
O conte�udo do presente relat�orio �e de �unica responsabilidade do(s) autor(es).(The contents of this report are the sole responsibility of the author(s).)
Bases for the Matching Lattice of MatchingCovered GraphsCl�audio L. Lucchesi Marcelo H. CarvalhoRelat�orio T�ecnico DCC{95-09Julho de 1995



Bases for the Matching Lattice of Matching Covered GraphsCl�audio L. Lucchesi � Marcelo H. Carvalho yAbstractThis article contains a brief introduction to the theory of matching covered graphs:ear-decompositions, the matching lattice and the most important results of the theory.Its last section contains rather recent results and a conjecture relating the minimumnumber of double ears of any ear-decomposition of a matching covered graph and thenumber of bricks and bricks isomorphic to the Petersen graph in any brick decompositionof the same graph.1 Ear-DecompositionWe consider simple graphs, i.e., �nite graphs without loops and multiple edges. We denoterespectively by E(G) and V (G) the set of edges and vertices of a graph G. A matching isa set of edges no two of which have a vertex in common. A matching is perfect if its edgesmatch up all vertices. Recall the basic theorem of Tutte [8] which asserts that a graph Ghas a perfect matching if and only if c1(G�X) � jX j, for each set X of vertices of G; here,c1(H) denotes the number of odd components of a graph H . If equality holds in the aboveinequality then X is called a barrier. If G has a perfect matching then clearly each vertexof G constitutes a barrier; the empty set is also a barrier. Those barriers, containing atmost one vertex, are said to be trivial.A connected graph is matching covered if each of its edges lies in some perfect matchingand bicritical if deletion of any two of its vertices yields a graph having a perfect matching.It is easy to see that a connected graph with a perfect matching is (i) matching coveredif and only if no barrier spans an edge and (ii) bicritical if and only if it has only trivialbarriers.A 3-connected bicritical graph is called a brick. Three bricks play a special role in thetheory of matching covered graphs: K4, the complete graph on 4 vertices, C6, the triangularprism, and the Petersen graph.Let H be a subgraph of graph G. A path P in G � E(H) is an ear of H if (i) bothends of P lie in H and (ii) P is internally disjoint from H . An ear is odd if it has oddlength. Henceforth, by an `ear' we shall mean an `odd ear'. An ear-decomposition of amatching covered graph G is a sequence K2 = G0 � G1 � � � � � Gk = G of matchingcovered subgraphs of G, where for 0 � i < k, Gi+1 is the union of Gi and one or two�Projeto Tem�atico fapesp, Bolsa de Pesquisa cnpq; internet: lucchesi@dcc.unicamp.bryBolsa de Doutorado capes { picd { ufms; internet: mhc@dcc.unicamp.br



2 Cl�audio L. Lucchesi and Marcelo H. Carvalhovertex-disjoint ears of Gi, called single and double ears, respectively. A subgraph H ofmatching covered graph G is nice if G�H has a perfect matching. Clearly, each term Giof an ear-decomposition of matching covered graph G is nice. The following theorem wasproved by Lov�asz and Plummer [5].Theorem 1 Every matching covered graph has an ear-decomposition. 2One of the open questions about ear-decomposition of matching covered graphs is theminimization of the number of double ears. In section 3 we solve this question for bricks,and propose a conjecture for the general case.Ear-decomposition constitutes a nice way of �nding independent incidence vectors ofperfect matchings. If the number of double ears is su�ciently small then it is possible toget a basis for the matching lattice of a matching covered graph formed only by incidencevectors of perfect matchings.2 The Matching LatticeThis section constitutes a brief summary on the subject, based on an article by Lov�asz [4],and a report by Murty [7]. For a better understanding of that article and a more completeexplanation of the theory of matching covered graphs we suggest the report by Murty [7].From the early years of Linear Programming, a fruitful interaction between combina-torics and polyhedral theory began to develop, resulting in the branch of combinatoricswhich we now call Combinatorial Optimization. This interaction has been especially help-ful for the advancement of matching theory. Edmonds [1] led the way in these developmentsby characterizing the polytope generated by the incidence vectors of perfect matchings of agraph. Lov�asz [4], building on the theory of the matching covered graphs, gave a completecharacterization of the matching lattice. In this section we will describe the main resultsconcerning the theorem of Lov�asz that characterizes the matching lattice.Let G be a graph. We consider the space QE af all rational valued functions on the edgeset E of G. Each member of QE may be viewed as a labeling of the edges of G by rationalnumbers. For a subset A of E, the incidence vectors �A of A is de�ned by �A(e) = 1, ife 2 A, and �A(e) = 0, otherwise. If w is any function in QE , and C is any subset of E, thePe2C w(e) is denoted simply by w(C).We are interested in studying various subsets of QE generated by the incidence vectorsof perfect matchings of a graph G. If e is an edge that is in no perfect matching of G,then all the vectors of interest would have a zero corresponding to e. For this reason,we restrict ourselves to graphs in which every edge is in some perfect matching. Withoutloss of generality we also require the graph to be connected. A connected graph in whichevery edge lies in some perfect matching is called matching covered. The set of all perfectmatchings of a graph is denoted by M.The lattice generated by the incidence vectors of perfect matchings of G, called thematching lattice of G and denoted by Lat(M), is de�ned byLat(M) := fw 2 ZE : w = XM2M�M�M ; �M 2 Zg:



Bases for the Matching Lattice of Matching Covered Graphs 3Given a graph G and w 2 ZE , we would like to be able to decide whether or notw is in Lat(M). There is an obvious necessary condition, which requires the notion ofcut. For subset S of V (G), a cut r(S) is the set of edges having one end in S, the otherin V (G)nS. Set S is called a shore of r(S). Clearly, for any perfect matching M andany vertex v, �M (r(v)) = 1. Therefore, if w = PM2M�M�M , then, for any vertex v,w(r(v)) =PM2M �M . Thus we have:Lemma 2 A necessary condition for vector w to belong to Lat(M) is that w(r(u)) =w(r(v)), for all u, v in V . 2Each edge-weighting of G induces a natural vertex-weighting of G, where the weight ofa vertex v is simply the sum of the weights of the edges incident with v. The above lemmasays that an edge-weighting w of G is in Lat(M) only if, in the vertex-weighting induced byw, all the vertex weights are the same. For bipartite graphs, this condition is also su�cient.Theorem 3 Let G be a bipartite matching covered graph, and let w 2 ZE . Then w is inLat(M) if, and only if, w(r(u)) = w(r(v)), for all u, v in V . 2However, in general, the condition of Lemma 2 is not su�cient for a vector to belong toLat(M). Let 1 denote the vector whose coordinates are all equal to 1.Lemma 4 For the Petersen graph, the vector 1 satis�es the condition of Lemma 2, but itis not in the matching lattice.Proof. Let C be a �xed pentagon in the Petersen graph. It is easy to see that every perfectmatching of the graph meets C in zero or two edges. Thus, �M (C) � 0 (mod 2), forany M 2 M. Hence, if w is any integral linear combination of �M , w(C) � 0 (mod 2).However, 1(C) = 5 � 1 (mod 2). Therefore, 1 cannot be in the matching lattice for thePetersen graph. 2To describe the matching lattice of a general matching covered graph, we require thenotion of a tight cut. A cut r(S) is tight if jM \r(S)j = 1 for every perfect matching Mof G. For each vertex v of G, r(fvg) is tight; these tight cuts are called trivial.Let r(S) be a non-trivial tight cut of G. The two graphs G1 and G2 obtained from Gby contracting the two shores S and G� S, respectively, are called the cut-contractions ofG with respect to r(S). If a matching covered graph has a non-trivial tight cut then it ispossible to obtain smaller matching covered graphs by contracting the shores of the cut.Lemma 5 Let G be a matching covered graph, r(S) a non-trivial tight cut of G. Then thecut-contractions of G are matching covered. 2If either G1 orG2 has a non-trivial tight cut, we can take its cut-contractions, in the samemanner as above, and obtain smaller matching covered graphs. Thus, given any matchingcovered graph G, by repeatedly applying cut-contractions, we can obtain a list of graphswhich do not have non-trivial tight cuts (we shall refer to such graphs as undecomposablegraphs). This procedure is known as the tight cut decomposition procedure. It is useful fordetermining the matching lattice of G because Lat(M) can be expressed in terms of thematching lattices of the resulting smaller graphs.



4 Cl�audio L. Lucchesi and Marcelo H. CarvalhoTheorem 6 Let G be a matching covered graph, and let G1 and G2 be the two cut contrac-tions of G with respect to a non-trivial tight cut. Let w be a vector in ZE, and let w1 andw2 be the restrictions of w to E(G1) and E(G2), respectively. Then w is in Lat(M) if, andonly if, w1 and w2 are in Lat(M1) and Lat(M2), respectively. 2Thus, the matching lattice of a matching covered graph may be expressed in terms ofthe matching lattices of the graphs in the list of undecomposable graphs resulting from anapplication of the tight cut decomposition procedure. Di�erent applications of the tight cutdecomposition procedure on the same matching covered graph G may yield di�erent lists ofundecomposable graphs, but the lists cannot di�er from each other signi�cantly, as shownby Lov�asz [4].Theorem 7 The results of any two applications of the tight cut decomposition procedureon a matching covered graph are the same list of graphs except possibly for the multiplicitiesof edges. 2Recall that a brick is a 3-connected graph G such that, for any two vertices u and vof G, the graph G � fu; vg has a perfect matching. Bricks play an important role in thistheory.Since the matching lattice of bipartite graphs are well understood, it is convenient todistinguish undecomposable graphs which are bipartite from those which are not. Bipartiteundecomposable graphs are called braces, and non-bipartite undecomposable graphs turnout to be precisely the bricks, as shown by Edmonds et al. [2].Theorem 8 A non-bipartite matching covered graph has no non-trivial tight cuts if andonly if it is a brick. 2In view of the above theorem, bricks and braces can be regarded as the building blocksof all matching covered graphs.A vector w is called matching integral if w(M) is an integer for each M 2 M. Forexample, in the Petersen graph, let C be a �xed pentagon. Let w be a vector which takesthe value 1=2 on the edges of C and the value 0 on all other edges. Each perfect matchingin this graph has zero or two edges from C, that is, w(M) is 0 or 1 for each perfect matchingM . Hence, w is a matching integral vector.For graph G, a vertex labeling is a function � : V (G) �! Q. An edge labeling inducedby a vertex labeling � is a function ' : E(G) �! Q such that, if e := (u; v) is an edgethen '(e) := �(u) + �(v). A vector w is called matching orthogonal if w(M) = 0 for eachM 2 M. Clearly, every matching orthogonal vector is also matching integral. Let � be avertex labeling which satis�es the condition that Pv2V �(v) = 0. Then the edge labelinginduced by � is clearly a matching orthogonal vector. A matching orthogonal vector whichcan be obtained in this manner is said to be node-induced.The following Lemma plays a fundamental role in the theory [4].Lemma 9 Let G be a brick di�erent from the Petersen graph. Then every matching integralvector on G can be written as the sum of a node-induced matching orthogonal vector andan integral vector. 2



Bases for the Matching Lattice of Matching Covered Graphs 5We have seen that the obvious necessary condition (Lemma 2) for a vector to belongto the matching lattice is not su�cient in the case of the Petersen graph. The follow-ing Theorem shows that, in this regard, the Petersen graph is the only exception amongbricks [4].Theorem 10 If G is a brick di�erent from the Petersen graph then a vector w 2 ZEbelongs to Lat(M) if and only if w(r(u)) = w(r(v)), for all u, v in V . 2One of the consequences of this theory, for example, is that for any 2-connected cubicgraph without the Petersen graph as a brick, the vector 1 is in its matching lattice. Thissupports Tutte's conjecture which says that \If a cubic graph without cut edges does notcontain the Petersen graph as a minor, then it is 3-edge-colourable".3 Bases for the Matching LatticeIn this section we consider a matching covered graph G and an ear-decomposition K2 =G0 � G1 � � � � � Gr�1 = G of G. Among the r ears of that decomposition, let d denote thenumber of double ears. Thus, r � d is the number of single ears in the decomposition. Wedenote, respectively, the number of edges, vertices and bricks of G by m, n and b. Amongthe b bricks, we denote by p the number of those which are isomorphic to the Petersengraph.Lemma 11 r + d = m� n+ 2. 2The linear hull of perfect matchings of G is de�ned byLin(M) := fx 2 RE : x = XM2M�M�M ; �M 2 Rg:The following Theorem is proved in Murty [7].Theorem 12 The dimension of Lin(M) over GF (2) is m� n+ 2� p� b. 2The next result was proved by Carvalho and Lucchesi.Theorem 13 If G is a matching covered graph then every ear-decompositon of G requiresat least p+ b double ears.Proof. Let �0 denote the edge of G0, the �rst nice subgraph of G in the ear-decomposition,isomorphic to K2. Let M0 be a perfect matching of G containing �0. For each i (0 � i <r�1), letMi+1 be a perfect matching of G formed by a perfect matching of Gi+1 containingan edge of E(Gi+1)n(E(Gi) [M0) plus the edges of M0nE(Gi+1). Clearly, the sequence�M0 ; �M1 : : :�Mr�1 of incidence vectors of perfect matchings of G is linearly independentover GF (2), because each matching contains an edge which does not occur in any previousmatching in the sequence. By Lemma 11 and Theorem 12, we have that



6 Cl�audio L. Lucchesi and Marcelo H. Carvalhor + d� p� b = m� n+ 2� p� b � r;which proves the Theorem. 2Theorem 13 suggests the following minimax equality:Conjecture[Carvalho-Lucchesi] Every matching covered graph admits an ear-decompositionthat uses precisely p+ b double ears. 2We now introduce three important results:R1. (Lov�asz) Let G be a brick di�erent from the Petersen graph. Then every matchingintegral vector on G can be written as a sum of a node-induced matching orthogonalvector and an integral vector.R2. (Carvalho-Lucchesi) Every brick di�erent from the Petersen graph admits an ear-decomposition that uses a unique double ear.R3. (Vempala-Lov�asz) Let G be a brick di�erent from the Petersen graph, K4 and C6.Then there exist an edge e 2 E(G) such that G� e is matching covered and its brickdecomposition has exactly one brick.Assertion R2 is a proof of the Conjecture for bricks. In view of Theorem 12, oneconsequence of Assertion R2 is that, in the case of bricks, it is possible to �nd a basis forLin(M) formed only by perfect matchings. Note that this is also a basis for Lat(M).If the Conjecture is true in general, then for every matching covered graph it is possibleto �nd a basis for Lin(M) and Lat(M) formed only by perfect matchings.R1 is known as the `Main Lemma' in the article of Lov�asz [4]. R3 is a theorem provedrecently by Lov�asz and Santosh Vempala [6]. R2 is a new result. It is possible to provethat R2 () R3 and R2 ) R1. These results are part of the doctoral thesis of MarceloH. Carvalho, written under supervision of C. L. Lucchesi.References[1] J. Edmonds. Maximum matching and a polyhedron with (0,1) vertices. J. Res. Nat.Bur. Standards B, 69:125{130, 1965.[2] J. Edmonds, L. Lov�asz, and W. R. Pulleyblank. Brick decomposition and the matchingrank of graphs. Combinatorica, 2:247{274, 1982.[3] L. Lov�asz. Ear-decompositions of matching covered graphs. Combinatorica, 2:395{407,1983.[4] L. Lov�asz. Matching structure and the matching lattice. J. Combinatorial Theory (B),43:187{222, 1987.
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