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A Proofs for Section 3.1 — Efficient Computation

Throughout this section, let A and B be two genomes. We seek to efficiently
compute dr(A,B) = r(A − B). Although genomic matrices in this model are
not necessarily invertible, they share some properties with invertible matrices,
as shown in the next lemma.

Lemma 1. If A is a genome and x and y are extremities such that Ax = y,
then Ay = x.

Proof. If Ax = y, then {x, y} is an adjacency in A. Therefore, Ay = x. ut

Now, let us define a relation between extremities. Given two extremities x
and y, x ∼AB y if there exists an integer k ≥ 0 such that x = (AB)ky or
x = (BA)ky. Similarly to the relation defined between extremities in [2], this is
an equivalence relation. We will omit the subscript and simply write x ∼ y when
the genomes are clear from the context.

– x ∼ x because x = (AB)0x
– x ∼ y implies y ∼ x because, by Lemma 1, if x = (AB)ky, then y = (BA)kx,

and vice-versa.
– x ∼ y and y ∼ z implies x ∼ z. If x = (AB)ky and y = (AB)jz, then x =

(AB)k+jz. The same goes for the case where x = (BA)ky and y = (BA)jz.
If x = (AB)ky and y = (BA)jz, we can use Lemma 1 to write y = (BA)kx =
(BA)jz. Assuming k ≤ j, we get

(BA)kx = (BA)k+(j−k)z

x = (BA)j−kz.
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The remaining cases can be proven similarly.

We call the classes of this equivalence relation AB-orbits. Given a set of
extremities S, we denote by χ(S) its characteristic vector in the standard basis:

χ(S) :=
∑
x∈S

x.

Given an orbit S, if Aχ(S) = Bχ(S), we call S a balanced orbit ; otherwise,
S is unbalanced. Balanced orbits can be used to construct a basis of ker(A−B).

Lemma 2. Let x and y be two arbitrary extremities. If x ∼ y, then x − y ∈
im(A−B).

Proof. Let x = (AB)ky for k ≥ 0. We will prove the lemma by induction on k.
The base case is when k = 0, i.e., x = y. Then, we have x − y = 0, which

belongs to im(A−B).
Now, suppose that (AB)ky − y ∈ im(A − B) for all y and some k ≥ 0, and

let x = (AB)k+1y. Define z = (AB)ky. By the induction hypothesis, we know
that z − y ∈ im(A−B). Additionally, x = ABz. Since Bz 6= 0, we can write

x− z = ABz −BBz
= (A−B)Bz.

And therefore x− z ∈ im(A−B). Finally, x−y = (x− z) + (z−y) ∈ im(A−B).
ut

The following result classifies the various types of connected components in
the augmented breakpoint graph according to the orbits they contain.

Lemma 3. Consider the augmented breakpoint graph BG(A,B) of genomes A
and B. Each connected component in BG(A,B) corresponds to one or two AB-
orbits, as follows:

– A cycle contains two orbits, both balanced.
– If a path is proper, A-null, or B-null, it conais a single orbit, which is bal-

anced when the path is proper, and unbalanced otherwise.
– An AB-null path contains two orbits, one balanced and one unbalanced.
– An AA or BB-null path contains two orbits, both unbalanced.

Proof. – In a cycle v1, v2, . . . , v2k, the mapping AB corresponds to walking
two steps in one direction (BA is then walking two steps in the other direc-
tion). This means that the odd-numbered vertices are all equivalent to one
another, as are all the even-numbered vertices. Since the cycle is even, no
odd-numbered vertex is equivalent to an even-numbered vertex. Therefore,
we end up with two orbits: {v1, v3, . . . , v2k−1} and {v2, v4, . . . , v2k}. Notice
also that

A(v1 + v3 + . . .+ v2k−1) = B(v1 + v3 + . . .+ v2k−1) = v2 + v4 + . . .+ v2k
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and

A(v2 + v4 + . . .+ v2k) = B(v2 + v4 + . . .+ v2k) = v1 + v3 + . . .+ v2k−1,

showing that each orbit is balanced.
– In a path v1, v2, . . . , vk, as in the case of a cycle above, all the odd-numbered

vertices are pairwise equivalent, as are all the even-numbered vertices. How-
ever, if there is a free end in the path, and there are at least two vertices,
this free end is equivalent to its neighbor, making all the vertices in the path
equivalent. If the path consists of a single vertex, then it is clearly a singleton
orbit. In both cases, we have a single orbit.
If the path is proper and has at least two vertices, then

A(v1 + v2 + . . .+ vk) = B(v1 + v2 + . . .+ vk) = v1 + v2 + . . .+ vk,

so the orbit is balanced. A proper path with only one vertex also gives rise
to a balanced orbit, because either A(v1) = B(v1) = v1 if v1 is free in both
A and B, or A(v1) = B(v1) = 0 if v1 is null in both A and B.
On the other hand, if the path is A-null or B-null and e is the null vertex,
then

etA(v1 + v2 + . . .+ vk) 6= etB(v1 + v2 + . . .+ vk),

since one of these expressions is zero and the other isn’t, showing that the
orbit cannot be balanced.

– An AB-null path v1, v2, . . . , v2k+1 has at least two vertices, an even number
of edges, and therefore an odd number of vertices. As in the previous cases,
the odd-numbered vertices are pairwise equivalent, as are the even-numbered
ones. In this case, however, since there are no free ends, these two sets of
vertices constitute separate orbits.
Notice that

A(v1 + v3 + . . .+ v2k+1) = B(v1 + v3 + . . .+ v2k+1) = v2 + v4 + . . .+ v2k,

so the odd-numbered vertices form a balanced orbit. On the other hand,

vt1A(v2 + v4 + . . .+ v2k) 6= vt1B(v2 + v4 + . . .+ v2k),

since one side of this equation is zero while the other isn’t, showing that the
even-numbered vertices form an ublanaced orbit.

– An AA or BB-null path v1, v2, . . . , v2k has an even number of vertices. As in
the previous case, the odd-numbered vertices form an orbit, and the even-
numbered ones form a distinct orbit, since there are no free ends. Both are
unbalanced, since

vt1A(v2 + v4 + . . .+ v2k) 6= vt1B(v2 + v4 + . . .+ v2k),

because one side is sero and the other isn’t, and also

vt2kA(v1 + v3 + . . .+ v2k−1) 6= vt2kB(v1 + v3 + . . .+ v2k−1),

for a similar reason.
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We want to show now that the set K of all vectors χ(S) such that S is a
balanced orbit forms a basis for ker(A−B). To do so, we need to show that:

– For every v ∈ K, we have (A − B)v = 0. This follows directly from the
definition of balanced orbits.

– K is linearly independent. This comes from the fact that each extremity is
present in at most one vector of K (the vectors in K have disjoint supports).

– K generates ker(A−B). This will be proven below.

Lemma 4. Let e be an extremity such that Ae = 0. Then, for every v ∈ ker(A−
B), we have (Be)tv = 0.

Proof. We have

(Be)tv = etBv = etAv = (Ae)tv = 0tv = 0.

ut

Lemma 5 (Same coefficients — Lemma 6 [2]). If v ∈ ker(A − B) and
x ∼ y, then xtv = ytv.

Proof. From Lemma 2, we know that x− y ∈ im(A−B). Since im(A−B) and
ker(A−B) are orthogonal due to the symmetry of A−B, we have (x−y)tv = 0,
and therefore xtv = ytv. ut

Lemma 6. If S is an unbalanced orbit, there is an extremity e ∈ S such that
either Ae or Be is a null extremity.

Proof. According to Lemma 3, all unbalanced orbits come from null paths. If
S comes from an A-null or B-null path v1, v2, . . . , vk, then S = {v1, v2, . . . , vk}.
Assume, without loss of generality, that v1 is the null extremity in the path.
Then either Av2 = v1 or Bv2 = v1.

If S comes from AB-null path v1, v2, . . . , v2k−1, then S = {v2, v4, . . . , v2k−2}.
Both v2 and v2k−2 are adjacent to a null extremity in one of the genomes.

If S comes from an AA-null path v1, v2, . . . , v2k, then S = {v1, v3, . . . , v2k−1}
or S = {v2, v4, . . . , v2k}. Both orbits also satisfy the lemma, because Bv2k−1 =
v2k and Bv2 = v1. A similar reasoning applies to the case of a BB-null path.
Since there are no other cases of null paths, the lemma is proved. ut

Lemma 7. The set K generates the kernel of A−B.

Proof. According to Lemma 5, any v ∈ ker(A−B) can be written as

v =
∑
i

ciχ(Si),

where the Si are the disjoint AB-orbits.
If Si is an unbalanced orbit, Lemma 6 states that there is an extremity e ∈ Si

such that either Ae or Be is a null extremity. For this e, by Lemma 4, we have
etv = 0, and, consequently, ci = 0.

Therefore, v is a linear combination of vectors χ(S), where S is a balanced
orbit. ut
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With Lemma 7, we conclude that the dimension of ker(A − B) is equal to
the number of balanced orbits, and, consequently, we can state the following:

Theorem 8.

dr(A,B) = 2n− 2c(A,B)− p0(A,B)− pAB(A,B).

Proof. Due to the fact that

dim im(A−B) + dim ker(A−B) = 2n,

it suffices to show that

dim ker(A−B) = 2c(A,B) + p0(A,B) + pAB(A,B).

But this is simply counting the number of balanced orbits present in each
type of component, according to Lemma 3. ut

B Rationale for Section 3.2 — Basic Operations

When the genomes considered have the same marker content, only three types
of operations are needed to sort any genome into another: cuts, joins and double
swaps [2]. Cuts and joins have weight 1, while double swaps have weight 2. These
operations are illustrated in Figure 1.

Fig. 1. Examples of cuts, joins, and double swaps.

In this paper, we seek to add to our model operations that deal with unequal
gene content. The first operations considered are insertions and deletions. These
operations insert or delete contiguous blocks of markers, as in Figure 2.

The deletion of a contiguous section of k markers at the end of a chromosome
has weight 2k+ 1. It is effectively equivalent to a cut separating these k markers
from the rest of the chromosome, costing 1, followed by the deletion of the new
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a −d

a b −d

Fig. 2. Example of an insertion of markers b and c and its inverse operation, the
deletion of b and c.

chromosome, at a cost of 2k. If the deleted region is internal (does not include
a free end), the deletion costs 2k + 2. Such an operation is then equivalent to a
double swap that extracts the region into a new circular chromosome followed
by the deletion of this chromosome, also at a total cost of 2k + 2.

A similar reasoning is valid for insertions, but in the inverse direction. Insert-
ing a segment of k markers at the end of a chromosome is the same as inserting
the k new markers as a linear chromosome and then applying a join between
the new chromosome and its target. To insert a region inside a chromosome, we
perform the insertion of a circular chromosome with the k markers, and then we
use a double swap to incorporate the region into the chromosome. It is important
to note that in the rank distance model, both linear and circular chromosomes
can be inserted, and at the same cost per marker.

As a result, we can concern ourselves only with the deletion/insertion of whole
chromosomes, as any other type of deletion can be replaced by a cut or double
swap followed by a chromosome deletion, and insertions can be represented by
a chromosome insertion plus a join or double swap. Therefore, we end up with
a cast of five basic operations:

– Cuts or joins, with cost 1.
– Double swaps, with cost 2.
– Insertions or deletions of linear or circular chromosomes with k markers,

with cost 2k.

Let S be the chromosome being inserted or deleted. Let A(S) be the set
containing all the adjacencies {x, y} in S, and the singleton {z} for every free
end z in S. Then, the deletion D(S) can be written as the matrix

D(S) = −
∑

{x,y}∈A(S)

(xyt + yxt)−
∑

{x}∈A(S)

xxt.

On the other hand, the insertion of S can be written as the matrix −D(S). This
covers both the case where S is circular and the case where it is linear.

The matrix for the insertion or deletion of a chromosome with k markers is,
apart from the signs, equivalent to the matrix of a genome with k markers, and
always has weight 2k.
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However, this initial set of basic operations is not sufficient to explain the
changes in gene content under the rank distance. Consider the genomes in Fig-
ure 3. To go from A to B using only cuts, joins, double swaps, insertions and
deletions, it would be necessary to cut the adjacency {ah, xt}, delete x, in-
sert y, and join ah and yt. This sequence of operations would cost 6 (1 for
the cut, 1 for the join, 2 for the deletion, and 2 for the insertion). However,
dr(A,B) = r(B −A) = 4.

at ah

a

xt xh

x

at ah

a

yt yh

y

Fig. 3. Example of two genomes that cannot be optimally sorted only with insertions
and deletions. Left: Genome A. Right: Genome B. The distance d(A,B) is 4, but
deleting the marker x and inserting y in its place would cost 6.

This example shows that it is not enough to consider our initial set of basic
operations. We thus introduce one more type of operation: the substitution. A
substitution takes p contiguous markers, anywhere in the genome, and substi-
tutes them with another block of q markers, at a cost of 2p+ 2q. Biologically, a
substitution can be seen as the accumulation of a series of small mutations that
transforms a block of markers into a block of different markers over time [1].

Unfortunately, these substitutions are still not enough to sort genomes under
the rank distance. Consider the genomes in Figure 4. The rank distance between
them is 8, but there is no way to sort one into the other with the operations
described so far, since just the two substitutions of w for x and z for y already
cost 8, and do not move markers b and c.

at ah

a

xt xh

x

bt bh

b

yt yh

y

ct ch

c

at ah

a

wt wh

w

ct ch

c

zt zh

z

bt bh

b

Fig. 4. Example of two genomes that cannot be optimally sorted using only insertions,
deletions, and marker substitutions. Top: Genome A. Bottom: Genome B. The distance
d(A,B) is 8, but substituting x for w and y for z already costs 8, and does not lead to
genome B.

One way of dealing with cases like this is to take advantage of our relaxed
definition of genomes. Recall that, when we defined genomes, in Section 2, we
mentioned that, given a genome A, we do not require that gt ∈ V (A) if gh ∈
V (A), or vice-versa. This relaxed definition will now come into play.
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Insertions, deletions, and substitutions as described so far always act on both
ends of every marker involved, either adding or removing the marker as a whole.
But we may define an operation that substitutes a single extremity with another
extremity that does not exist in the genome, and assign weight 2 to such an
operation.

Introducing this kind of operation implies that the concept of chromosomes
also has to be relaxed. In a genome where, for every g ∈ G, both extremities
gh and gt are either present or absent, a chromosome is a sequence of mark-
ers that can be either circular, having no free ends, or linear, with exactly two
free ends. In the case of a genome with only one extremity of a marker, there
are semi-chromosomes which, instead of ending at a free end, end with an un-
paired extremity, that is, a head extremity whose corresponding tail is not in
the genome, or vice versa. As a result, an insertion or a deletion can now be of a
whole chromosome, or of a whole semi-chromosome, always with a weight equal
to the number of extremities being inserted or deleted.

It may be hard to argue for the biological relevance of an event that replaces
a single extremity, but mathematically they are capable of explaining the rank
distance. With the introduction of extremity substitutions, we have now six types
of basic operations:

– Cut, with cost 1.
– Join, with cost 1.
– Double swap, with cost 2.
– Deletion of whole chromosomes or semi-chromosomes, costing the number

of extremities deleted.
– Insertion of whole chromosomes or semi-chromosomes, costing the number

of extremities inserted.
– Substitution of one extremity for another, with cost 2.

C Proofs for Section 3.3 — Sorting

In this section we show that the rank distance d(A,B) is equal to the optimum
weight of a scenario going from A to B using the basic operations described in
Section 3.2.

Lemma 9. Given two genomes A and B, we have

dr(A,B) ≤ w(A,B).

Proof. Let X = X1, X2, . . . , Xk be a scenario such that w(X ) = w(A,B). Re-
peatedly applying the triangle inequality to intermediate genomes of the form
A+X1 + . . .+Xi, we have

dr(A,B) ≤
k∑

i=1

dr(A+

i−1∑
j=1

Xj , A+

i∑
j=1

Xj).
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However,

dr(A+

i−1∑
j=1

Xj , A+

i∑
j=1

Xj) = r(A+

i−1∑
j=1

Xj − (A+

i∑
j=1

Xj)) = r(Xi).

Therefore,

dr(A,C) ≤
k∑

i=1

r(Xi) = w(X ) = w(A,C).

ut

We say an operation X on genome A is sorting with respect to genome B
when dr(A+X,B) = dr(A,B)− r(X).

We say a component of BG(A,B) is sorted if it is a proper 0-path or a 2-
cycle, that is, a path with 0 edges or a cycle with 2 edges. The relevance of
sorted components stems from the fact that when all the components of the
breakpoint graph BG(A,B) are sorted, we have A = B. Therefore, one strategy
to transform A into B is to sort component by component of the breakpoint
graph. This is the approach we take here.

Lemma 10. If Ax 6= x, and Bx = x, then cutting the adjacency {x,Ax} in A
is always sorting.

Proof. In the breakpoint graph BG(A,B), the node corresponding to the ex-
tremity x is the end of a path. Let P be this path.

Let X be the cut of adjacency {x,Ax}. The graph BG(A+X,B) has the same
components as BG(A,B), except for P . Instead of P , there are two paths. The
first is a path with all the nodes of P except for x. It has the same type as P . The
second is a proper 0-path with node x. Therefore, dr(A+X,B) = dr(A,X)− 1,
because the number of proper paths increases, while n, c, and pAB remain the
same. ut

Lemma 11. If BG(A,B) has at least one path with at least 3 edges, or one
cycle with at least 4 edges, there is a sorting double swap.

Proof. In either case, we can take two edges from the same genome, with one
edge from the other genome incident to both, to define a double swap. For the
cycle, this double swap splits the cycle in two smaller ones. For the path, this
double swap transforms the path into a cycle and a path of the same type as the
original path. In both cases, the number c of cycles increases by 1, decreasing
the distance by 2. ut

Lemma 12. If BG(A,B) has at least one AB-null 2-path, there is a sorting
substitution.

Proof. Let x and y be the A-null and the B-null ends of a 2-path P , respectively.
Let X be the operation that substitutes y with x. The graph BG(A+X,B) has
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the same components as BG(A,B), except for P . Instead of P , there is a 2-
cycle containing x and Bx, and a proper 0-path with y. Thus, dr(A + X,B) =
dr(A,X)+1−3 = dr(A,X)−2, because we gain an extra cycle, and an AB-path
is replaced by a proper path. ut

Lemma 13. If BG(A,B) is only composed of sorted components plus AA-null
and BB-null paths of length 0 or 1, then A can be sorted into B using only
sorting insertions and deletions.

Proof. Without loss of generality, suppose there are no AB-null 0-paths. With
this extra assumption, there are |V (A)∩V (B)| nodes in the sorted components,
and |V (A) \ V (B)|+ |V (B) \ V (A)| in the remaining components. The distance
between A and B is

dr(A,B) = 2n− |V (A) ∩ V (B)|
= |V (A) \ V (B)|+ |V (B) \ V (A)|.

Add all the A-null nodes to A, also joining all ends of AA-null paths. These
additions are materialized by a number of insertions on A, at a total cost of
|V (B)\V (A)|. The edges between the ends of the AA-null paths are adjacencies
in the inserted chromosomes, so they do not add extra cost.

Similarly, remove all B-null nodes from A, removing the edges of the BB-
null paths at the same time. These whole-chromosome deletions cost a total of
|V (A) \ V (B)| units. Let A′ be the genome created by the application of these
operations.

These operations transformed all the A-null and B-null paths into proper 0-
paths and 2-cycles, making all the components in BG(A′, B) sorted. This means
dr(A′, B) = 0, and therefore A′ = B. Hence, this procedure sorted A into B at
the cost of dr(A,B). ut

Theorem 14. Given two genomes A and B,

dr(A,B) = w(A,B).

Proof. Lemmas 10—13 give us an outline for a sorting algorithm:

1. Apply cuts to A and B until both genomes have the same free ends;

2. Apply double swaps until the only remaining components are sorted ones,
as well as AB-null 2-paths, and AA-null and BB-null paths of length 0 or 1;

3. Apply substitutions until there are no AB-null 2-paths left;

4. Apply the necessary insertions or deletions to make both genomes equal.

Let X be a sorting scenario obtained with the procedure above. Because all
operations in X are sorting, and reduce the distance by exactly their weight, we
have w(X ) = dr(A,B).

Since w(A,B) ≤ w(X ), by Lemma 9, dr(A,B) = w(A,B). ut
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D Proofs for Section 4 — An Alternative: the Rank-Indel
Distance

By looking at numerous examples we came up with a formula for the rank-indel
distance between A and B:

di(A,B) = 2n− 2c(A,B)− p0(A,B) + pAB(A,B).

The proof of this formula is the goal of this section. To begin with, let

f(A,B) = 2n− 2c(A,B)− p0(A,B) + pAB(A,B).

Given an operation X applicable to A, define ∆f(A,B;X) as follows:

∆f(A,B;X) = f(A+X,B)− f(A,B).

Similarly, given a statistic s(A,B) of BG(A,B) (that is, s can be one of c,
p, p0, pAA, etc.), define

∆s(A,B;X) = s(A+X,B)− s(A,B).

We also denote by u(A,B) the number of unique markers between A and B:

u(A,B) = |V (A) \ V (B)|+ |V (B) \ V (A)|.

Lemma 15. If operation X is the insertion of a chromosome with k markers
into genome A and B = A+X, then ∆f(A,B;X) ≥ −2k.

Proof. The 2k inserted extremities are all A-null ends of paths in BG(A,B).
Therefore,

∆pA(A,B;X) + 2∆pAA(A,B;X) +∆pAB(A,B;X) = −2k,

with each term being negative. No proper path is affected by the insertion, so

∆p0(A,B;X) = 0.

The number of cycles can only increase via AA-null paths being closed, so

∆c(A,B;X) = −∆pAA(A,B;X)

Therefore, we can write

∆f(A,B;X) = 2n− 2c(A+X,B)− p0(A+X,B) + pAB(A+X,B)

−(2n− 2c(A,B)− p0(A,B) + pAB(A,B))

= −2∆c(A,B;X)−∆p0(A,B;X) +∆pAB(A,B;X)

= 2∆pAA(A,B;X) +∆pAB(A,B;X)

≥ −2k.

ut
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Lemma 16. If operation X is the deletion of a chromosome with k markers
from genome A and B = A+X, then ∆f(A,B;X) ≥ −2k.

Proof. Since the deletion is of an entire chromosome of B-null extremities, the
only adjacencies affected are those between two B-null extremities. Therefore,
the only components that undergo changes are BB-null paths of length 1, each
of them turning into two single nodes absent in both genomes (AB-null paths),
and 0-length B-null paths that turn into 0-length AB-null paths. Thus,

∆p0(A,B;X) = 2k

∆pAB(A,B;X) = ∆c(A,B;X) = 0

Therefore, we can write

∆f(A,B;X) = −2∆c(A,B;X)−∆p0(A,B;X) +∆pAB(A,B;X)

∆f(A,B;X) = −2k.

ut

Lemma 17. di(A,B) ≥ 2n− 2c(A,B)− p0(A,B) + pAB(A,B).

Proof. Assume that di(A,B) < f(A,B). Let X1, X2, . . . , Xm be an optimal se-
quence of operations sorting A into B. Then we have

m∑
i=1

w(Xi) <

m∑
i=1

−∆f(A,B;Xi).

Therefore, in order to show the inequality di(A,B) ≥ f(A,B) holds, it suffices
to prove that no operation can cause a change in the formula greater than its
weight, that is, given an operation X applicable to A, we want to show that

−∆f(A,B;X) ≤ w(X).

In order to do that, we examine all options for the operation X and its impact
on the breakpoint graph.

– X is a cut — w(X) = 1
• If X cuts an edge in a cycle, the cycle turns into a proper path, so
∆f(A,B;X) = 1

• If X cuts an edge in an AA-null, BB-null, or AB-null path, this path
turns into two A-null or B-null paths, so ∆f(A,B;X) = 0

• If X cuts an edge in any other type of path, it turns into a path of the
same type, and one proper path, and ∆f(A,B;X) = −1

– X is a join — w(X) = 1
(Only free ends can be joined)
• Two proper paths → one proper path — ∆f(A,B;X) = 1
• One proper path and one A-null or B-null path → one A-null or B-null

path — ∆f(A,B;X) = 1
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• Two A-null or B-null path→ one AA-null, BB-null, or AB-null path —
∆f(A,B;X) = 0

• Two ends of a proper path → one cycle — ∆f(A,B;X) = −1
– X is a double swap — w(X) = 2
• Two proper paths → two proper paths — ∆f(A,B;X) = 0
• One proper and one A-null or B-null path → one proper and one A-null

or B-null path — ∆f(A,B;X) = 0
• One proper and one AA-null, BB-null or AB-null path → two A-null or
B-null paths — ∆f(A,B;X) = −1 or ∆f(A,B;X) = 0

• Two A-null or B-null paths→ two A-null or B-null paths, or one proper
and one AB-null path — ∆f(A,B;X) = 0

• One A-null or B-null path and one AA-null, BB-null or AB-null path
→ One A-null or B-null path and one AA-null, BB-null or AB-null path
— −1 ≤ ∆f(A,B;X) ≤ 1

• Two AA-null or BB-null paths→ two AA-null or BB-null paths, or two
AB-null paths — ∆f(A,B;X) = 0 or ∆f(A,B;X) = 2

• Two AB-null paths → one AA-null and one BB-null path, or two AB-
null paths — ∆f(A,B;X) = −2 or ∆f(A,B;X) = 0

• One path
→ path with a reversed segment — ∆f(A,B;X) = 0
→ one path and one cycle — ∆f(A,B;X) = −2

• A path and a cycle → one path — ∆f(A,B;X) = 2
• One cycle
→ one cycle — ∆f(A,B;X) = 0
→ two cycles — ∆f(A,B;X) = −2

– X is an insertion of k markers — w(X) = 2k
See Lemma 15.

– X is a deletion of k markers — w(X) = 2k
See Lemma 16.

ut

There is a simple way to equalize the gene content of A and B. Examining
BG(A,B), add the A-null nodes to A, and the B-null nodes to B. Join the ends
of any AA-null (BB-null) path in A (B), respectively. This process generates
genomes A∗ and B∗ such that V (A∗) = V (B∗) = V (A)∪ V (B). We call A∗ and
B∗ the augmented genomes of A and B.

Lemma 18. di(A,A
∗) + di(B,B

∗) ≤ 2u(A,B).

Proof. The addition of the A-null nodes to A is realized by a number of insertions
on A, at a total cost of |V (B)\V (A)|. The edges between the ends of the AA-null
paths are adjacencies in the inserted chromosomes, so they do not add extra cost
to the construction of A∗.

Similar insertions in B form B∗, at a cost of |V (A) \ V (B)|. Therefore,
di(A,A

∗) + di(B,B
∗) ≤ 2u(A,B). ut

Since A∗ and B∗ have the same gene content, we already know how to sort
them.
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Lemma 19. Let A and B be two genomes without duplications. If BG(A,B)
has c cycles, p paths, and d AA-null or BB-null paths, then

di(A
∗, B∗) = 2n− 2c(A,B)− p0(A,B)− 2u(A,B) + pAB(A,B).

Proof. The breakpoint graph BG(A∗, B∗) has c(A,B)+pAA(A,B)+pBB(A,B)
cycles, and p0(A,B) + pA(A,B) + pB(A,B) + pAB(A,B) paths, all proper, and
therefore

di(A
∗, B∗) = 2n− 2(c(A,B) + pAA(A,B) + pBB(A,B))

− (p0(A,B) + pA(A,B) + pB(A,B) + pAB(A,B)).

Taking into account that

2u(A,B) = pA(A,B) + pB(A,B) + 2pAA(A,B) + 2pBB(A,B) + 2pAB(A,B),

we can write

di(A
∗, B∗) = 2n− 2c(A,B)− p0(A,B)− 2u(A,B) + pAB(A,B).

ut

Lemmas 18 and 19 give us a lower bound on the indel distance di(A,B).

Corollary 20. di(A,B) ≤ 2n− 2c(A,B)− p0(A,B) + pAB(A,B).

Combining Lemma 17 with this last corollary we have our result:

Theorem 21. di(A,B) = 2n− 2c(A,B)− p0(A,B) + pAB(A,B).
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