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Matching Covered Graphs and Subdivisions of K4 and C6Marcelo H. de Carvalho and Cl�audio L. LucchesiDepartment of Computer ScienceUniversity of Campinas13081-970 Campinas, SP, Brazilfmhc,lucchesig@dcc.unicamp.brAbstractWe give a very simple proof that every non-bipartite matching covered graph con-tains a nice subgraph that is an odd subdivision of K4 or C6. It follows immediatelythat every brick di�erent from K4 and C6 has an edge whose removal preserves thematching covered property. These are classical and very useful results due to Lov�asz.1 IntroductionWe consider simple graphs, i.e., �nite graphs without loops and multiple edges. We denoterespectively by E(G) and V (G) the set of edges and vertices of a graph G. A matching isa set of edges no two of which have a vertex in common. A matching is perfect if its edgesmatch up all vertices. Recall the following fundamental result of Tutte [7], where c1(H)denotes the number of odd components of a graph H :Theorem 1 A graph G has a perfect matching if and only if c1(G � X) � jX j, for eachset X of vertices of G. 2If equality holds in the inequality stated in Theorem 1 for some set X of vertices thenX is called a barrier. If G has a perfect matching then clearly each vertex of G constitutesa barrier; the empty set is also a barrier. Those barriers, containing at most one vertex, aresaid to be trivial.A connected graph is matching covered if each of its edges lies in some perfect matchingand bicritical if deletion of any two of its vertices yields a graph having a perfect matching.It is easy to see that a connected graph with a perfect matching is (i) matching coveredif and only if no barrier spans an edge and (ii) bicritical if and only if it has only trivialbarriers.A 3-connected bicritical graph is called a brick. Three bricks play a special role in thetheory of matching covered graphs: K4, the complete graph on 4 vertices, C6, the triangularprism, and the Petersen graph. 1



2 Marcelo H. de Carvalho and Cl�audio L. LucchesiLet H be a subgraph of G. A path P in G�E(H) is an ear of H if (i) both ends of P liein H and (ii) P is internally disjoint from H . An ear is odd if it has odd length. Henceforth,by an `ear' we shall mean an `odd ear'. An ear-decomposition of a matching covered graphG is a sequence K2 = G0 � G1 � � � � � Gk = G of matching covered subgraphs of G, wherefor 0 � i < k, Gi+1 is the union of Gi and one or two vertex-disjoint ears of Gi.A subgraph H of matching covered graph G is nice if G � H has a perfect matching.Clearly, each term Gi of an ear-decomposition of matching covered graph G is nice. Thefollowing theorem was proved by Lov�asz and Plummer [5].Theorem 2 Every matching covered graph has an ear-decomposition 2There is an alternative way of de�ning an ear-decomposition, in which one might thinkof starting with just any nice matching covered subgraph H of G, not necessarily K2. Inview of Theorem 2, one could then pre�x that ear-decomposition with an ear-decompositionof H starting with K2, thereby obtaining an ear-decomposition of G in the original sense.With that in mind, the following generalization of Theorem 2 was proved by Lov�asz andPlummer [5].Theorem 3 Every matching covered graph has an ear-decomposition starting with any nicematching covered subgraph. 2The following theorem, proved by Little [2] (see also [5, page 177]), plays an importantrole in the proof given herein.Theorem 4 Any two edges of a matching covered graph lie in a nice circuit. 2To complete this section, we require the notion of a tight cut. For subset S of V (G), acut r(S) is the set of edges having one end in S, the other in V (G) nS. A cut r(S) is tightif jM \ r(S)j = 1 for every perfect matching M of G. For each vertex v of G, r(fvg) istight: these tight cuts are called trivial.A bipartite graph is called a brace if deletion of any four vertices, two from each colorclass, yields a graph having a perfect matching. The following theorem was proved partlyby Edmonds et al. [1], partly by Lov�asz [4].Theorem 5 A matching covered graph has no non trivial tight cut if and only if it is eithera brick or a brace. 22 Odd Subdivisions of K4 and C6An odd subdivision of a graph G is a graph obtained from G by subdividing each edge inan odd number of edges.We now give a concise proof of a classical result due to Lov�asz [3]. The best knownproof of this theorem appears in Lov�asz and Plummer's book [5]. It is important to notethat in their book they call these even subdivisions.



Matching Covered Graphs and Subdivisions of K4 and C6 3Theorem 6 Every non-bipartite matching covered graph G contains a nice subgraph thatis an odd subdivision of K4 or C6.Proof. By induction on jV (G)j+ jA(G)j.Case 1 G has a proper subgraph H that is non bipartite, matching covered and nice.By induction hypothesis, H has a nice subgraph K that is an odd subdivision of K4 or C6.Since K is a nice subgraph of H and H is a nice subgraph of G, K is a nice subgraph of G.Case 2 G has a vertex u with degree two.Let v and w be the adjacent vertices of u along the edges �v and �w , respectively. LetH be a graph obtained from G by contracting fu; v; wg to a single vertex x. It is clear thatH is non bipartite. For every perfect matching M of G, precisely one of �v and �w belongsto M , and so Mnf�v; �wg is a perfect matching of H . Thus, H is matching covered. Byinduction hypothesis, H has a nice subgraph H 0 that is an odd subdivision of K4 or C6.Consider G00 := G[E(H 0)], the subgraph of G induced by the edges of H 0. If at mostone of v and w is a vertex of G00, then clearly G00 is nice (relative to G) and isomorphic toH 0. We may thus assume that both v and w are vertices of G00. Since H 0 is a subdivisionof K4 or C6, no vertex of H 0 has degree greater than three. Thus one of v or w has degreeone in G00. In that case, addition of �v and �w to G00 yields an odd subdivision of H 0 whichis nice relative to G.Case 3 None of the previous cases apply.We show that G is K4 or C6 by the following strategy: it is su�cient to get a nice subgraphL of G that is an odd subdivision of K4 or C6. In fact, since K4 and C6 are non bipartitematching covered graphs, so is L. Since Case 1 does not apply, G = L. Since Case 2 doesnot apply, L =K4 or L =C6.To get L observe initially that G, being matching covered, has an ear decompositionG0; G1; : : : ; Gn, where G0 = K2. Graph G is not bipartite, so n > 0. Graph Gn�1 isnice, matching covered, and since Case 1 does not apply, it is bipartite. Let (A;B) be abipartition of Gn�1. Since Gn = G is not bipartite, the last ear is a 2-ear (or double ear)with one ear having both ends in A and the other having both ends in B. But Case 2does not apply, so both ears are simply edges. Let us denote them by � := (a1; a2) and� := (b1; b2) so that fa1; a2g � A and fb1; b2g � B.Since Gn�1 is matching covered, by Theorem 4 any two edges of Gn�1 lie in a nicecircuit. In particular, if we take two edges of Gn�1 with ends in a1 and a2, respectively,Gn�1 has a nice circuit having � as a chord.Among all nice circuits of Gn�1 having � or � as a chord, choose one, C, with minimumlength. Let M1 be a perfect matching of Gn�1 so that C is M1-alternating.



4 Marcelo H. de Carvalho and Cl�audio L. LucchesiProposition 7 If � (or �) is a chord of C then it crosses every chord  of C di�erent from� and �.Proof. Let C 0 and C00 be the two subpaths of C having ends in the two ends of . Edge, being di�erent from � and �, belongs to Gn�1, a graph with bipartition (A;B). CircuitC isM1-alternating and belongs to Gn�1. So the circuits D0 := C0[fg and D00 := C 00[fgare both in Gn�1, one of them isM1-alternating and the other is (CnM1)-alternating. Thus,both circuits are nice in Gn�1.Suppose that � is a chord of C that does not cross . In this case both ends of � belongto C 0 or both belong to C 00, say to C0. So D0 is a nice circuit of Gn�1 having � as a chord.But jD0j < jCj, in contradiction to the de�nition of C. A similar conclusion holds if � is achord of C that does not cross . 2Let M be a perfect matching in G containing � (and �). Let D be the M1-alternatingcircuit of M �M1 containing �. jDj is even and all the edges of Dnf�; �g lie in Gn�1, sojDj contains �. The subgraph G0 := G[C [D] of G, generated by C [D, is certainly:� nice and matching covered, because C and D are both M1-alternating circuits.� non bipartite, because one of � or � is a chord of C that lies in D and has both endsin one of A and B.Since Case 1 does not apply, G = G[C [D]. So, all vertices of G have degree 2 or 3. ButCase 2 does not apply. So G is cubic and its set of edges has a partition in three perfectmatchings M1;M2;M3, where M1 = C \D, M2 = CnM1 and M3 = DnM1. Note that M3is the set of all chords of C and it contains both � and �.To complete the proof that G is either K4 or C6, we consider separately two cases,depending on whether chords � and � cross or not. Consider �rst the case in which � and� cross. That is, the vertices a1; b1; a2; b2 are in C in this cyclic order. In this case, thegraph L := G[C [ f�; �g] is an odd subdivision of K4. Moreover, V (L) = V (C) = V (G).Therefore, L is nice. Thus G = L = K4.Let us now consider the remaining case, in which � and � do not cross. Let C� be thesegment of C between the ends a1 and a2 of � that does not contain the ends b1 and b2 of�. Analogously, C� is the segment of C between b1 and b2 that does not contain a1 and a2.The ends a1 and a2 of C� belong to A. But C� is a path in Gn�1, so it contains (at least)one vertex b in B. Let  be the edge of G that is incident with b (and is a chord of C).The other end a of  belongs to A. By Proposition 7, a is in C�. So, L := G[C [ f�; �; g]is an odd subdivision of C6. Moreover, L is nice because V (L) = V (C) = V (G). ThusG = L = C6. 2Lemma 8 Let G be a brick, fe; fg � E(G) such that G�e�f is matching covered and anyperfect matching that contains one of these edges also contains the other. Then G � e� fis bipartite.Proof. By hypothesis, if we remove both ends of e in G � f , the resulting graph has noperfect matching. But graph G � e � f has a perfect matching. Thus graph G � f has a



Matching Covered Graphs and Subdivisions of K4 and C6 5barrier B containing both ends of e. Moreover, G � e � f is matching covered. Thus e isthe only edge of G� f having both ends in B.Suppose G� e � f is not bipartite. Then some component H of G� e � f � B is nontrivial. Since G is a brick, by Theorem 5 the non trivial odd cut r(H) is not tight. Sothere is a perfect matching M so that jM \r(H)j � 3. A simple counting argument showsthat this happens only if:1. jM \r(H)j = 3;2. The ends of f are in distinct components of G� e� f �B;3. f is in M and e is not. But this is a contradiction.Therefore G� e� f is bipartite. 2Theorem 9 Let G be a brick di�erent from K4 and C6. Then G has an edge e such thatG� e is matching covered.Proof. By Theorems 6 and 3, G has an ear-decomposition G0; G1; : : : ; Gk = G in whichthe �rst non bipartite graph is an odd subdivision of K4 or C6. Since G is 3-connected, thelast ear consists of single edges. We now show that the last ear is simple, thereby provingthe Theorem. Since G is di�erent from K4 and C6, then Gk�1 cannot be bipartite. ByLemma 8, Gk arises from Gk�1 by the adjunction of a single ear. 2References[1] J. Edmonds, L. Lov�asz, and W. R. Pulleyblank. Brick decomposition and the matchingrank of graphs. Combinatorica, 2:247{274, 1982.[2] C. H. C. Little. A theorem on connected graphs in which every edge belongs to a1-factor. J. Austral. Math. Soc., 18:450{452, 1974.[3] L. Lov�asz. Ear-decompositions of matching covered graphs. Combinatorica, 2:395{407,1983.[4] L. Lov�asz. Matching structure and the matching lattice. J. Combinatorial Theory (B),43:187{222, 1987.[5] L. Lov�asz and M. D. Plummer. Matching Theory. North-Holland, 1986.[6] U. S. R. Murty. The matching lattice and related topics. Preliminary Report, Universityof Waterloo, Canada, 1994.[7] W. T. Tutte. The factorization of linear graphs. J. London Math. Soc., 22:107{111,1947.
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Relat�orios T�ecnicos { 199494-01 A Statechart Engine to Support Implementations of Complex Behaviour,F�abio Nogueira de Lucena, Hans K. E. Liesenberg94-02 Incorpora�c~ao do Tempo em um sgbd Orientado a Objetos, Ângelo RoncalliAlencar Brayner, Claudia Bauzer Medeiros94-03 O Algoritmo KMP atrav�es de Autômatos, Marcus Vin��cius A. Andrade eCl�audio L. Lucchesi94-04 On Edge-Colouring Indi�erence Graphs, Celina M. H. de Figueiredo, Jo~ao Mei-danis, C�elia Picinin de Mello94-05 Using Versions in gis, Claudia Bauzer Medeiros and Genevi�eve Jomier94-06 Times Ass��ncronos: Uma Nova T�ecnica para o Flow Shop Problem, H�elvioPereira Peixoto e Pedro S�ergio de Souza94-07 Interfaces Homem-Computador: Uma Primeira Introdu�c~ao, F�abio Nogueirade Lucena e Hans K. E. Liesenberg94-08 Reasoning about another agent through empathy, Jacques Wainer94-09 A Prolog morphological analyser for Portuguese, Jacques Wainer, AlexandreFarcic94-10 Introdu�c~ao aos Estadogramas, F�abio N. de Lucena, Hans K. E. Liesenberg94-11 Matching Covered Graphs and Subdivisions of K4 and C6, Marcelo H. deCarvalho and Cl�audio L. Lucchesi94-12 Uma Metodologia de Especi�ca�c~ao de Times Ass��ncronos, H�elvio PereiraPeixoto, Pedro S�ergio de Souza
9


