and at most one of them containsthe edge e, and G2 has at least three edge-disjoint removable ears, and at most one of themcontains the edge e. Thus, G has at least � � 1 + 2 = � + 1 edge-disjoint removable ears.Now suppose that v = v1, and let �1 and �2 be the degrees of v1 in H1 and H2, respectively.Then, the degrees of v1 in G1 and G2, respectively, are �1+1 and �2+1. By induction, G1has at least �1 + 1 edge-disjoint removable ears, and at most one of them contains the edgee, and G2 has at least �2+1 edge-disjoint removable ears, and at most one of them containsthe edge e. Thus, G has at least �1 +�2 = � edge-disjoint removable ears.To complete the proof, we must consider the case in which G is not bicritical. In thiscase, G has at least one non-trivial barrier, and hence has non-trivial tight cuts which arebarrier cuts. We shall apply the induction hypothesis to graphs obtained by contracting theshores of suitably chosen barrier cuts. In this part of the proof, we shall �nd it convenientto use the notation described below, and the lemma that follows.If C = r(S) is a tight cut of G, then we shall denote the graph obtained by shrinking Sto a single vertex s by by GfS; sg; if the name of the vertex s is irrelevant, we shall simplywrite GfSg. (Thus, GfSg, and GfSg are the two C-contractions of G.) Similarly, if S1,S2,...,Sk are k disjoint subsets of the vertex set of G, then we shall denote the graph obtainedfrom G by shrinking each of the subsets S1, S1,...,Sk to single vertices by GfS1; S2; :::; Skg



Ear decompositions of matching covered graphs 9Lemma 3.3 Let G be a matching covered graph. Let C = r(S) be a non-trivial tight cutof G and let Q be a removable ear of GfSg. If either Q is edge-disjoint from C, or ifE(Q)\ C = feg and e is removable in GfSg, then Q is also removable in G.With the aid of this lemma, we can now deal of the remaining case in which G has anon-trivial barrier. It is convenient to �rst consider the case in which G has a barrier of sizetwo. Note that if G has a vertex u of degree two, with v and w as its neighbours, then fv; wgis a barrier of size two of G. Furthermore, since G does not have adjacent vertices of degreetwo, neither v nor w has degree two. Thus, if G has a barrier of size two, then it has one inwhich neither vertex has degree two in G.Case 2.1. G has barriers of size two: In this case, as noted above, there exists a barrierof size two in which neither vertex has degree two. Let fv1; v2g be such a barrier, and let S1and S2 be the vertex sets of the two components of G n fv1; v2g.Suppose one of S1, S2, say S2 is a singleton. Then there are at least two edges fromeach of v1 and v2 to S1. So all edges in r(S1) are multiple edges in GfS1g, and hence areremovable in GfS1g. Furthermore,GfS1g is di�erent fromK2 and has a vertex whose degreein GfS1g is at least �(G). By induction hypothesis, GfS1g has at least � removable ears.By Lemma (3.3), they are also removable in G.In general, for i; j = 1; 2, if there is more than one edge from vi to Sj , then all these edgeswould be multiple edges in GfSjg, and hence would be removable edges of GfSjg. Thus,since both v1 and v2 have degree at least three, the number of edges in the cut r(S1) whichare not removable in GfS1g, plus the number of edges of r(S2) which are not removable inGfS2g is at most two. By considering the cuts r(S1), r(S2), using the induction hypothesis,and applying Lemma (3.3) twice, we can deduce that G has at least � removable ears.Case 2.2. G is not bicritical, and the size of a smallest non-trivial barrier inG is at least three.: Let B be a minimal non-trivial barrier of G. Let S1, S2, ..., Sb,where b = jBj, be the vertex sets of the odd components of G � B. The minimality of Bimplies that the bipartite graph H = GfS1; S2; :::; Skg obtained by shrinking S1, S2, ..., Sbto single vertices is a brace. Furthermore, since jBj � 3, H is a brace on six or more vertices.Therefore, by Theorem (3.2), every edge of H is removable.Consider the graphs GfS1g, GfS2g, ..., GfSbg. It is easy to see that none of these graphscan be K2.Let v be a vertex of degree � in G. Without loss of generality, v is either in B or in S1.First suppose that v is in B, and let �1, �2,..., �b be the numbers of edges from v to S1, S2,..., Sb, respectively. Then, clearly, �(GfS1g) � �1, �(GfS2g) � �2,..., �(GfSbg) � �b.By induction, for 1 � i � k, GfSig has at least �i edge-disjoint removable ears. Sinceeach edge of r(Si) is removable in H , it follows that, for 1 � i � b, G has at least �iedge-disjoint removable ears contained in E(GfSig). Thus, G has at least Pbi=1�i = �edge-disjoint removable ears.Now consider the case in which v is in S1. Then, �(GfS1g) � �(G). By induction, G1has at least �(G) edge-disjoint removable ears. Since each edge of r(S1) is removable in H ,



10 Carvalho, Luccchesi and Murtyit follows that all removable edges of GfS1g are also removable in G.Remark: The above theorem implies that every matching covered graph has at least �!removable ears. This bound is best possible because the graph on two vertices and � paralleledges joining the two vertices has exactly �! ear decompositions.4 Removable edges in bricksThe following lemma establishes a property of equivalent edges in bipartite matching coveredgraphs. It is used in the proof of Theorem (1.6).Lemma 4.1 Let H be a bipartite matching covered graph, and let e and f be two distinctequivalent edges of H. Then H � fe; fg is disconnected.Proof: By (2.2), there is a barrier in H�f which contains both the ends of the edge e. Choosea maximal barrier B in H � f which contains both the ends of e. Then, each component ofH � f � B is critical. But, since H is bipartite, each of these components is also bipartite.It follows that all components of H � f � B are trivial. If possible, let h be an edge of Hwhich also has both its ends in B. Then, by simple counting, we can see that any perfectmatching through h contains f , but not e. This contradicts the hypothesis that e and f areequivalent. Now suppose that H � fe; fg is connected. Then, there is an even path P inH � fe; fg connecting the two ends of e. But then P + e is an odd circuit in H , which isimpossible. Therefore, we conclude that H � fe; fg is disconnected.Proof of the Theorem (1.6): Let v be a vertex of degree � in G. As in the proof of Theorem(3.1) there exist � disjoint minimal classes Q1, Q2,...,Q� in G, each depending on an edgeincident with v. Each Qi is either a singleton (a removable edge) or a doubleton. Thus, inorder to prove that there are at least (�� 2) singletons, it su�ces to prove that there are atmost two doubletons. Assume to the contrary that there are three distinct doubletons, say,Q1 = fe1; e1g, Q2 = fe2; e2g, and Q3 = fe3; e3g. We shall deduce that in this case G musteither be K4 or C6.We know that for 1 � i � 3, G�Qi is a bipartite matching covered graph. Let us writeH = G�Q1, denote the bipartition of H by (A;B). By Lemma (4.1), H �Q2 and H �Q3are disconnected. Note that, for each 2 � i � 3, each component of H � Qi is a bipartitegraph with a perfect matching, and thus its partition has parts of equal cardinality.Case 1. The two edges of Q3 belong to di�erent components of H � Q2: In thiscase, the edges e2 and e2 of Q2 must belong to di�erent components of H � Q3. SinceH � Q2 is disconnected, e2 and e2 must be cut edges of the components of H � Q3. Thus,G� (Q1 [Q2 [Q3) has four components. Let us denote them by H1, H2, H3, and H4. Now,since G is 3-connected, we must have that the graph obtained from G by shrinking each Hjto a single vertex is a K4 with Q1, Q2, and Q3 as its perfect matchings. For any Hj , andany Mi (notation as in (3.1)), all vertices but one of Hj are matched among themselves. So



Ear decompositions of matching covered graphs 11jV (Hj)j is odd. It is easy to see that the larger part of the bipartition of Hj is a barrier ofG. It follows that each jV (Hj)j = 1, and hence that G = K4.Case 2. The two edges of Q3 belong to the same component of H �Q2: Let J andJ 0 be the components of H �Q2, and let A \ V (J) = A1, B \ V (J) = B1, A \ V (J 0) = A01,and B \ V (J 0) = B01. We may assume without loss of generality that the edges e3 and e3 ofQ3 have their ends in J 0. In this case, the edges e2 and e2 of Q2 must belong to the samecomponent of H � Q3.Let L and L0 be the components of H � Q3, and assume without loss of generality thatJ is a subgraph of L. Then, Q2 is a 2-edge cut of L. One component of L � Q2 is J , let(A2; B2) denote the bipartition of the other component of L�Q2, where A2 = A\V (L�A1),and B2 = B \ V (L�B1). Let (A3; B3) denote the bipartition of L0, where A3 = A\ V (L0),and B3 = B \ V (L0). Thus, G � (Q1 [ Q2 [ Q3) has three components with bipartitions(A1; B1), (A2; B2), and (A3; B3). Furthermore, jA1j = jB1j, jA2j = jB2j, and jA3j = jB3j.As in the proof of Theorem (3.1), for each i, there is a perfect matching Mi of G whichcontains both the edges of Qi but is disjoint from Qi0 , i0 6= i. Thus, for 1 � i � 3, and1 � j � 3, jV (Qi) \ Aj j = jV (Qi) \Bj j, where V (Qi) is the set of end vertices of the edgesin Qi. Now, Since G is 3-connected, an edge of Q1 must join vertices in A1 and A3, and theother edge of Q1 must join vertices in B1 and B3. Thus, in summary, we have:� An edge of Q1, say e1, joins a vertex u1 in A1 with a vertex v1 in A3, and the otheredge e1 of Q1 joins a vertex u1 in B1 with a vertex v1 in B3,� an edge of Q2, say e2, joins a vertex u2 in A1 with a vertex v2 in B2, and the otheredge e2 of Q2 joins a vertex u2 in B1 with a vertex v2 in A2, and� an edge of Q3, say e3, joins a vertex u3 in A2 with a vertex v3 in B3, and the otheredge e3 of Q3 joins a vertex u3 in B2 with a vertex v3 in A3.Figure 2 shows all the incidences described above.A1B1u1 u2u1 u2 e1e2 v2v2 u3u3 v3v3 v1v1A2B2 A3B3e1e2 e3e3Figure 2:Now, we shall show that all Ai and Bi are singletons, and thereby deduce that G is C6.Towards this end, we shall �rst show that u1 = u2. Suppose that u1 6= u2. Since G is



12 Carvalho, Luccchesi and Murtybicritical, G�fu1; u2g has a perfect matchingN . This perfect matching necessarily containse1 and e2. Thus, u1 6= u2.Let N 0 denote the set of edges in N which have at least one end in A1 [ B1 n fu1; u2g.Let M 01 denote the subset of edges of M1 matching vertices in A3 [ B3 n fv1; v1g, and letM 02 denote the subset of edges of M2 matching vertices in A2 [ B2 n fv2; v2g. Then, M =N 0 [ fe1; e2g [M 01 [M 02 is a perfect matching of G which contains both Q1 and Q2. Thisis impossible because Q1 is a minimal class induced by one edge incident with the vertex vof maximum degree, and Q2 is a minimal class induced by a di�erent edge incident with thevertex v.Thus, u1 = u2, and similarly, u1 = u2. It now follows that A1 is a barrier of G. But sinceG is a brick, jA1j = 1. Similar arguments show that, in fact, all Ai and Bi are singletons. Itfollows that G is C6.Remark: The above theorem is best possible. For example, the brick in Figure 1 has exactlyone removable edge.5 Canonical ear decompositionsIn this section we shall present a proof of Theorem (1.7). We start with the following usefullemma.Lemma 5.1 Let G be a matching covered graph. Let C = r(S) be a non-trivial tight cutof G. Suppose that GfS; sg has a canonical ear decomposition with d double ears and thatGfS; sg is bipartite. Then, G also has a canonical ear decomposition with d double ears.Proof: If possible, choose a counter-example (G, S) such that (i) jV (G)j+ jE(G)j is as smallas possible, and (ii) subject to (i), jSj is as small as possible.It follows from (i) that G has no multiple edges. Since C is a non-trivial, jSj is at leastthree. Let us �rst consider the case in which jSj = 3.Case 1 jSj = 3: In this case, GfS; sg has exactly four vertices, s being one of them. Letu; v, and w be the other three vertices, where u is of degree 2 in GfS; sg, with v and w as itsneighbours.Let P , where P : G1; G2 = G1 +Q1; :::; Gr = Gr�1 +Qr�1be a canonical ear decomposition of GfS; sg with d double ears. For convenience, we shallassume that the edge of G1 is not incident with s. We shall see how an ear decompositionP 0 of G can be obtained from P by modifying some of the ears in it.If P is a path in GfS; sg which does not contain s as an internal vertex, then there isa path ~P in G with E( ~P) = E(P ). Let us refer to ~P as the path that corresponds to P .All modi�cations of ears except one consist of merely replacing paths in the ears in P bythe paths in G that correspond to them. In the exceptional case, a path in an ear of P ismodi�ed so as to include the edges vu and uw, which are the two edges of G not in GfS; sg.A precise description of this modi�cation is given below.



Ear decompositions of matching covered graphs 13Let Gi+1 be the �rst graph in P which contains the vertex s. Then, the path P containings in the ear Qi must have s as an internal vertex. Then, either (i) the two edges in P incidentwith s are incident with the di�erent vertices in G, or (ii) these two edges are incident withthe same vertex in G. We treat these two cases separately.(i) Suppose that the two edges in P incident with s are incident with the di�erent verticesin G. In this case modify P by replacing the vertex s by (v; u; w).(ii) Suppose the two edges in P incident with s are incident with the same vertex in G, sayv, then do not modify the ear Qi (except for replacing the paths in it by the correspondingpaths in G). Any subsequent ear in P which contains a path R incident with s would haves as an end vertex of R. Consider the �rst occurence of such an ear, say Qk , where the edgeof R incident with s is an edge xw incident with w in G. Modify the path R by replacing(x; w) in R by (x; w; u; v).For 1 � i � (r � 1), let Q0i be the path or the pair of paths obtained by modifying Qiaccording to the above speci�ed rules. Consider the sequenceP 0 : G01 = G1; G02 = G01 +Q01; :::; G0r = G0r�1 +Q0r�1of subgraphs of G. Then, it is easy to verify that P 0 is a canonical ear decomposition of Gwith d double ears.Case 2 jSj > 3: Firstly, let us suppose that GfS; sg is a brace, and let e be any edge ofGfS; sg which is not incident with s, and hence not belonging to the cut C. Then, by (3.2),e is removable in GfS; sg. Since e is not in S, e is removable in G as well. Let us writeG0 = G. Then, by hypothesis, G0fS; sg = GfS; sg has a canonical ear decomposition, andG0fS; sg is bipartite. By induction, G0 has a canonical ear decomposition. It can be extendedto a canonical ear decomposition of G by adding e at the end as a single ear.If not, GfS; sg is not a brace, then it has a non-trivial tight cut D = r(T ) where T is aproper subset of S. But D is also a tight cut of G. The proof can now be completed by twoapplications of the induction hypothesis.A matching covered graph G is near-bipartite if there are two edges e and f of G suchthat (i) G � fe; fg is a bipartite graph with bipartition (A;B), and (ii) e has both its endsin A, and f has both its ends in B. We shall refer to H as the underlying bipartitegraph, and the edges e and f as special edges. In any ear decomposition of a bipartitematching covered graph, the �rst non-bipartite member of the sequence is a near-bipartitegraph. Thus, by studying ear decompositions of near-bipartite matching covered graphs, weare able to deduce theorems concerning ear decompositions of non-bipartite matching coveredgraphs.Lemma 5.2 Every near-bipartite matching covered graph has a canonical ear decompositionwhich uses exactly one double ear.Proof: By induction on jV j+ jEj. We may assume that jV j � 6.If G has a non-trivial tight cut C, then it is also a tight cut of H . Furthermore, one of theC-contractions of G is bipartite and the other is a near-bipartite graph. The proof followsfrom induction and Lemma (5.1).



14 Carvalho, Luccchesi and MurtySo, we may assume that G is a brick. If G is either K4 or C6, then there is nothing moreto be proved. If not, by 1.5, G has a removable edge, say h. Clearly, h cannot be either eor f . By induction, G� h has a canonical ear decomposition which uses exactly one doubleear. We can add h as a single ear at the end to obtain an ear decomposition of G which usesexactly one double ear.Proof of Theorem 1.7: Let G be any graph which has an ear decompositionP : G1; G2; :::; Gr = Gwhich uses d double ears. Then, we wish to prove that G has a canonical ear decompositionP� which also uses exactly d double ears. In order to prove this, it su�ces to show thatthe �rst non-bipartite graph in P has a canonical ear decomposition which uses exactly onedouble ear. Let Gi be the �rst non-bipartite graph in P . Then, Gi�1 is bipartite and Gi isobtained from Gi�1 by adding a double ear (P1; P2), where P1 is an odd path with ends inone part of the bipartition of Gi�1, and P2 is an odd path with ends in the other part of thebipartition of Gi�1. If we replace P1 and P2 by edges e and f , we obtain a near-bipartitematching covered graph, say G0. To prove the theorem, it clearly su�ces to show that G0 hasa canonical ear decomposition which uses exactly one ear. But this is valid by (5.2).References[1] M. H. Carvalho and C. L. Lucchesi (1996). Matching covered graphs and odd subdivi-sions of K4 and C6. J. Combinatorial Theory (B), 66, 263-268.[2] M. H. Carvalho and C. L. Lucchesi (1996). Removable edges in bricks. Proceedings ofthe Rio conference.[3] Marcelo H. Carvalho (1997). Decomposicao �Otima em Orelhas Para GrafosMatching Covered, Ph.D. thesis submitted to the University of Campinas, Brasil.[4] Marcelo H. Carvalho and Cl�audio L. Lucchesi (1997). Optimal ear decompositions ofmatching covered graphs. (Under preparation.)[5] L. Lov�asz (1983). Ear decompositions of matching covered graphs. Combinatorica, 3,105-117[6] L. Lov�asz and M. D. Plummer (1986).Matching Theory, North-Holland.[7] L. Lov�asz (1987).Matching structure and the matching lattice. J. Combinatorial Theory,B 43, 187-222[8] L. Lov�asz and S.Vempala (1997). Under preparation[9] U.S.R. Murty (1994). The Matching Lattice and Related Topics. Preliminary Re-port, University of Waterloo, Waterloo, Canada.
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