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Abstract

In this paper we present approximation results for the aasstrained bin packing problem that has appli-
cations to Video-on-Demand Systems. In this problem we aengins of capacityB with C' compartments,
andn items of Q different classes, each iteine {1, ..., n} with classc; and sizes;. The problem is to pack
the items into bins, where each bin contains at nioslifferent classes and has total items size at nihstWe
present several approximation algorithms for offline ankherversions of the problem.

1 Introduction

In this paper we study a class constrained version of the kmelvn bin packing problem, which we denote by
CCBP (Class Constrained Bin Packing). In this problem we arergaéuple! = (L, s,c,C,Q, B) whereL =
(a1,...,a,) is alist of items, each itera; € L with size0 < s,, < B and class,,, € {1,...,Q}, and a set of
bins, each one with capacify andC' compartments. We also refer ibas the load capacity of the bin antlas its
storage capacity. This notation will be made clear in Se@iovhen we relate this problem with a video-on-demand
problem. A packingP of L is a partition of the items, where each part has total itezresai most3 and the number

of different classes in each part is at mostThe problem is to find a packing éfinto the minimum number of bins.

In the online version of th€ CBP problem the items must be packed in the order . . . , a,,), where each item;
must be packed without knowledge of further items. We asstiiiaiel < C' < @, otherwise theCCBP problem
can be solved as the original bin packing, sinc€ i 1 then items of different classes must be packed in different
bins and ifC' > @ then the class constraints are irrelevant. We also conthéerersion of this problem with bins
of different sizes. In this case we haVedifferent bins size. The input instance is a tuple- (L, s, c,w,C,Q, B)
wherew : {1,...,T} — RT gives the bins size. We assume w.l.0.g that for eaeh{1,..., T}, w(i) < B. In
this case, the problem is to pack all items into bins suchttietotal size of used bins is minimized. This problem
is denoted by VCCBP (Variable Class Constrained Bin Pagkifacking problems with class constraints have
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many applications in multimedia storage systems, resaalfoeation [23, 19, 8, 13, 22, 9, 21, 7] and in operations
research like manufacturing systems [12, 17, 5, 26, 27].

1.1 Notation

In the online case, the bins used to pack the items are cibsifopenor closed An empty bin is declared open
when it receives its first item, and remains so until it is desdl closed. Only open bins may receive items. Once
a bin is closed, it cannot be declared open again. We confiddvounded and unbounded space versions of the
online CCBP problem. In thed-bounded space problem, an algorithm must keep at any timiegdits execution at
most/ open bins. In the unbounded version, an algorithm may keembaunded number of open bins.

Given an algorithmA for the CCBP problem and an instande we denote by4(7) the number of bins used by
the algorithm to pack this instance. We denote by QFThe number of bins used by an optimum (offline) solution
to pack the instancé. The algorithmA has an absolute approximation factgrfor o > 1, if for every I it satisfies
A(I) < «OPT(I). It has an asymptotic approximation facteif for every I, the algorithm produces a solution
such thatA(I) < a«OPT(I) + 5 wheref is a constant. Given an algorithrh., for somes > 0, and an instance
I for some problemP we denote byA. () the value of the solution returned by algorithfn when executed on
instancel. We say thatd., for ¢ > 0, is an asymptotic polynomial time approximation schemeTA®P) for the
problem CCBP if there exists a constahsuch thatA.(I) < (1 + ¢)OPT(I) + $ for any instance/. An online
algorithm.4 for a minimization problem is said to have a competitiveaatj for « > 1, if there exists a constamt
such thatA(I) < aOPT(I) + 3 for any instancd.

Let I be an instance of the CBP problem andL be the list of items in/. We write thata € I with the same
meaning ofa € L, and we denote(/) = s(L) = >_, . s, Given an integenV/, we denote byM] the set
{1,...,M}.

Given two sequencek, = (ay,...,a,)andL, = (by,...,b,), we denote the concatenation of these two lists
by Lo|| Ly, i.€, Ly||Ly = (a1, ..., an,b1,...,by,). Given a packing® we denote byP| the number of bins irP.

In the Appendix A we provide a table containing the most usaalm®ls to help the reader follow the reading of
this article.

Throughout this paper, we use the terms color and class gtsame meaning. We say that a bicatoredif
it contains items of” different classes. In this case, this bin cannot pack angratém of a different class. A bin
is said to bdull if the total size of the items packed inside it is equaBto

1.2 Related Work

A special case of the CCBP problem is the Bin Packing problehich is one of the most studied problems in
the literature. Some of the most famous algorithms for tmepaicking problem are the algorithms FF, BF, FFD
and BFD, with asymptotic performance boundg'10, 17/10, 11/9 and11/9, respectively. We refer the reader to
Coffmanet al. [2] for a survey on approximation algorithms for bin packimgpblems. Fernandez de la Vega and
Lueker [6] presented an APTAS for the bin packing probleme @hline bin packing is also a well studied problem.
There are many online algorithms presented in the litegdfor the bin-packing problem. The algorithms FF, NF,
and BF are online and were investigated by Ullman [24], Johrj30] and Johnsoat al. [11]. Subsequent papers
proposed algorithms with better approximation ratios fzatk items according to interval sizes. Yao [28], and Lee
and Lee [15] presented the Harmonic and Refined Harmoniaitdges with competitive ratia .692 and 1.636



respectively. To our knowledge the best online algorithnth\a competitive ratio ofl .58889, was presented by
Seiden [18]. The best lower bound for this problem.st014 due to van Vliet [25]. Recently the class-constrained
versions of packing problems have received attention. Jd]5Dawandeet al. claimed an approximation scheme
for the offline VCCBP problem when the number of different classgdn the input instance is bounded by a
constant. In [20], Shachnai and Tamir presented a dual potjad time approximation scheme for the offline class
constrained bin packing problem (CCBP). They also usedgkeraption that the number of different classes in the
input instance is bounded by a constant. In this case, givamstance, the problem is to find a packing of the items
in at most OPT!) bins, each bin with size at mogt + O(¢))B. In [19], Shachnai and Tamir presented theoretical
results for a Multiple Knapsack problem with class constsawhere all items have unit size. They introduced this
problem with applications to video-on-demand servers.s8gbently to this work, Golubchit al. [8] presented an
approximation scheme to the problem. Later, Kashyap andl&Hhd3], also presented approximation algorithms
to the problem with variable item sizes. Shachnai and Tamj238], presented algorithms for the onliGECBP
problem when all items have unit size. In this case they piexvia lower bound of to the problem and also
algorithms that have a competitive ratio2f

1.3 Results

In this paper we present practical approximation algorgtar theCCBP problem with applications to video-on-
demand problems. We also present algorithms for the odlid8P problem generalizing the work presented by
Shachnai and Tamir [23], since we assume that items can liféeedt sizes. Finally we present an APTAS for the
VCCBP problem for fixed).

We note that the VCCBP problem was first studied by Dawaeidd. [5, 4] where a tentative of an APTAS
was considered whef is bounded by a constant. We observed that their algorithes dot lead to an APTAS as
claimed. First of all, they do a linear rounding step of tls¢ dif itemsZ. and then obtain an optimal packing for the
new list. Doing this they do not guarantee a packing for thgimal items because of the class constraints. To pack
the small items they use a First Fit strategy, and claim taelh éin, perhaps a constant number of bins, is filled by
at least(1 — O(e)), but this is also not true due to the class constraints. Iratgorithm the linear rounding step
is done with items separated by colors. It then generatgsoallible packings for the rounded items. To pack the
small items we use another strategy.

Specifically our results are the following:

e Forthe offlineCCBP problem when all items have unit size, we present an asymptot 1 /C')-approximation
algorithm. When items have size at mdstm, for some integern, we show an algorithm with asymptotic
approximation factof1 + 1/C' + 1/ min{C, m}).

e We implemented these practical algorithms and present saperimental results for them. The experiments
show that the algorithms generate solutions of high quality can be used in practice.

¢ \We show that the bounded space onli#€BP problem does not admit a constant competitive ratio algarit
Moreover if any item of the instance has size(inB], wheree < min(B,1/C), we show that any online
algorithm has competitive ratio (1/(Ce)).

e For the unbounded space onliG€BP problem we present an online algorithm with competitiveorat
[2.666,2.75].



e \We show the points where the algorithm presented in [5, # &id present an APTAS for the offline VCCBP
problem for fixed@).

Organization: In Section 2 we present the application of the CCBP probletheadata placement of videos. In
Section 3, motivated by the video-on-demand systems atiglits, we present practical approximation algorithms
for the CCBP problem assuming that all items have unit size.Séction 4, we present lower bounds for the
competitive ratio of any algorithm for the bounded spacéneCCBP problem. In this section, we also present an
online algorithm with a competitive ratio iI2.666, 2.75] for the unbounded problem. In Section 5 we present an
APTAS for theVCCBP problem wheny is bounded by a constant. In Section 6 we show experimergaltseof

the practical algorithms presented in Section 3.

2 Applications of the CCBPProblem to the Data Placement on Video-on-Demand
Servers

The first work to consider packing problems with class camsts as a data placement problem was the one of
Shachnai and Tamir [19]. They considered the multiple kaelpsersion of theCCBP problem. In this caseV
bins are given, and the objective is to pack the maximum numbiems satisfying the class constraints in each
bin. Suppose we have a server of videos withdisks, each disk € {1,..., N} with storage capacity’; and
load capacityB;. That is, each disk can storeC’; movies and can attend at masj simultaneously requests for
videos. The problem is to construct a server such that, baseapected requests for movies (computed by movies
popularity), the number of attended requests is maximiZdus problem was shown to b& P-hard by Shachnai
and Tamir [19], and Golubchilkt al. [8] show that even if all disks are equal, i.e, have same loat storage
capacities, the problem remainsP-hard.

The total load capacity of the serveriiy = Z;V:l Bj. The movies considered to be stored in the server are
Fy, Fy, ..., Fy. Given popularity parameters we compute the numberf expected requests for each moviat
any time, such tha} | r; = Br. Consider for example that we have a server with two hardsdiBsk 1 and Disk
2) each one witi’ = 2 and B = 6. There are three movids,, F» and F3 with expected requesis = 8, ry = 2
andrs = 2. One optimal solution is given in Figure 1. One copy of makjeis stored in disk 1 and disk 2, a copy
of movie F3 is stored in disk 1, and a copy movig is stored in disk 2. Naotice that in this case all load capaaity
the disks are used. We call a placement perfect when all lapdoaity is used, i.e, all requests are satisfied.

m-

F2
Disk 2

F3

Figure 1: An optimal solution for the given video server.

We can also consider the following problem: given a set ofiestg for a set of movies, construct a server using
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the minimum number of disks such that all requests are stisfihis problem isV P-hard since, given an instance
for the data placement witly disks, a perfect placement exists, if and only if we can findekjmg for all requests
using at mostV disks. When all disks are equal, we can see this data pla¢cgmasiem as a special case of the
CCBP problem. In this case we have an instahee (L, s, ¢, C, @, B), where each itemh € L is a request of class

¢; € @ (the movie type). All items have the same size &hi the storage capacity of the disks, i.e, the number of
different movies that the disk can store. In this casis the maximum number of simultaneous requests that a disk
can attend, i.e, the load capacity. That is, we want to cocis& video server storing the videos and distributing all
the requests minimizing the number of used disks.

3 Practical Approximation Algorithms

In this section we consider the problem where all items hanesize. As we saw, this problem 1¢ P-hard and has
applications in the data placement problem for video-omaled. In this case, we can assume that items are given
as alist of setd/y, ..., Uy, where each séf; hasn; items of unit size with class Each bin packs at mogt items

of at mostC' different sets. The problem is to pack all sets of items imtiir@mum number of bins.

We adapt here an algorithm known as Moving-Window (MW) fingented by Shachnai and Tamir [19] and
also used later by Golubchit al. [8] and Kashyap and Khuller [13]. In these previous worksalgorithm was
considered for the knapsack version of the problem, wheeenmshes to pack the maximum number of items in a
given number of bins.

Moving-Window (MW): The algorithm keeps a vectdt = (R[1], R[2],. .., R[Q]) representing non-packed
items in such a way thag|[:] is the number of remaining items to be packed of somé&/sethe vector is maintained
in non-decreasing order of the valuBg| during all the execution of the algorithm. If at any given et it packs
part of the items represented BYi], then the vector must be reordered.

In any iteration of the algorithm, it tries to packdifferent sets creating a new bin. For that, the algorithepise
a window ofC' sets. At first, the window goes froli[1] to R[C]. If Zic:l R[i] > B then the algorithm packs the
corresponding sets d®[1], R[2],. .., R[j], wherej < C'is the first index such thaZ:{:1 R[i] > B. Notice that
R[j] may be partially packed. The totally packed sets are reméwed the vector. Ifzicz1 R[i] < B then the
algorithm moves the window to the right, until the first tinfat the window include¢’ sets such that their total
Size is greater than or equal & If this is the case, thé’ sets are packed and the veciois reordered (if the last
considered set was partially packed). Then the algorithstarss. If in some iteration, the window reaches the end
of the vectorR, i.e, theC largest sets have total size smaller tHanthen the algorithm generates bins by packing
entirely C' sets in each bin, with exception perhaps in the last bin #apack less tha@' sets.

Let By,..., By be the bins created by the algoritiviiW in the order they were created. L& be the number
of full bins and N¢ be the number of bins that are not full which we call coloredt N = Ng + N¢. Notice that
binsBy, ..., By, are the full bins since when the algorithm creates the fostfull bin, when the window reaches
the end ofR and theC' largest sets have total size smaller thfanthen all other generated bins becomes non-full
havingC' different sets each except perhaps the last.

The following two lemmas for th€ CBP problem are a direct extension of the work of Golubceilal. [8]
done for the knapsack version of the problem.

Lemma 3.1 If any of the firstNz bins produced by the algorithilW packs less thad' different sets (classes),



then the algorithm produces an optimal solution.

Proof. Let B; be the first bin, among the firs¥r bins, that packs less thaii different sets. In this case, the
window must start fromR[1] and goes untilR[j’] for some;’ < C — 1. The vectorR is ordered such that
R[j'] < R[j’ +1] < ... < R[Q]. Therefore, anyC' — 1 remaining sets have total size greater t#anThat is,
even if the sefk[j’] was partially packed, all other created bins must be fultégx perhaps the last), because the
remaining items of a partially packed set with— 1 sets have total size greater thBn 0

This way, we assume that for each one of ffig first bins, the algorithm packs in each iteration, exactly
different sets and that at most one of these sets is parfialiked. Clearly, for the remaininyo bins, all of them
packs totallyC' different sets except perhaps the last bin.

Let OPT(/) be the number of bins used by an optimal solution to pack ricstd. We assume thalvp <
OPT(I) — 1, otherwise the algorithm generated an optimal solution hdee the following result.

Lemma 3.2 After theMW algorithm has created the firQPT(I) bins, there exists at moair sets to be packed.

Proof. Notice that the number of different sets must sati@y< OPT(I)C'. Since each one of the full bins packs

C different sets, where one of these may be partially packes the algorithm partially packs at masi: sets.

These partially packed sets can be seen as new sets thanharéered by the algorithm during its execution. That

is, we can assume that the algorithm packs at mbst Ny different sets. Also remember that each one of the

N¢ colored bins packs entirely different sets. Since each one of the first @PTbins packsC' different sets and

@ < OPT(I)C we conclude that it remains at mas§ sets that are packed in extra colored bins. O
With this result we can give the approximation factor of M&V algorithm.

Theorem 3.3 TheMW algorithm has an asymptotic approximation factor df+ %) for the CCBP problem when
all items have unit size.

Proof. Let I be an instance for the CCBP problem where all items have ir#@t ~rom Lemma 3.2, after the
algorithm generates the first OF) bins, it remains at mosVy sets to be packed. Since each one of the generated
bins packing these sets is colored, each bin entirely p@attifferent sets and then, the number of extra bins created
can be bounded by

Np OPT(I) —1 OPT(I)
{ . w < o +1 o 1/C +1
We can bound the number of generated bins by @GP+ OPT(I)/C + 1. O

Proposition 3.4 The bound of Theorem 3.3 is tight.

Proof. Consider an input instandehaving N (C' — 2) big sets with2p + 2 items each, an@N small sets wittp
items each. The bin load capacityis = (C' — 2)(2p + 2) + 2p + 2 items. Notice tha{C' — 2) big sets with
two small sets does not fill the bin load capacity. Whenh& algorithm is executed over this instance, the first
generated bin packs one small gét,— 2) big sets entirely and another big set partially. The remagjiitems of the
last packed big set becomes a small set wiitems. Notice that th&IW algorithm generated’ (C' — 2)/(C' — 1)
bins by packing big sets and one small set that is a residuabpa big set. After that, there remaiV small sets
that are packed iaN/C' additional bins. WherV andC' increase enough, the number of bins tendd'te- N/C.



An optimal packing of this instance us@sbins. In this packing, each bin packsS' — 2) big sets and two small
sets. |

Notice that theM'W algorithm is based in a heuristic that tries to p&tkifferent sets in each bin. But the way
the algorithm works, it tends to pack small and large setdffardnt bins. A good heuristic is to pack large and
small sets together, in such a way that each generated band@zd use of its load capacity, while trying to pack
different sets in each bin. For that, we propose a new algarthat we call Modified-Moving-WindowMW’).

Modified-Moving-Window (MW’): This algorithm is similar to th&IW algorithm in such a way that it also
keeps a window of siz€" over a vectorkR = (R[1], R[2],..., R[Q)]) that is maintained ordered in non-decreasing
order of the valueg[:]. The algorithm also moves a window of sigeuntil the total size of the sets in the window
containsB or more items. In th&IW’ algorithm, the vectoR? is a circular list. At first, the window consists of the
setsRI[1],..., R[C]. If the total size of these sets is greater than or equdt,tthen the algorithm packs the sets
R[1],...,R[j], wherej < C'is the first index such thaZ{zl R[i] > B, with the last setR[j] probably partially
packed. If the total size of these sets is smaller tBathen instead of doing a move to the right, as in the original
MW algorithm, the algorithm performs a move to the left and @ers the set?[Q], R[1],..., R[C — 1]. The
algorithm performs moves to the left until the total sizelwd € sets are greater than or equalBo In this case it
packs theC' sets and restarts. If the algorithm perfor@isnoves to the left, and then considers the largesets,
and this sets have total size less ttiarthen the algorithm generates a packing like the orighi&’ algorithm, by
packing entirelyC' sets in each bin.

It is not hard to prove similar results to Lemma 3.1 and Lemn2at@ the MW’ algorithm. Using the same
arguments of Theorem 3.3 we can prove the following result.

Theorem 3.5 TheMW’ algorithm has an asymptotic approximation factor of- %) for the CCBP problem when
all items have unit size.

Notice that this bound is tight since the algoritidW’ generates the same solution generated by the algorithm
MW for the instance presented in Proposition 3.4. The advaraatheMW’ algorithm is to try to pack small sets
with large ones trying to guarantee a good filling of the bsisce it tries to pack the maximum number of small
sets with large sets. To see this, consider for example #amios! that consists ofn small sets, each one with one
item, n large sets wittb items each and medium sets witl2 items each. Suppose = 7 andC = 3. TheMW
algorithm first generates bins by packing two medium sets and part of another large/Afédr that, it generates
2n,/3 new bins to pack the small sets. TRBV' algorithm first generates bins such that each one packs two small
sets and a large set. The remaining medium sets are packgd lrins.

Shachnai and Tamir [23] proved that the FF algorithm wherieghpio this problem have an approximation
factor of 2. We can consider another simple approach to shivg@roblem using ideas similar to the ones used in
algorithms FFD and BFD (see Coffma al. [2]), but as we will see this approach does not gives bettauli®
Algorithm BFFD: The algorithm first sorts the seli§, . . . , Ug in non-increasing order of their size and then apply
the FF algorithm in the list obtained concatenating thete se

Theorem 3.6 The BFFD algorithm has an asymptotic approximation factor equal tb2the CCBP problem
when all items have unit size.

Proof. Let By, ..., By be the bins created by the algorithii; be the number of full bins an~ be the number of
colored bins. Clearly)Ny < OPT and each bin that is not full must be colored except perttaplast generated bin.
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Also notice that two different bins that are colored canratenitems of a same color. Sin€&V./C < [Q/C] <
OPT we get thatVo < OPT. Then we can bound the number of generated bing by 20PT+ 1. 0

Since this algorithm does not try to optimize the class ugatiee packing, it can generate poor quality packings.
In fact, we show in the next proposition that the bound of Than3.6 is tight.

Proposition 3.7 The bound of Theorem 3.6 is tight.

Proof. Let] = (L, s, ¢, C,Q, B) be an instance to theCBP problem where all items have unit size. Let the size
of the bins be3 = C?. Suppose the input list of items consists of one big set Witlitems and”? small sets with
one item each. ThBFFD algorithm first packs the big set @@*/C? bins and the small sets @@*/C bins giving a
total of 2C bins. An optimal solution useS bins packing in each bi@? — (C' — 1) items of the big set an@ — 1
small sets. The remaining(C — 1) items of the big set, an@ small sets can be packed in 2 extra bins. 0

Now we consider the case where items in each set may haveediffsizes. This case is also interesting for
applications of the data-placement problem to video-amated servers. Suppose that users have different network
access speeds. In this case, requests for load resourcebaveyifferent sizes. This case can be mapped to
the case in the CCBP problem where items have different.sixE® notice that even if the items have different
sizes, in practical instances it is expected that the sizheoitem is not too large. So, suppose that the maximum
size of an item is an integer bounded Bym for somem > 1. Problems with this restriction are also called
parametric packing problems [16, 3]. Given an integerwe denote this version of the problem as Parametric
Class Constrained Bin PackinGg(CBP,,) problem.

Let I be an instance of the CBP,,, problem where each item has size bounde®byn. Assume that the input
instancel consists of set&/;,...,Ug. We now present an algorithm to pack this instance. Althoitgins may
have different sizes, suppose that each item with sigeeater than 1 is broken intounit size pieces. Now apply
the MW algorithm for this modified instance. Now consider this pagKkor the original items. For each full bin it
may happen that the last item packed is fractionally packedeach bin where this happens, remove the item from
the bin. Notice that there are at ma$f items removed from the generated packing. For these renggit@ms,
generate new bins packing at leasin{m, C'} items in each bin except perhaps in the last bin.

Theorem 3.8 There exists an algorithm for tteCBP,, problem, for somen > 1, with asymptotic approximation
factor equal to(1 + 1/ min{m,C} + 1/C).

Proof. From Theorem 3.3, the packing generated when items atefmatly packed, uses at madt+1/C)OPT(])+
1 bins. Notice that the number of items fractionally packedhis packing is bounded b¥r, since the firstVp
bins are the only ones that are full. The'Sg extra items can be packed in at m@atr/ min{m, C'}| extra bins[

4 The Online CCBP Problem

From now on, we assume that the load capacity of the b is 1, and each itene has sized < s, < 1. In

this section we consider the online class constrained bikipg problem. In this case each item in the list of
itemsL = (aq,...,a,), is packed without knowledge of subsequent items in thellissubsection 4.1 we present
lower bounds for any bounded space algorithm, in subsedt@mwe present and analyze an algorithm based on the
First-Fit strategy and finally in subsection 4.3 we presawotlzer online algorithm with a better competitive ratio.



4.1 Lower bounds for bounded space algorithms

In this section we present inapproximability results far Hounded space onlitegCBP problem. In this case, the
basic strategy is to compare the result obtained by anyitigowith the optimum offline packing.

Theorem 4.1 Let [ be a constant, then thebounded space onlin€CBP problem does not admit an algorithm
with constant competitive ratio. Moreover the competitia®o of any online algorithm i$2(+/|L|), where|L| is
the number of items in an input instance.

Proof. Let A be an algorithm for thé-bounded space onlineCBP problem. Consider an instande such that
|L| = n?l, Q = nl, andn is divisible by C. The list L haven! different classes and all items have siz&n.
Consider thaf. = L|| ... ||L,, where eacll; = (a1, ..., a,;) iS a sequence ofl items where each; has clasg.
Lett; be the time immediately after the algorithm has packed #té.Ji Attime ¢, the algorithmA can have at
most/ open bins. Since each item of the first sequence is of a diff@tass, the algorithm uses at leas{C' bins
to packL;, where at least!/C — [ of these bins are closed. When the packing of thellisstarts, the algorithm
has at most open bins that can pack at mdst items of the sequenck,. To pack this sequence, the algorithm
uses at leagin — [C')/C new bins. This is also valid for the other sequentegs.. ., L,,.
Therefore, to pack the ligt, the algorithmA uses at least

n(nl/C) — (n — 1)l = n*l/C — (n —1)I

bins.
Since all items have size/Cn, an optimal offline solution can use at més{C bins, by packing”'n items in
each bin. Therefore, the competitive ratio must be at least
n2l/C — (n— 1)l
r
o nl/C

=n-C,

which isQ(+/]L]). Notice that this holds for any. O

In Theorem 4.1 items may have arbitrary small sizes. If athi$ have size at least for some constart, we
may also obtain an inapproximability result using simileguanents. Notice that in this case, any simple algorithm
has a competitive ratio df/e.

Theorem 4.2 Let! ande < 1/C be constants, then any algorithm for theounded space onlineCBP problem
has competitive rati62(1/(Ce)).

Proof. Suppose that /s dividesn and we have the same instance presented in Theorem 4.1, edalifih that all
items have size equal to In this case any algorithm uses at lea%t/C — (n — 1)l bins. An optimal offline solution
packs items of a given classix bins. To packL an optimal offline algorithm uses at mostic bins.

Therefore, the competitive ratio is at least

lim nl/C onl—=1 1
n—oo n2le n2le  Ce’

0
Given these negative results, for the remainder of this@eete only consider the unbounded space online
CCBP problem.



4.2 The First-Fit Algorithm

Given an online algorithmA for the bin-packing problem, we can obtain an online algonit4* for the online
CCBP problem in a straightforward manner. To pack the next itethe algorithmA* works as follows: Let, be
the class of the itera, B be the list of bins in the order they were opened. Bebe the list of bins of3, in the same
order of B, where each bin has at least one item of class has items of at most' — 1 different classes. The item
e is packed with algorithmd into the bins off3..

One of the most famous algorithm for the bin-packing probisitine First-Fit (FF) algorithm. This algorithm
packs the next item into the first bin, in the order they werenggl, that has sufficient space for the item.

In this section we show that the competitive ratio of the athm FF* is in [2.7,3]. We note that the upper
bound was previously shown by Dawanreteal. [4]. Notice that the algorithn'F* is online, since it only looks for
the item it is packing and it is unbounded since it keeps ak lopened. In fact it closes a bin only if the bin is full.
This algorithm is used in subsequent sections.

Now we show that the algorithf@F* cannot have a competitive ratio better titan. We first give an intuitive
lower bound of2.666 and then we present the lower boun®df.

Theorem 4.3 There is an instancé, withn items,n > 1, for the onlineCCBP problem such that¥*(1,,) /OPT(1,,)
— 2.666 asn — oo.

Proof. Let be an instance with an input list of itenis= L, || Ly || L. || L4- LetC be the maximum number of classes

allowable in each bin. The ligt, = (a1,...,a—1)sn) IS such that each itemy has class,i = 1,...,(C—1)6N
and each item has size which is a very small value. This list is followed by a li&§ = (b1, . .., bsn ), Where each
itemb; has class = 6N(C' — 1) + 1, and sizel /7 + €. Inthe listL, = (c1, ..., csn) €ach iten; has sizel /3 + ¢
and clasg. Finally, in the listL; = (d1, ..., dsn) €ach itemd; has sizel /2 + ¢ and class-.
Notice thata must satisfy
o < 1 — 126¢ .
= 42(C - 1)

The FF* algorithm packs the list, in Lg_l) bins, the listL, in N bins, the listL. in 3N bins and the list
L;in 6N bins.

An optimal (offline) solution uses at mo&iV bins. This packing is obtained by packing one iteni.Qf one
item of L., one item ofL;, andC — 1 items of the listL,, in only one bin.

This gives a lower bound of

(C-1)6N

~—— + 10N

li ¢ = 2.666.
N,Cl'r—n>oo 6N

0

The previous lower bound can be improved using an intricadtance presented by Johnsetral. [11] that

provides a lower bound df.7 for the FF algorithm in the bin packing problem.
Theorem 4.4 The competitive ratio of the algorithinE™* is at least2.7.

Proof. Consider an instancé such that each bin can pack at méstdifferent classes. The input lidt is the
concatenation of four listsL = L[ Ly||L¢| Lq. In the listL, = (a1,...,asn-1)), €ach item; has class, for
i=1,...,56N(C — 1), and sizen, which is a very small value. The lidt, is followed by an instance similar to
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the one presented by Johnsaral. [11] that provides a lower bound af7 for the FF algorithm in the bin packing
problem. In the list., = (b1, ...,bsn) €ach itemb; has sizel /7 + y;, wherey; € R,fori =1,...,5N. In the list
L.= (c1,...,cs5n) €ach iteny; has sizé /34+w;, wherew; € R,fori =1,...,5N. InthelistL; = (dy,...,dsn)
each itemd; has sizel /2 + <. All items in the listsL;, L. and L, have clas$ N (C' — 1) + 1.

Notice thata must satisfy
1- 42(yma:c + Wimnaz + 6)
- 42(C - 1) '
wherey,q. (resp.wmqz) is the maximum value among aj (resp.w;),i =1,...,5N.

TheFF* algorithm packs the list,, in 2X(&=1) pins, the listZ, in N bins, the listZ,. in 2.5N bins and the list

Lgin 5N bins.
That is,

(07

5N(C —1)
C
An optimal solution useSN + 2 bins (see [11]), by packing one item of each list L. andL; andC — 1
items of the listL,,.
Therefore, the competitive ratio of the algorithith™ is at least

FF*(I) > + N 425N + 5N.

po BN(C - 1)/C 85N

2.7.
N,C—o0 5N + 2

4.3 A2.75-competitive algorithm

In this section we present an algorithm, denotedby(Figure 2), with competitive ratio in the intervel}.666, 2.75]

ALGORITHM Ac(L, s,¢,C, Q)
1. LetP; — 0, fori=1,2,3.
2. Foreache € L do
3 if s(e) € (3,1] thenk «— 1.

4. if s(e) € (3, 4] thenk « 2.
5 if s(e) € (0, %] thenk « 3.
6 Let P, be the sublist of bins ifP;, having items of class(e) or
with at mostC' — 1 classes, preserving the order of the bin®jn
7. If possible pack the item into the binsP;, using the algorithn¥'F*.
Otherwise, pack into a new empty bin irPy.
ReturnP; || Pz ||Ps.

o

Figure 2: AlgorithmAc.

To prove the competitive ratio of the algoriths-, we use the following lemma (The proof can be found
in [16]).

11



Lemma 4.5 SupposeX, Y, z, y are real numbers such that > 0 and0 < X <Y < 1. Then

Tty <1+1—X
max{z, Xz +Yy} ~ Yy

We also use the following result that is a straightforwarteegion of some results in [4].

Lemma 4.6 Let [ be an instance of the onlinegCBP problem such that every item has size at nmostet P be the
set of bins generated by the algoritiii™, applied over the instancg that are filled by less thah — . Then: (i)
Each bin inP, which is not the last generated bin, is colored. (i) There @o items of a same color in two different
bins of P.

Theorem 4.7 Algorithm A< has a competitive ratio df.75.

Proof. Let L; be the list of items packed iR;, fori = 1,2, 3.
Note that all bins ofP; have exactly one item with size greater tlﬂ@nln fact we cannot pack more than one
item of L, per bin. Therefore,

|P1| < OPTI) (1)
SR < s(a), @

The packingP, has exactly two items per bin, except perhaps the last, éachwith size at Ieas}. Therefore,
2
(|P2] — 1)5 < s(L2). )

Let P} be the set of bins ifP; that are filled by at leas} and7P} the remaining bins (i.e?; = P \ P5). The
following is valid

(P42 < s(L4). @

whereLj is the set of items packed iR;. Let Ny = |P;| andNp = |P2| + |P5| — 1. Since OPTI) > s(I) >
s(L1) + s(La| L}) from inequalities (2)—(4) we have

OPT(I) > s(I) = s(L1)+ s(LallL5)
1 2
> =N —Npg. 5
2 5Na+3Np )
From inequalities (1) and (5) we have

1 2

OPT(I) > max{Ng, §NA + gNB}. (6)
From Lemma 4.5 we have that

Na+ Np
Pil+ [Po| + [P < OPT(I) + 1 7
P+ IPel +IP € e B s OPTU) + ™
< 1.750PT(I) + 1. (8)

Now, consider the packin@’. From Lemma 4.6, we have

[P —1< % < OPT(I). 9)
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The proof can be completed summing the inequalities (8) ahd (

Ac(I) [P1l+[Pa] + P3| + | P5]

< 1.750PT(I) + OPT(I) + 2 = 2.75 OPT(I) + 2.

0
Notice that the same instance used to prove a lower bountidalgorithmE'E* in Theorem 4.3 can be used to
prove a lower bound for thel~ algorithm.

Theorem 4.8 There is an instancé for the onlineCCBP problem such that
Ac(I)/OPT(I) > 2.666.

5 An APTAS for Bounded Number of Classes

In this section we present an APTAS for the offline VCCBP peatnl The input instance for this problem is a tuple
I=(L,s,c,w,C,Q,B)wherew : {1,...,T} — RT is a function of bins size. The problem is to find a packing of
all items minimizing the total size of used bins. In this g@tive assume that the maximum size of a bifis= 1
and that the number of different clasggsn the input instance is bounded by a constant.

In subsection 5.1 we present the algorithm of Dawande, Kalagm and Sethuraman [5, 4] and show in what
points their algorithm failed to be an APTAS. In subsectioB We present an APTAS for the VCCBP problem.
Given ane, we will show an algorithmA4 that runs in polynomial time and produces a packing for argimetance
such thatA(I) < (1 — O(e))OPT+ 3, whereg is a constant.

As was noticed by Dawandst al. [5, 4], we only use bins of size at leastsince this condition does not affect
too much the cost of the solution, i.e, the algorithm remam#&\PTAS.

5.1 The Algorithm of Dawande, Kalagnanam and Sethuraman

In this section we give a brief description of the algorithirDawandeet al. [5, 4] and present the points where
their algorithm fails. The algorithm uses a shifting teclud presented by Fernandez de la Vega and Lueker [6].

Let/ = (L,s,c,w,C,Q,1) be an instance for the VCCBP problem andilgtbe the items in_ with size at
leasts? (big items) and lef, be the remaining items ih (small items).

Letn = |L,|. The algorithm sorts the list, in non-increasing order of size and partition this list igfoups
(lists) Ly, . .., Ly, each one witHne?] items except perhaps the last list that can have less|th] items. Call
the first item in each group as the group-leader. gbe the list havingL’| = | L,| items, where each item has size
equal to the size of the group-leaderiof Let L' = L/ || ... || L},.

For the listL’ it is possible to generate all configurations of bins in canstime since the number of different
items size is bounded by a constait the number of different item colors is also bounded by a tzon§) and the
maximum number of items that can be packed in a biryig. Lett = M Q. Given an item size and an item color,
denote byd; the number of items of this typec [¢].

Let N be the total number of bin configurations. Letbe a variable that represents the number of times a
configurationj € [N] is used in a solutiory;; be the coefficient that represents the number of times antitpen
i € [t] is used in configuratior andw; the size of the bin used in configuratignThe next step of the algorithm is
to solve the following linear program:
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N
min E wjxj
7j=1

N
Zaijxj > d; Vie [t] (1)
j=1

zj >0 Vie[N. (2

(LP)

The algorithm solves this linear program and generatestagen solution by rounding up the variablesThe
solution is a packing for the list’ that is used to generate a packing for the figt

The next step of the algorithm is to pack the small items instiation provided by the linear program. To do
this, it uses thé'F* algorithm.

Dawandeet al. [5, 4] claimed that this algorithm is an APTAS for the VCCBPIplem.

The list L, was partitioned into listd| ... || L. Let LY be a list having|L?| = |L;| items, where each
item has size equal to the group-leader of the fist;, fori = 1,...,M — 1, and L)}, be an empty list. Let
L" =L ...||L},;. Clearly OPTL") < OPT(L;).

Dawandeet al. claimed that the following relation is valid

OPT(L) < OPT(L") + [ne®] < OPT(Ly) + [ne?],

given the argument thdt’ and L” differ only in their first and last groups. This way, given akiag for the listL”

it is easy to construct a packing for the I8}]| ... ||L),. Since|L;| = |LY_,|, fori = 2,..., M, and their items
size are the same, this seems to be true, but notice thatldreofdtems of L and L7 , may be different. Then, it
is not clear how to construct a packing %] . .. || L), given a packing fol.”.

Let B be the number of bins used by their algorithm. After packimgd¢mall items using the first-fit strategy,
they claimed that at leadd — [%1 bins have residual load capacity at mestThis is also not true. Suppose all
small items have different colors from the big items. It isye#o construct examples where optimal packings for
the big items given by the linear program have all bins Witlifferent colors and the residual space is larger than
a givene. This way no small item will be packed in the bins given as atsmh of the linear program, and then all
these bins will have residual load capacity greater than

5.2 An APTAS for the VCCBP Problem

In this section we present an APTAS for tN€CBP problem. In the next subsection we show how to pack big
items doing a linear rounding for each different color. Thgoethm to pack the big items generates a polynomial
number of packings for them, and also provides informatidmav to pack small items. In the following subsection,
we present an algorithm to pack the small items that is baséei solution of a linear program. The algorithm
generates a polynomial number of packings such that atdeasis very close to the optimal.

5.2.1 Packing Big Items with Linear Rounding

Let L, be the items inL with size at least? (big items) and let., be the remaining items if (small items). In
this section we show how to do the linear rounding for the tegs and generate a packing for them.
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The algorithm that packs the ligl,, denoted by Agr, uses a shifting technique, presented by Fernandez de la
Vega and Lueker [6], and considers only items with size adtled The algorithm Ag returns a pai(Pg, P),
wherePp is a packing for a list of very big items aritlis a set of packings for the remaining itemslgf

For the use of the linear rounding technique, we use theviolig notation: Given two lists of item& andY’,
let Xy,...,Xg andYy, ..., Yy be the partition ofX andY” respectively in colors, whet&,. andY, have only items
of color ¢ for eache € [Q]. We write X < Y if there is an injectionf. : X. — Y. for eachc € [Q] such that
s(e) < s(f(e)) foralle € X..

For any instanceX, denote byX the instance with preciselyX | items with size equal to the size of the smallest
item in X. Clearly, X < X.

The Algorithm also uses the variant of the First-FiE () that we presented in section 4.2.

The algorithm A is presented in Figure 3. It proceeds as follows: Lef..., Lo be the partition of the
input list L, into colorsl,...,Q and letn, = |L.| for each colore. The algorithm Ay sorts each list. in non-
increasing order of items size and then partition thellisinto at mostM = [1/e%] groupsL}, L%, ..., LM, where
L.=LY||...||LY. Each group hagn.c? | items except perhaps the last list (with the smallest iteheg)can have
less than n.c3 | items.

Let Lp = u?zlL}:. The algorithm generates a packifg of Lz with cost at mosO(¢)OPT(I) and a sef?
with a polynomial number of packings for the itemslip\ L. The packingPp is generated by the algorithRE™*
with bins of sizel. The following is valid for the packin@g of the list L.

Lemma 5.1 w(Pgr) < QeOPT(I).

Proof. Notice that the algorithn’ F* packs at least one item per bin and sihtg| < Qne® and each item has size
at least?, we havelLz| < QsOPT(I).
0
The algorithm generates a set of packifig®f polynomial size, for the Iis(tL_}H . HW ... H%H . HF).
This can be done in polynomial time as the next lemma guagante

Lemma 5.2 Given an instancd = (L, s, c,w, C, Q, B), where the number of distinct items sizes of each color is
at most a constand/, the number of different colors is bounded by a constar@nd each iteme € L, has size

s, > €2, then there exists a polynomial time algorithm that geresatll possible packings df,. Moreover, each
bin of each generated packing has an indication of the ptessiblors that may be used by further small items.

Proof. The number of items in a bin is bounded py= 1/c2. The number of distinct type of items is bounded by
MQ. The number of different configurations of bins is bounded-by- (y“vgff?“). If we want to indicate the
colors of small items that should be packed in each configumathe number of different configurations will be
r = r'29, which is a constant. Notice that we only generate configanatthat satisfy the color constraints.

For each given configuration, we pack it with the smallesttbat has enough space to pack the configuration.
The number of all feasible packings is boundec(’by") , Which is bounded byn+1)", which in turn is polynomial
inn. 0

SinceL_g = Lt i=1,...,M — 1 for each color, it is easy to construct a packing for the list
L3 LA L3 - ILY, given a packing for the liELL] ... L7 LGl - [ILY ).
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ALGORITHM Ay (Lyp)
Input: List L, with n items, each itena € L, with sizes, > 2.
Output: A pair (Pg,P), wherePp is a packing an is a set of packings, whef@z U P’ is a packing of_,,
for eachP’ € P.
1. PartitionL, into lists L. for each color: = 1, ..., Q and letn, = |L.|.
2. Sorteach list... in non-increasing order of items size.
3. Partition each lisf... into M < [1/e%] groupsL!, L2, ..., LM, such that

Li=Lt i=1,... M—1
where|L!| = q. = |n.e®] foralli=1,.... M —1,

and|LM| < q..

4. LetLp=U% Ll

Let Pp be a packing of_ 5 obtained by the algorithdF* with bins of sizel.

6. LetQ be the set of all possible packings over the (it || . .. ||WH e H%H e H?), ac-
cording to Lemma 5.2.

o

7. LetP be the set of packings for the items(ih?|| ... | L] ... [|L3]] ... [|IL&), using the packings
Qe Q.
8. Return(Pg,P).

Figure 3: Algorithm to obtain packings for items with sizdessts?.

5.2.2 Packing the small items

Observe that algorithm & generates a packing for very big items that costs at QeQPT(I), and a sef of
packings for the remaining big items. For a given packing P, the algorithm marked colors of small items that
should be packed in each bin Bf

Let? = {By,..., By} be a packing of the list of item&, and suppose we have to pack a ligtof small items,
with size at most?, into P. The packing of the small items is obtained from a solutiom éihear program. Let
N; C [Q] be the set of possible colors that may be used to pack the gema#l in the binB; of the packingP. For
each colok € N;, define a non-negative variabté. The variabler! indicates the total size of small items of color
c to be packed in the bil;. Denote bys(B;) the total size of items already packed in the Binand byw(B;) the
load capacity of binB;. Consider the following linear program denoted by LPS:

k
maxz Z xL
' i=1 ceN;
s(Bi)+ > al <w(B) vielk] (1) (wps)
ceN;
k
> ol <s(S.) veeld, (2)
i=1

whereS.. is the set of small items of colerin S.
The constraint (1) guarantees that the total size of iterokguhin each bin does not exceed its load capacity and
constraint (2) guarantees that the sum of the values ofblasa’, is not greater than the total size of small items.
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Given a packingP, and a listL; of small items, the algorithm first solves the linear prograR8, and then
packs small items in the following way: For each variatlét packs, while possible, the small items of cotdnto
the bin B;, so that the total size of the packed small items is at mpsfThe possible remaining small items are
packed using the algorithifiE* into new bins of sizd. The algorithm to pack small items has polynomial time,
since the linear program LPS can be solved in polynomial.time

The total size of small items that have to be packed in extra isiat most

k
> > @)+ [PIEQ
=1 CENZ'
and then, these small items use at most

(5(Le) = Yy Yeen, 78) [P
(1—22) - +(’1‘—553) +1Q/C]

new bins, since each bin is filled by at leést— <2) except perhaps by at mosgp /C1] bins.

The algorithm packs the small items in each packihg P. In the end, the algorithm generates another set
of packingsP” for all items. At least one of the generated packings hasatasiost(1 + O(¢))OPT(I) + (3, for a
constant3. The algorithm returns the packing with smallest cost.

Now we prove that the presented algorithm is an APTAS forMtlEBP.

Theorem 5.3 Let I = (L, s,c,w,C, @, B), be an instance for th&# CCBP problem. The packin@ returned by
the algorithm satisfies)(P) < (1 4+ O(g))OPT(I) + 3, where = [Q/C] + 1 is a constant.

Proof. Let O be an optimal packing for the instanelLet O’ be the packing) without the small items and with the
big items rounded according to the linear rounding of athami A; r. Assume that each bin @¥ has an indication
of the colors of small items used in the corresponding biofClearly there exists a packi@” € Q with the
same configurations of the bins ©f except that it can use smaller bins than the ones uséd.in

When the algorithm generates a packifdor the list L3| ... L] ... [ L3 ... [|L¢ using the packing)”
with items (LT|| ... [|LIT=) .. 2L ... [ILAD), itis true thatw(P) = w(0") < w(O).

Let? = {By,...,B}. Notice that we must have

k
w(0) 2 w(P) + (s(L) = 32 3 )

eN;

The total size of small items that are packed into new bins nscest

Z > al) + |PIEQ.

i=1 ceN;

The algorithm packs small items in bins of sizebtaining a new packing’. The total cost of the packing’
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(5(Ls) = 20y Yeen, 28) |PI2Q

w(P) < w(P)+ = oy | T/ (10)
w 2

< 29 (’f‘ff)ﬂcz/cwl (11)

w©) | cQulO) | o0 41, (12)

(1—-¢2)  (1—¢2)
The last inequality follows from the fact thg?| < |O| and the smallest size of a bindsUsing this result, Lemma
5.1 and the fact tha® is bounded by a constant we conclude the proof. 0

6 Experimental Results of the Practical Algorithms

In this section we provide experimental results for the afgms MW, MW’ and BFFD presented in Section 3.
As we mentioned, these algorithms were developed motiat¢de data placement problem in video servers. This
problem is a special case of th&CBP problem. All these algorithms were implemented in C and wdeareseries

of practical tests with them.

The instance set is constructed in some way to represergahpnoblem. A movie in MPEG format uses about
2Ghytes of space, and requires a transference rat®lbits/sec (384Kbytes/sec) [1]. Suppose that the serves use
disks of 100Gbytes of storage capacity with transferenteeat60Mbytes/sec. In this case, each disk have storage
capacityC' = 50 and load capacity3 = 160.

We callsingle-diskserver, the systems that are constructed in such a way thit@a&py of a movie is done in
one disk. But most video servers ustsped-diskgd1]. In this case, a video is broken into several pieces aot ea
one of these pieces is stored in a different disk. This is domecrease the number of requests that can be attended
by the system and to balance the load capacity of the diskspdSe for example that each disk have transference
rate of60Mbytes/sec and storage capacity of 100Gbytes. Theorgtedisk can support 160 users simultaneously.
If we strip the movie along 3 disks, and assume that userestgjver the time are distributed uniformly among
the three parts of the movie, then the striped-disk can stugi80 simultaneously users requests to this movie. For
our purposes, we can view each striped-disk as one disk withge capacity equal to 300Ghytes and load capacity
equal to 480. In practice it is better to use striped-diskbaiance requests. Consider for example, a single-disk
server where a copy of a movi¢ is in disk 1 and a copy of a movié3 is in another disk, and there are 320
requests for the movid and none to the movi8. The system becomes unable to attéfd requests to the movie
A. In a striped-disk system, where the first half part of ma¥ies stored in diskl while the last half part is stored
in disk 2, it can attend more users if their requests are distribul@ugathe movie in such a way that requests are
divided through the two disks.

We have generated classes of instances represented bg @3upl, 7'). The valueR corresponds to the number
of different movies (different classes) and we considet €¢ha {250,500, 1000}. The valueN is the number of
requests (number of items) and we assume Mat {5000, 10000,20000}. Finally the valuel corresponds to
the system type, wherE is equal toSC for single-disk system ofT" for striped-disk system. In the single-disk
system, we havé’ = 50 and B = 160, and in the striped-disk system, we have= 150 and B = 480.

The requests for movies are generated using the Zipf disiwio [14]. This distribution was used previously
to generate data for video-on-demand systems [1]. Thiglision have the property that the generated data have
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locality properties. In movies servers it is expected tleaent movies are the most requested ones. It is expected
that most of the requests goes to a small subset of the mavike server. The Zipf distribution have this property.
Let$ be a small positive number. The probability that thth movie amongd) movies will be requested js, given

as
C

Pn = 055
where
B 1
S (/i)

As § increases, the distribution becomes more localized andl decreases the distribution becomes more
uniformly. Considering? = 1000, if § = 0.0, then80% of the requests are to approximatey’% of the movies.

If & = 1.0, then80% of the requests are to approximatély% of the movies. Whea = —1.0 we get the uniform
distribution where each movie have the same probahility to be requested.

We present some experimental results in Tables 1 and 2. dliteewere obtained in a few seconds. In the
tests of these tables, we generate data usiag{0.0,0.5,1.0}, N € {5000,20000} and@ € {250,500, 1000}.
The lower bound is given byax{[Q/C1, [N/B]}. In Table 1 we consider single-disk system, and in Table 2 we
consider the striped-disk system. We also performed teifiis W = 10000 but we do not present the results here
since we get similar results to the tests with= 5000 and N = 10000. We observed that thBFFD algorithm
generate good results and it becomes better for the stdisdsystem. But in comparison with théW and MW’
algorithms it performs worst, since these algorithms gatieer optimal solutions for all tests. ThéW and MW’
shows to be very effective algorithms to be used in practitsiinces to construct video-on-demand servers.

Single-Disk 250 Movies 5000 Requests 500 Movies 5000 Requests 1000 Movies 5000 Requests
Delta | Algorithm | Result| Lower Bound || Algorithm | Result| Lower Bound | Algorithm | Result| Lower Bound

BFFD 32 BFFD 34 BFFD 42

0=0.0 MW 32 32 MW 32 32 MW 33 33
MW’ 32 MW’ 32 MW’ 33
BFFD 34 BFFD 39 BFFD 48

0=05 MW 32 32 MW 33 33 MW 36 36
MW’ 32 MW’ 33 MW’ 36
BFFD 35.8 BFFD 40.6 BFFD 50

0=1.0 MW 33 33 MW 34 34 MW 37.2 37.2
MW’ 33 MW’ 34 MW’ 37.2

Single-Disk 250 Movies 20000 Requests 500 Movies 20000 Requests 1000 Movies 20000 Requests
Delta | Algorithm | Result| Lower Bound || Algorithm | Result| Lower Bound | Algorithm | Result| Lower Bound

BFFD 125 BFFD 125 BFFD 127

0=0.0 MW 125 125 MW 125 125 MW 126 126
MW’ 125 MW’ 125 MW’ 126
BFFD 126 BFFD 129.4 BFFD 138

0=05 MW 126 126 MW 126 126 MW 128 128
MW’ 126 MW’ 126 MW’ 128
BFFD 128 BFFD 133 BFFD 143

0=1.0 MW 126 126 MW 128 128 MW 131 131
MW’ 126 MW’ 128 MW’ 131

Table 1: Performance of the algorithms for Single-Disk.
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Striped-Disk 250 Movies 5000 Requests 500 Movies 5000 Requests 1000 Movies 5000 Requests
Delta | Algorithm | Result| Lower Bound || Algorithm | Result| Lower Bound | Algorithm | Result| Lower Bound

BFFD 11 BFFD 12 BFFD 14

0=0.0 MW 11 11 MW 11 11 MW 11 11
MW’ 11 MW’ 11 MW’ 11
BFFD 12 BFFD 13 BFFD 16

0=05 MW 11 11 MW 11 11 MW 12 12
MW’ 11 MW’ 11 MW’ 12
BFFD 12 BFFD 14 BFFD 17

0=1.0 MW 11 11 MW 12 12 MW 13 13
MW’ 11 MW’ 12 MW’ 13

Striped-Disk 250 Movies 20000 Requests 500 Movies 20000 Requests 1000 Movies 20000 Requests
Delta | Algorithm | Result| Lower Bound || Algorithm | Result| Lower Bound | Algorithm | Result| Lower Bound

BFFD 42 BFFD 42 BFFD 43

0=0.0 MW 42 42 MW 42 42 MW 42 42
MW’ 42 MW’ 42 MW’ 42
BFFD 42 BFFD 43 BFFD 46

0=05 MW 42 42 MW 42 42 MW 43 43
MW’ 42 MW’ 42 MW’ 43
BFFD 43 BFFD 45 BFFD 48

0=1.0 MW 42 42 MW 43 43 MW 44 44
MW’ 42 MW’ 43 MW’ 44

Table 2: Performance of the algorithms for Striped-Disk.

In Figures 4 to 8 we present graphics of the results of theridgos varying the disk storage capacity. The
results are given in thg-axis and the storage capacity of the bin is given initkexis. In all these tests we assume
the load capacity3 = 160, the number of different movie@ = 250 and the number of requests equab@0. In
Figure 4 (resp. 5, 6, 7, and 8) we usequal tol.0 (resp.0.5, 0.0, —0.5 and—1). In the graphics th&I W’ algorithm
is denoted byMW2. The lower bound is given byax{[Q/C'|, [N/B]}. Notice that the problem becomes easier
as the distribution of requests becomes uniformly, i.e vilee of 5 decreases. Wheh = —1.0 all algorithms
generated solutions almost equal to the lower bound. Angibiat is that the problem is harder when the storage
capacity is small, as one could expect. When the storageitapacomes equal to approximately the algorithms
MW andMW’ produces optimal solutions. When was considered storgugecity greater tham00, the algorithm
BFFD generated optimal solutions (férequal tol and0.5). The MW’ algorithm generated better solutions than
the MW algorithm in several instances férequal to1.0, 0.5, 0.0 and—0.5. Generally the solutions generated by
the algorithmMW’ uses 2 or 1 fewer disks thaiW. Most of these better solutions were obtained with capiti
betweer2 ands8. It is also interesting to notice that tAéW algorithm generated a better solution than Mg/’
algorithm in one test, the one with= —1 and storage capacity equal&o In this case the solution found by the
MW’ algorithm uses4 disks while the solution generated by thEBV algorithm use$3 disks.
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Figure 5: Results witld = 0.5.

7 Conclusions and Future Work

In this paper we present approximation algorithms for tHemerand offline class-constrained bin packing problem.
The problem is motivated by applications in the data-plaa@nproblem to video-on-demand servers and appli-
cations in the cutting and packing area. For the online prablve provide lower bounds for any bounded space
algorithm and we also present an algorithm for the unboundesion with approximation factor 2.75. For the
offline problem we present practical approximation aldwnig for two special cases of the problem, with conditions
already considered in the literature: when all items hagesime size and the parameterized version of the problem.
We also perform several tests with these practical algosthFor the instances we considered representing practical
ones, the algorithm3IW and MW’ obtained optimal solutions. Finally we present an APTASfier special case
where the number of different classes of the input instasd®iunded by a constant.
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A Table with Notation Symbols

Symbol Meaning
1 Instance of the problem.
L List of items.
Se Size of an itene.
Ce Class of an itena.
C Maximum number of class that a bin can have / Storage capag
Q Number of different classes in the input instance.
B Size of the bin.
P Packing of the items in bins.
|P]| Number of bins used by the packifig
w Function that gives the size of bins in the variable bins pizdlem.
OPT(I) Number of bins used by an optimal solution for an instahce
[M] For a positive integeM, corresponds to the sét, ..., M}.
Lol Ly The concatenation of two lists, and L; of items.
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