
Edge Coloring of Cy
le Powers is EasyJo~ao MeidanisMar
h 12, 1998Abstra
tIn this note we solve the edge-
oloring problem for 
y
le powers Ckn.It is well-known that the edges o Cn 
an be 
olored with two 
olors if andonly if n is even. We generalize this resut showing that the edges of Ckn
an be 
olored with �(Ckn) = 2k 
olors if and only if n is even, for all kwith 0 � k � n=2. Coupled with the fa
t that Ckn is overfull if n is odd,this solves the edge-
oloring problem for this 
lass of graphs.1 Introdu
tionIn this note we are 
on
erned with optimal valid 
olorings for 
y
le powers (seeSe
tion 2 for pre
ise de�nitions). In general, edge-
oloring is a diÆ
ult problem.Although Vizing's theorem [4℄ guarantees that the optimal 
oloring of a simplegraph G uses either � or � + 1 
olors, where � is the maximum degree, it isNP-
omplete to de
ide between these two possibilities. We 
all a graph 
lass 1if its edges 
an be 
olored with � 
olors, and 
lass 2 otherwise. Cai and Ellis[1℄ reviewed the status of this problem for several 
lasses of graphs.Classi
al results in this area state that 
y
les and 
omplete graphs are 
lass1 when they have an even number of verti
es, and 
lass 2 otherwise. Be
ause
y
les and 
omplete graphs are spe
ial 
ases of 
y
le powers, it is natural to
onsider the question for 
y
le powers in general. This note extends the 
lassi
alresults to all 
y
le powers, that is, we prove that a 
y
le power is 
lass 1 if andonly if it has an even number of verti
es.The rest of this paper is organized as follows. Se
tion 2 
ontains the pre
isede�nitions of 
on
epts we use in the text. Se
tion 3 treats the 
ase of an oddnumber of verti
es, and Se
tion 4 solves the other 
ase. Finally, our 
on
lusionsand 
onsiderations about future work appear in Se
tion 5.2 De�nitionsWe assume the reader is familiar with basi
 graph theory. Given a graph G,we denote by V (G) its set of verti
es, and by E(G) its set of edges. We willdeal ex
lusively with simple graphs here. For 
onvenien
e, we 
onsider dire
tedgraphs, so that we 
an talk about initial points of edges: and edge (u; v) has u1



as its initial point. A dire
ted graph is simple when its undire
ted 
ounterpartis simple.Given a nonempty subset E � E(G), we denote by G[E℄ the graph havingE as edge set, and the verti
es of G in
ident to some edge in E as vertex set.A 
oloring of a graph G is a mapping � : E(G) 7! C of E(G) onto someset C of 
olors. The 
oloring is valid when no two adja
ent edges have thesame image under �. An optimal valid 
oloring is a valid 
oloring for whi
h the
ardinality jCj is minimum. A 
elebrated theorem of Vizing [4℄ states that, forsimple graphs, this minimum is either the maximum degree �(G) or �(G) + 1.If there is a valid 
oloring of G with �(G) 
olors we say that G is 
lass 1 ;otherwise, G is said to be 
lass 2.Let G be a graph with n verti
es and m edges. If m > �(G)bn=2
, then Gis said to be overfull. It is easy to see that overfull graphs are 
lass 2, be
auseea
h 
olor 
an 
olor at most bn=2
 edges in a valid 
oloring.A 
omplete graph is a simple graph with edges between any pair of verti
es.For any integer n � 3 we de�ne the 
y
le as being the graph Cn withV (Cn) = f0; 1; 2; � � � ; n� 1g;E(Cn) = f(0; 1); (1; 2); � � � ; (n� 2; n� 1); (n� 1; 0)g:(We ex
lude n = 2 be
ause the graph would not be simple, but the main resultsare still valid for this 
ase.) The k-th power of a dire
ted graph G is de�nedre
ursively as follows. We �rst de�ne the produ
t G �H of two graphs G andH with the same vertex set V :V (G�H) = VE(G�H) = f(u; v) j 9w 2 V ((u;w) 2 E(G) and (w; v) 2 E(H))g:Then de�ne G1 = G and Gk = G�Gk�1 for k � 2.When G is a 
y
le Cn, the k-th power is simple only when 1 � k < n=2, sowe will limit ourselves to these 
ases from here on. Observe that when n is oddand k = (n � 1)=2 , Ckn is a 
omplete graph. For even n, te
hni
ally there isno k for whi
h Ckn is 
omplete, be
ause C(n=2n is not simple, but we 
ould havede�ned an undire
ted version of graph powers to remedy this. We prefer to keepthe dire
ted version, though, be
ause it simpli�es the arguments in Se
tion 4.2.Noti
e that �(Ckn) = 2k for 1 � k < n=2.3 Powers of odd 
y
les are overfullA 
y
le power Ckn with odd n, like any regular graph of odd order, is overfull.To 
on�rm this fa
t, observe thatm = n�2 = n(2k)2 = nk;for 0 � k < n=2. On the other hand,� jn2 k = (2k)n� 12 = (n� 1)k:2



Therefore, m > �bn=2
 when k > 0. This shows that Ckn is 
lass 2 when n isodd.4 Powers of even 
y
lesIn this se
tion we treat the 
ase where n is even. We will see that in many 
asesgrouping edges by size (to be de�ned later) will result in several groups that
an be 
olored independently, using two 
olors for ea
h group. In the remaining
ases, some groups 
annot be 
olored with two 
olors. We remedy this problemby joining edges with size l and size l + 1, obtaining a four-
olorable edge-set,whi
h 
an again be 
olored independently.4.1 Edges of size l are two-
olorable when n= g
d(l; n) isevenLet n be an even number and k an integer with 1 � k < n=2. Let Sl be the setof edges of size l, de�ned asSl = f(x; x+ l mod n) j 0 � x � n� 1g:These sets form a partition of the edge-set of Ckn, that is, Sl\Sl0 = ; if l 6= l0and E(Ckn) = k[l=1Sl:The main result of this se
tion is the following.Theorem 1 For l � k, the indu
ed graph Ckn[Sl℄ has d 
onne
ted 
omponents,ea
h one being a 
y
le of length n=d, where d = g
d(l; n).Proof: Two verti
es x and y are in the same 
omponent if and only if there isan integer r su
h that y � x+ rl (mod n):This is equivalent to d j (y�x). Hen
e, two verti
es are in the same 
omponentif and only if they belong to the same residue 
lass modulo d. The result followsbe
ause there are exa
tly d su
h residue 
lasses, and all of them have the samesize (see, for instan
e, the number theory book by Irelan and Rosen [3℄). 2The 
orollary below follows immediately from Theorem 1, sin
e even 
y
lesare two-
olorable.Corollary 1 The graph Ckn [Sl℄ is two-
olorable when l � k < n=2 and n= g
d(l; n)is even.
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4.2 Edges of sizes l and l�1 form a four-
olorable subgraphwhen n= g
d(l; n) is oddIn this se
tion we prove the following result.Theorem 2 The graph Ckn[Sl [ Sl�1℄ is four-
olorable when l � k < n=2 andn= g
d(l; n) is odd.Proof: Let d be g
d(l; n). If n=d is odd, then d and l are ne
essarily even. Weknow from the results of Se
tion /refs:
y
les that Sl is a disjoint union of odd
y
les, whereas Sl�1 is a disjoint union of even 
y
les. The idea is to ex
hangesome edges between Sl and Sl�1 in order to merge the odd 
y
les into even ones,without disturbing too mu
h the 
oloring of Sl�1.The set Sl�1 
an be 
olored with two 
olors. We sele
t a spe
ial 
oloring ofthis edge set as follows. Paint with one 
olor all edges with odd initial point,and paint with the other 
olor the remaining edges, that is, the ones with eveninitial point. It is easy to see that this 
oloring is valid, be
ause l � 1 is odd.Let C1 be the following set of edgesC1 = f(1; l);(l + 1; 2l);(3; l + 2);(l + 3; 2l+ 2);...(d� 1; d+ l � 2);(d+ l � 1; d+ 2l� 2) g:All these edges are of the form (a; a + l � 1) and therefore belong to Sl�1.Furthermore, the initial point a is odd for all these edges, whi
h means thatthey will all be 
olored with the same 
olor.Now 
onsider the set C2 given belowC2 = f(1; l + 1);(l; 2l);(3; l + 3);(l + 2; 2l+ 2);...(d� 1; d+ l � 1);(d+ l � 2; d+ 2l� 2) g:These edges are of the form (b; b + l) and thus belong to Sl. An importantobservation is that they belong to distin
t 
y
les in Sl. Indeed, two edges belong4



to the same 
y
le in Sl when their initial points a and b satisfy d j (b� a). Letus divide C2 in two parts A and B as follows.A = f(a; a+ l) j 1 � a � d� 1 and a is odd gB = f(b; b+ l) j l � b � d+ l� 2 and b is even gTwo edges in A 
annot be in the same 
y
le be
ause their initial points belongto an interval of length less than d; the same holds for two edges in B. Nowif we pi
k one edge from A and another from B, the di�eren
e between theirinitial points is odd and thus 
annot be divisible by an even number su
h as d.We ex
hange the edges in C1 and C2 between Sl and Sl�1. More pre
isely,
onsider S0l�1 = (Sl�1 � C1) [ C2;S0l = (Sl [ C1)� C2:Noti
e that S0l�1[S0l = Sl�1[Sl, be
ause we just ex
hanged edges between thetwo sets.We 
laim that S0l�1 is two-
olorable. In fa
t, C1 is a mat
hing be
ause itsedges were all of the same 
olor in Sl�1. This means that the 2d endpoints areall distin
t. But C2 has the exa
t same set of 2d endpoints, so it is a mat
hingas well. It is not diÆ
ult to see that we 
an give the 
olor that C1 had to C2and produ
e a valid 
oloring for S0l�1.We 
laim that S0l is two-
olorable as well. The reason is that, with theex
hange, the d odd 
y
les in Sl are grouped in pairs (noti
e that d is even) andthe two 
y
les in ea
h pair are merged to form an even 
y
le. Take, for instan
e,the �rst two edges of C1, (1; l); (l + 1; 2l)and the �rst two edges of C2, (1; l+ 1); (l; 2l):With the ex
hange, the 
y
les in Sl that 
ontained edges (1; l + 1) and (l; 2l)be
ome a longer, even 
y
le (see Figure 1). A similar merge o

urs with theother 
y
les in Sl. Given that there are d 
y
les and d ex
hanged edges with notwo edges in the same 
y
le, all the 
y
les get merged by the ex
hange and S0lis a disjoint union of even 
y
les. Thus, it is two-
olorable. 24.3 Main theoremTheorem 3 The graph Ckn is 
lass 1 for even n.Proof: Indu
tion on k.If k = 1 then Ckn = Cn whi
h is 
lass 1 for even n.If k > 1 we distinguish two 
ases a

ording to the parity of n=d, whered = g
d(k; n). If n=d is even, Ckn [Sk℄ is two-
olorable. By indu
tion hypothesis5



1 l + 1l 2l 1 l + 1l 2l
Sl S0lFigure 1: E�e
t of ex
hange on 
y
les in Sl.Ck�1n is 
lass 1. But E(Ckn) = E1 [ E2, where E1 = E(Ck�1n ) and E2 = Sk.Be
ause �(Ckn [E1℄) = 2k�2, �(Ckn [E2℄) = 2, and both indu
ed graphs are 
lass1, we have that Ckn is 
lass 1.If n=d is odd, we use the results of Se
tion 4.2 and 
on
lude that Ckn[Sk[sk�1℄is four-
olorable. By indu
tion hypothesis, Ck�2n is 
lass 1. But E(Ckn) =E1[E2, where E1 = E(Ck�2n ) and E2 = Sk[Sk�1. Be
ause �(Ckn [E1℄) = 2k�4,�(Ckn[E2℄) = 4, and both indu
ed graphs are 
lass 1, we have that Ckn is 
lass1. 25 Con
lusionsWe proved that powers of a 
y
le are 
lass 1 if and only if the number ofverti
es is even, generalizing the known results for 
y
les and 
omplete graphs.This new result 
an potentially lead to a � 
oloring of several other graphs by
onsidering pullba
k fun
tions. These fun
tions were introdu
ed by Figueiredoand 
olleagues [2℄ and are able to transport valid edge 
olorings from one graphto another. It would be interesting to 
hara
terize the graphs to whi
h a �
oloring of Ckn 
an be transported.Interesting questions are raised by 
onsidering nonsimple graphs. For odd nand k > n=2, the power Ckn, although not simple, is still overfull, whi
h impliesthat there is no � 
oloring. However, Vizing's theorem for general graphsbounds the minimum number of 
olors by �+�, where � is the maximum edgemultipli
ity. It would be interesting to 
olor optimally these graphs. On theother hand, for even n, the � 
oloring of Ckn shown here is valid for values of kgreater than n=2.
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