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From the WWW to Scale-free networks. Definition.
Discrete and continuum formalism. Explain its meaning.
Hubs and the maximum degree.

What does ‘scale-free’ mean?

Universality. Are all networks scale-free?

From small worlds to ultra small worlds.

The role of the degree exponent.
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Introduction



WORLD WIDE WEB
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Power laws and scale-free
networks



WORLD WIDE WEB

Nodes: WWW documents ——
Links: URL links —
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Discrete vs. Continuum formalism

Discrete Formalism Continuum Formalism
As node degrees are always positive  In analytical calculations it is often convenient to

integers, the discrete formalism captures the  assume that the degrees can take up any
probability that a node has exactly k links:  positive real value:

pr=Ck™7. pk) = Ck™".
Y =1 Jp(k)dkzl
k=1
kmin
= 1 1 — 1 y—1
CZk_y=1 C = = — , C= 0 =(y_1)kmm
P 2 oW J k-rdk
k=1 0
k=" o 1
Pr=—— k)= (y - D'k,
L= 6 pk)=(y — Dk
&y
INTERPRETATION: Dr L pik ek
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Low
Performers
High 20 Percent

Performers
80 Percent

Vilfredo Federico Damaso Pareto (1848 — 1923), Italian economist, political scientist and

philosopher, who had important contributions to our understanding of income distribution and to the analysis
of individuals choices. A number of fundamental principles are named after him, like Pareto efficiency, Pareto
distribution (another name for a power-law distribution), the Pareto principle (or 80/20 law).



Hubs



The difference between a power law and an exponential distribution
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The difference between a power law and an exponential distribution

Let us use the WWW to illustrate the properties of the high-k regime.
The probability to have a node with k~100 is

About py =~ 107" jn a Poisson distribution

About Pio=10""""if b follows a power law.

Consequently, if the WWW were to be a random network, according to
the Poisson prediction we would expect 1078 k>100 degree nodes, or
none.

Nis100 = 10
For a power law degree distribution, we expect about
k>100 degree nodes



(a) POISSON (b)

Most nodes have
the same number
of links

No highly
connected nodes

Number of nodes with k links

umber of links (k)

(c) POWERLAW (d)

Many nodes
with only a few links

A few hubs with
large number of links

Number of nodes with k links

Network Science: Scale-Free Property



The size of the biggest hub

All real networks are finite = let us explore its consequences.
- We have an expected maximum degree, k.

Estimating k..

T PO dk 1 Why: the probability to have a node larger than k., should not
kJ‘ (kydk ~ N exceed the prob. to have one node, i.e. 7/N fraction of all
- nodes

min (—y +1) max kgla}( N

k

max

Ojo P(k)dk = (y — Dk’ j k7 dk= 7= K[ kK7 ] = L



The size of the biggest hub

To illustrate the difference in the maximum degree of an exponential
and a scale-free network let us return to the WWW sample of Figure 4.1,
consistingof N =3 x10°nodes. Ask . =1, if the degree distribution were to
follow an exponential, (4.17) predicts that the maximum degree should be
k = 13. In a scale-free network of similar size and y = 2.1, (4.18) predicts

max
k .. = 85,000, a remarkable difference. Note that the largest in-degree of
the WWW map of Figure 4.1 is 10,721, which is comparable to k. predicted
by a scale-free network. This reinforces our conclusion that in a random
network hubs are effectivelly forbidden, while in scale-free networks they

are naturally present.



Finite scale-free networks

Expected maximum degree, K.

* K., increases with the size of the network

—>the larger a system is, the larger its biggest hub

 Fory>2 k__ increases slower than N

max

—~>the largest hub will contain a decreasing fraction of links as N increases.

« Fory=2 k__~N.

max

- The size of the biggest hub is O(N)

« Fory<2 k__ increases faster than N: condensation phenomena
—> the largest hub will grab an increasing fraction of links. Anomaly!



The size of the largest hub
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The meaning of scale-free



Scale-free networks: Definition

Definition:

Networks with a power law tail in their degree distribution are called
‘scale-free networks’

Where does the name come from?

Critical Phenomena and scale-invariance
(a detour)

Slides after Dante R. Chialvo



Phase transitions in complex systems I: Magnetism

i
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Scale-free behavior in space

E~ T =Te|™™

g Scale invariance at
Fucuatons emergea the critical point

scale-free behavior

by Douglas Ashton



CRITICAL PHENOMENA

* Correlation length diverges at the critical point: the
whole system is correlated!

 Scale invariance: there is no characteristic scale for
the fluctuation (scale-free behavior).

* Universality: exponents are independent of the
system’s details.



Divergences in scale-free distributions

. 1 ]
P(k)=Ck” k=[k,_. o) [ Paoak=1 ©== =(y — Dk,
e [ k7 dk

k

min

Pk)=(y — Dk 'k7

min

0

< k™ >= Of K"P(kydk  <K" >=(y =Dk} | k™7 dk = - ki | K™ ],

min min

o o (m—y +1) i
(y =1
. < K" >=— kK"
If m'y+1<0. (m —y n 1) min
If m-y+1>0, the integral diverges.

For a fixed y this means that all moments with m>y-1 diverge.



DIVERGENCE OF THE HIGHER MOMENTS

<k™>=(y —Dk! j kK dk = — =D Ko [ K™ 7 ]
K (m—y+1) “

min

min

For a fixed A this means all moments m>y-1 diverge.

Merwork Size kY a ¥ cnad ¥in
TR 32A5TH d.5l ax) 245 21
WO 410 7 238 21
TR 2107 T3 S 272 21
WO sie 260 (N 1.9
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The meaning of scale-free

Random Network s
Randomly chosen node: k = (k) + <k>
Scale: <k)

Scale-Free Network
Randomly chosen node: k = (k) + oo
Scale: none



The meaning of scale-free
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universality



INTERNET BACKBONE

Nodes: computers, routers
Links: physical lines

10000
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SCIENCE CITATION INDEX

Nodes: papers
Links: _citations
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SCIENCE COAUTHORSHIP
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ONLINE COMMUNITIES

N_odes: onllne user Pussokram.com online community;
Links: email contact 512 days, 25,000 users.
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ONLINE COMMUNITIES

Twitter: Facebook
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METABOLIC NETWORK
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METABOLIC NETWORK

PROTEOME

protein-protein
interactions
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C. Elegans

ellular Localization View

interactions
High-confidence interactions
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HUMAN INTERACTION NETWORK

00 Y2H interactions
00 binary LC interactions
D, MINT, BIND, DIP, MIPS)

Y

HO-¥2H
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Rual et al. Nature 2005; Stelzl et al. Cell 2005



ACTOR NETWORK

Nodes: actors _ vie Database
Links: cast jointly

Days of Thunder (1990)
Far and Away (1992)
Eyes Wide Shut (1999)

107

N = 212,250 actors

) = 28.78 =
(9 ~k’ .
v=2.3 10°

10°

10° 10’ 10° 10°



SWEDISH SE-WEB

Nodes: people (Females; Males)
Links: sexual relationships
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4781 Swedes; 18-74;
59% response rate.

Liljeros et al. Nature 2001
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Ultra-small property



DISTANCES IN RANDOM GRAPHS

Random graphs tend to have a tree-like topology with almost constant node degrees.

N, =(k
nr. 011: first nec:ght.)ors: Nz ~ <k>2
nr. of second neighbors: Nd E<k>d

* nr. of neighbours at distance d:
* estimate maximum distance:
2 _logN

1+12=1:<k>' =N = I, = log k)



SMALL WORLD BEHAVIOR IN SCALE-FREE NETWORKS

kmax — kminN ;

( const =1 Size of the biggest hub is of order O(N). Most nodes can be connected within two layers
) V= of it, thus the average path length will be independent of the system size.
Ultra The average path length increases slower than logarithmically. In a random network all
Small ln]nN nodes have comparable degree, thus most paths will have comparable length. In a
World —— 2« Y < 3 scale-free network the vast majority of the path go through the few high degree hubs,
11](}/ = 1) reducing the distances between nodes.
<[>~
] N Some key models produce y=3, so the result is of particular importance for them. This
n ¥ = 3 was first derived by Bollobas and collaborators for the network diameter in the context of
ll’lll’lN a dynamical model, but it holds for the average path length as well.

The second moment of the distribution is finite, thus in many ways the network behaves
ll'lN Y= 3 as a random network. Hence the average path length follows the result that we derived
for the random network model earlier.

Cohen, Havlin Phys. Rev. Lett. 90, 58701(2003); Cohen, Havlin and ben-Avraham, in Handbook of Graphs and Networks, Eds. Bornholdt and
Shuster (Willy-VCH, NY, 2002) Chap. 4; Confirmed also by: Dorogovtsev et al (2002), Chung and Lu (2002); (Bollobas, Riordan, 2002; Bollobas,
1985; Newman, 2001



Why are small worlds surprising? Suprising compared to what?

1d lattice 2d lattice 1d |
(d) ~ N1/2 2d
3d

log (d)

RN —

Random Network (d) ~log N

o .
N log N



SMALL WORLD BEHAVIOR IN SCALE-FREE NETWORKS

HUMAN PPI INTERNET SOCIETY WWW
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We are always close to the hubs

12 1 1 1 1 1 1 1 1 1

10 -

" it's always easier to find someone who 8 I -

knows a famous or popular figure than

some run-the-mill, insignificant person.” '
(Frigyes Karinthy, 1929) 4
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The role of the degree
exponent



SUMMARY OF THE BEHAVIOR OF SCALE-FREE NETWORKS

ANOMALOUS SCALE-FREE RANDOM
REGIME REGIME REGIME

Mo large network ndistinguishable
can exst here from a random network
=
)
.\‘1
2 O 3 & & & ¥
8 -::}g\ & ot @ P & & o
WoT e o o G e ) w o &
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S E & ¥

(k) DIvERGES (k) Fnie
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W) s A ) o (@ -

r=3
InN
Inln N

CRITICA

POINT ;
{cf ) ~ InlnN {d)- _nN_

* In{k)
k.. GROWS FASTER THAN N ULTRA-SMALL
WORLD



Graphicality: No large networks for y<2

(a) Graphical (b) Not Graphical (c)

1+

213 - N =10
1/3 + I.

VVVVVV—

L.b L.ﬁr? :

In scale-free networks: k =k N7 Fory<2: 1/(y-1)>1

max min




Why don’t we see networks with exponents in the range of y=4,5,6, etc?

In order to document scale-free networks, we need 2-3 orders of magnitude scaling.

Thatis, K,,~10°K _ to 10°K

However, that constrains on the system size we require to document it.
For example, to measure an exponent y=5,we need to maximum degree a system size of

the order of

1

Kmax — I<min]\]7/_1

y—1

N=|—mx| ~10°
K

Onella et al. PNAS 2007

10°

10~2}

=, 4
Mobile Call g1 |
Network

N=4.6x108
y=8.4

1079

1078
10

0 10 10
Degree k
Characterizing the large-scale structure and the tie strengths of the mobile
call graph. (A and B) Vertex degree (A) and tie strength distribution (B).
Each distribution was fitted with P(k) = a(k + k_0)" exp(—k/k_c).

Fig. 1.



ADVANCED TOPICS 4.B

PLOTTING POWER LAWS



HUMAN INTERACTION NETWORK

2,800 Y2H interactions
4,100 binary LC interactions
(HPRD, MINT, BIND, DIP, MIPS)
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Rual et al. Nature 2005; Stelzl et al. Cell 2005
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HUMAN INTERACTION DATA BY RUAL ET AL.
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COMMON MISCONCEPTIONS

Http://www.nd.edu/~networks
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Secons |

Generating networks with a
pre-defined p,



Configuration model

k=3 k=2 k=2 k=1
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(1) Degree sequence: Assign a degree to each
node, represented as stubs or half-links. The
degree sequence is either generated analytically
from a pre-selected distribution (Box 4.5), or it is
extracted from the adjacency matrix of a real
network. We must start from an even number of
stubs, otherwise we will be left with unpaired
stubs.(2) Network assembly: Randomly select a
stub pair and connect them. Then randomly
choose another pair from the remaining stubs and
connect them. This procedure is repeated until all
stubs are paired up. Depending on the order in
which the stubs were chosen, we obtain different
networks. Some networks include cycles (2a),
others self-edges (2b) or multi-edges (2c). Yet, the
expected number of self- and multi-edges goes to
zero in the limit.



Degree Preserving randomization

FULL ORIGINAL NETWORK DEGREE-PRESERVING
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Hidden parameter model

(a)
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Hidden parameter model

(a) p,;=0-4 P,,=0-2
n 1 1.5 2
{y=1.25

p(m)dn.

e'n

P= ]

Start with N isolated nodes and assign to each node a
“hidden parameter” n , which can be randomly selected
from a p(n) distribution. We next connect each node
pair with probability
(1 mp) = U

P N
For example, the figure shows the probability to
connect nodes (1,3) and (3,4). After connecting the
nodes, we end up with

0.5

the networks shown in (b) or (c), representing two
independent realizations generated by the same
hidden parameter sequence (a). The expected number
of links in the obtained network is
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NETWORK OR DEGREE SEQUENCE DEGREE DISTRIBUTION
K. K, ..., Ky D,
FORBID ALLOW ALLOW FORBID
MULTI-LINKS MULTI-LINKS MULTI-LINKS MULTI-LINKS
DEGREE-PRESERVING CONFIGURATION HIDDEN PARAMETER

RANDOMIZATION MODEL MODEL



Case Study: PPl Network Distance Distribution

02 - We have: (d)=5.61+1.64 (original), (d)=7.13 +
1.62 (full randomization), {d)=5.08 + 1.34 (de-
gree-preserving randomization).

0.05 - _

0 2 4 6 8 d 10 12 14 16

-®- Original network
= Degree preserving randomization

=@ Full randomization
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Something to keep in mind




summary



Discrete form:
k—}’
L)

Continuous form:
p(k) = (y =k’ k™

Py

N -

2< vy < 3: k) finite, <k*»)
diverges.

y > 3: <k) and {k?») finite.

const. Y=2,
IIr(1InNI) )
n —
@=1 L
n
:3’
IninN Y
InN Yy >3.

Bounded Networks

We call a network bounded if its degree distribution decrease exponen-
tially or faster for high k. As a consequence <k?> is smaller than <k>, im-
plying that we lack significant degree variations. Examples of p, in this
class include the Poisson, Gaussian, or the simple exponential distribu-
tion (Table 4.2). The Erdés-Rényi and the Watts-Strogatz networks are the
best known network models belonging to this class. Bounded networks
lack outliers, consequently most nodes have comparable degrees. Real
networks in this class include highway networks and the power grid.

Unbounded Networks

We call anetwork unbounded ifits degree distribution has a fat tailin the
high-k region. As a consequence <k?> is much larger than <k>, resulting
in considerable degree variations. Scale-free networks with a power-law
degree distribution (4.1) offer the best known example of networks be-
longing to this class. Outliers, or exceptionally high-degree nodes, are

not only allowed but are expected in these networks. Networks in this
class include the WWW, the Internet, the protein interaction networks,

and most social and online networks.



CLASS INFORMATION
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