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Abstract

The three�dimensional packing problem can be stated as follows� Given a list of
boxes� each with a given length� width and height� the problem is to pack these
boxes into a rectangular box of �xed size bottom and unbounded height� so that the
height of this packing is minimized� The boxes have to be packed orthogonally and
oriented in all three dimensions� We present an approximation algorithm for this
problem and show that its asymptotic performance bound is between ��� and �����
This result answers a question raised by Li and Cheng ��	 about the existence of an
algorithm for this problem with an asymptotic performance bound less than ��
��

� Introduction

In this paper we present an approximation algorithm for the Three�dimensional Pack�
ing Problem� This problem is de�ned as follows� Given a rectangular box B with a
�xed size bottom and unbounded height and a list L � �b�� � � � � bn� of rectangular boxes�
�nd an orthogonal oriented packing of the boxes b�� � � � � bn into B that minimizes the total
height� The boxes are required to be packed into B orthogonally and oriented in all three
dimensions�

We denote each box bi as a triplet bi � �xi� yi� zi�� where xi� yi and zi are its length�
width and height� respectively� We assume here that the box B has dimensions ��� �����
since if this were not the case and we had B � �l� w���� l � �� w � �� we could divide the
length li and the width wi of each box bi by l and w� respectively� This problem will be
denoted by TPP� Since one can reduce the uni	dimensional packing problem 
�� to this
problem� it follows that it is an NP	hard problem�

If A is an algorithm for TPP and L is a list of boxes� then A�L� denotes the height of
the packing generated by the algorithmA when applied to the list L andOPT�L� denotes
the height of an optimal packing of L� We say that � is an asymptotic performance
bound of an algorithm A if there exists a constant � such that for all lists L� in which
all boxes have height at most Z� the following holds� A�L� � � � OPT�L� � � � Z�
Furthermore� if for any small � and any large M � both positive� there is an instance L
such thatA�L� � �����OPT�L� and OPT�L� � M � then we say that � is the asymptotic
performance bound of the algorithm A�
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In ����� Li and Cheng 
�� presented several algorithms for TPP� for the general case�
an algorithm whose asymptotic performance bound is ���� and for the special case in
which all boxes have square bottom� an algorithm whose asymptotic performance bound
is ������� In ����� these authors 
�� also presented an on	line algorithm with asymptotic
performance bound that can be made as close to ���� as desired� The algorithm to be
presented here has an asymptotic performance bound less than ����� This result answers
a question raised by Li and Cheng 
�� about the existence of an algorithm for TPP with
an asymptotic performance bound less than �����

We show that the asymptotic performance bound of our algorithm is between ��� and
�����

This paper is organized as follows� In Section � we establish the notation� mention some
basic results and describe algorithms that are used as subroutines of the main algorithm�
In Section � we �rst explain results on the ideas of the main algorithm� and then give a
formal description of it� In the sequel� we prove results on the asymptotic performance
bound of the algorithm and in Section � we discuss its time complexity�

� Notation and Basic Results

Most of the concepts and notation used here can be found in 
��� Given a list of boxes
L � �b�� � � � � bn�� we assume that each box bi is of the form bi � �xi� yi� zi�� with xi � �
and yi � �� Given a triplet t � �a� b� c�� we also refer to each of its elements a� b and c
as x�t�� y�t� and z�t�� respectively� We denote by S�b� and V�b� the bottom area �i�e�
S�b� �� x�b�y�b�� and the volume of the box b� respectively� Given a function f � C � IR�
and a subset C � � C� we denote by f�C �� the sum

P
e�C� f�e��

Although a list is given as an ordered n	tuple of boxes� when the order of the boxes is
irrelevant the corresponding list may be viewed as a set �e�g� if L is a list of boxes then
we may refer to S�L� and V �L� as the sum

P
b�L S�b� and

P
b�L V �b�� respectively��

Note that� by using a three	dimensional coordinate system� the box B � ��� ���� can
be seen as the region 
�� ��� 
�� ��� 
����� and we may de�ne a packing P of a list of
boxes L � �b�� � � � � bn� into B as a mapping P � L� 
�� ��� 
�� ��� 
����� such that

Px�bi� � xi � � and Py�bi� � yi � � �

where P�bi� � �Px�bi��Py�bi��Pz�bi��� i � �� � � � � n�

Furthermore� if R�bi� is de�ned as

R�bi� � 
Px�bi��Px�bi� � xi�� 
Py�bi��Py�bi� � yi�� 
Pz�bi��Pz�bi� � zi��

then
R�bi� �R�bj� � � 	i� j� � � i 
� j � n �
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yi
zi

xi
bi � �xi� yi� zi�

P

x

P�bi� � �Px�bi��Py�bi��Pz�bi��

z

y

��� �� �� ��� �� ��

��� �� ����� �� ��

Figure �� Packing of a box bi � �xi� yi� zi� into the box B � ��� �����

The above conditions mean that each box in L must be entirely enclosed in the box
B and must be packed orthogonally and oriented in all three dimensions� Furthermore�
no two boxes can overlap in the packing P �see �gure ���

Given a packing P of L� we denote by H�P� the height of the packing P� i�e��
H�P� �� maxfPz�b� � z�b� � b � Lg�

All packings will be denoted by the letter P� with or without a subscript and�or
superscript �for example� P �� POC � P �

AB��

If P��P�� � � � �Pv are packings of disjoint lists L�� L�� � � � � Lv � respectively� we de�ne the
concatenation of these packings as a packing P � P�kP�k � � � kPv of L � L��L��� � ��Lv�
where P�b� � �Px

i �b��Py
i �b��

Pi��
j��H�Pj� � Pz

i �b��� for all b � Li� � � i � v�

The other notations to be used here are the following�

 C 
p���p�  q���q�� �� fbi � �xi� yi� zi� � p�� � xi � p� � q�� � yi � q�g �
for � � p�� � p� � �� � � q�� � q� � � �

 Cm �� C
h
�� �

m
 �� �

m

i
� for m � � �

A level N in a packing P is a region 
�� �� � 
�� �� � 
Z�� Z�� in which there is a set
L� of boxes such that for all b � L�� Pz�b� � Z� and Z� � Z� � maxfz�b� � b � L�g�
We denote by S�N� the sum

P
b�L� S�b�� Sometimes we shall consider the level N as a

packing of the list L��

A layer �in the x	axis direction� in a level is a region 
�� �� � 
Y�� Y�� � 
Z�� Z�� in
which there is a set L� of boxes such that for all b � L�� Py�b� � Y� and Pz�b� � Z� and
Y� � Y� � maxfy�b� � b � L�g and Z� � Z� � maxfz�b� � b � L�g�

�



Throughout this paper we consider Z as the height of the highest box in the list L �or
in the list under consideration��

Some of the algorithms that will be used in the main algorithm generate packings
consisting of levels satisfying certain properties� We prove in the sequel a result concerning
these packings and derive special cases of it which will be used in the proof of the main
theorem�

Proposition ��� Let L be an instance of TPP and P be a packing of L consisting of
levels N�� � � � � Nv such that minfz�b� � b � Nig � maxfz�b� � b � Ni��g� and S�Ni� � s
for a given constant s � �� i � �� � � � � v � �� Then H�P� � �

s
V �L� � Z�

Proof� Let hi be the height of level Ni� i � �� � � � � v�

V �L� � S�N�� � h� � S�N�� � h� � � � �S�Nv��� � hv
� s � h� � s � h� � � � � s � hv
� s � �

vX
i��

hi � h��

� s � �H�P�� Z��
�

The constant s mentioned in the above proposition will be called an area guarantee
of the packing P�

We describe in the sequel two algorithms for which Proposition ��� can be applied�
First we describe an algorithm called NFDH �Next Fit Decreasing Height� that was
presented by Li and Cheng in 
��� This algorithm has two variants� NFDHx and NFDHy�
The notation NFDH is used to refer to any of these variants�

The Algorithm NFDHx �rst sorts the boxes of L in non	increasing order of their height�
b�� b�� � � � � bn� The �rst box b� is packed in the position ��� �� ��� the next one is packed in
the position �x�b��� �� �� and so on� side by side� until a box is found that does not �t in
this layer� At this moment the next box bk is packed in the position ��� y�b��� ��� where
y�b�� � maxfy�bi�� i � �� � � � � k � �g� The process continues in this way until a box bl is
found that does not �t in the �rst level� Then� the algorithm packs this box in a new level
at the height z�b��� The algorithm proceeds in this way until all boxes of L have been
packed�

The Algorithm NFDHy is analogous to the Algorithm NFDHx� except that it generates
the layers in the y	axis direction �for a more detailed description see 
����

The following result proved by Li and Cheng 
�� can be derived as a corollary of
Proposition ���� In fact� the proof of Proposition ��� is similar to the proof of this lemma�

�



Lemma ��� If L � C
h

�
m��

� �
m
 �� �

m

i
then NFDHy�L� �

�
m��
m��

�
V �L� � Z� The same

result also holds for the Algorithm NFDHx when applied to a list L � C
h
�� �

m
 �

m��
� �
m

i
�

Another algorithm that generates a packing as mentioned in Proposition ��� is the
algorithm called LL� presented by Li and Cheng in 
��� This algorithm is used to pack a

list of boxes L � C
h
�� �

m
 �� �

m

i
� m � �� We indicate by �L�m� the parameters that must

be speci�ed to call this algorithm�

Let us give an idea of the Algorithm LL�L�m�� as we shall refer to it in the sequel�
Initially it sorts the boxes in L in non	increasing order of their height� Then it divides L
into sublists L�� � � � � Lv� such that L � L�kL�k � � � kLv� each sublist preserving the �non	
increasing� order of the boxes� and

S�Li� �
�
m��
m

�
�
�

�
m

��
for i � �� � � � � v �

S�Li� � S�first�Li���� �
�
m��
m

�
�
�

�
m

��
for i � �� � � � � v � � 

where first�L�� is the �rst box in L�� Then� the Algorithm LL uses a two	dimensional
packing algorithm to pack each list Li in only one level� say Ni� The �nal packing is
the concatenation of each of these levels� As each level Ni �except perhaps the last� is
such that S�Ni� � m��

m
� the following result �given in 
��� can be obtained by applying

Proposition ����

Lemma ��� If P is the packing generated by the Algorithm LL for an instance L �
C
h
�� �

m
 �� �

m

i
� then H�P� �

�
m

m��
�
V �L� � Z�

Another algorithm that will play an important role in the main algorithm is the Al	
gorithm COLUMN� This algorithm generates a partial packing of two lists� say L� and
L�� The packing consists of several stacks of boxes� referred to as columns� Each column
is built by putting the boxes one on top of the other� and each column consists only of
boxes in either L� or L��

The Algorithm COLUMN is called with the parameters �L�� 
p
��� L�� 
p

���� where p� �
p��� p

�
�� � � � � p

�
n�

consists of the positions in the bottom of box B where the columns of boxes
in L� should start and p� � p��� p

�
�� � � � � p

�
n�

consists of the positions in the bottom of box
B where the columns of boxes in L� should start� Each point pij � �xij� y

i
j� represents

the x	axis and the y	axis coordinates where the �rst box �if any� of each column of the
respective list must be packed� Note that the z	axis coordinate need not be speci�ed since
it may always be assumed to be � �corresponding to the bottom of box B�� Here we are
assuming that the positions p�� p� and the lists L�� L� are chosen in such a way that they
do not lead to an infeasible packing�

We call height of a column the sum of the height of all boxes in that column�

�



The positions pij for j � �� � � � � ni and i � �� � must be given� Initially all n� � n�
columns are empty� starting at the bottom of box B� At each iteration� the algorithm
chooses a column with the smallest height and packs the next box from the respective
list on the top of that column� The process terminates when all the boxes in L� or L�

are packed� At this point� the algorithm returns the pair �P� L�� where L� consists of the
boxes in L��L� that were packed� and P is the packing of L� generated by the algorithm�
We also say that P combines the lists L� and L��

If each box of Li has bottom area at least si� i � �� �� the sum n�s� � n�s� is called
the combined area of the packing generated by the Algorithm COLUMN�

The following lemma about this algorithm holds�

Lemma ��� Let P be the packing of L� � L� �L� generated by the Algorithm COLUMN
when applied to lists L� and L� and list of positions pi�� p

i
�� � � � � p

i
ni
� i � �� �� If S�b� � si�

for all boxes b in Li� i � �� �� then H�P� � �
s�n��s�n�

V �L�� � Z�

Proof� Note that the di�erence between the height of any two columns is not greater
than Z� Thus� V �L�� � �H�P�� Z��s�n� � s�n���

�

Another simple algorithm that we shall use is the AlgorithmOC �One Column�� Given
a list of boxes� say L � �b�� � � � � bn�� this algorithm packs each box bi�� on top of box bi �
for i � �� � � � � n� �� Thus� the �rst box is packed in the position ��� �� ��� the second box
is packed in the position ��� �� z�b���� and so on� It is easy to verify the following results�

Lemma ��� If P is the packing generated by the Algorithm OC when applied to a list L
and s is a constant such that S�b� � s for all boxes b in L� then H�P� � V �L�

s
�

Lemma ��� If P is the packing generated by the Algorithm OC when applied to a list L
such that x�b� � �

�
and y�b� � �

�
for all boxes b in L� then H�P� � OPT�L� �

Two other algorithms that we shall need in the main algorithm are based on the
algorithmUD� developed by Baker� Brown and Kattse� 
�� for the strip packing problem�
This problem consists in packing a list of rectangles R � �r�� r�� � � � � rn� in a rectangle of
unit length and in�nite height� and the objective is to minimize the height of the packing�
The following result concerning the algorithm UD is presented in 
���

Lemma ��� Let R � �r�� � � � � rn� be an instance for the strip packing problem� in which
no rectangle has height greater than Z �� Then the height of the packing B generated by the
algorithm UD when applied to the list R is such that H�B� � �

�
OPT�L� � ��

	
Z ��

�



Based on Algorithm UD� we de�ne the algorithms UDx and UDy for TPP as follows�
Given a list L � �b�� b�� � � � � bn� of rectangular boxes bi � �xi� yi� zi�� for i � �� � � � � n� the
Algorithm UDx �rst uses the Algorithm UD to generate a packing B� applying it to a
list of rectangles R � �r�� r�� � � � � rn�� where ri � �xi� zi�� i � �� � � � � n� Then it generates
a packing of L by packing the corresponding boxes in the position � in the y	axis and
using the same coordinates of the two	dimensional packing B for the x	 and z	axis� The
algorithm UDy is symmetric to the Algorithm UDx� Using Lemma ��� it is immediate
that the following holds�

Lemma ��	 Let L be an instance for TPP such that y�b� � �
�
�resp� x�b� � �

�
� for all

boxes b in L� Then the packing P generated by the algorithm UDx �resp� UDy� is such
that

H�P� � �

�
OPT�L� �

��

�
Z �

� The main algorithm

The algorithm to be described here will be called AlgorithmAk� It depends on a parameter
k� an integer greater than �� Before giving its formal description� let us �rst explain the
idea behind it�

This algorithm divides the given instance L into sublists and applies an appropriate
algorithm to each �or a combination� of these sublists� The �nal packing is obtained as a
concatenation of these packings�

Initially� the boxes of L are divided into four parts� P�� P�� P� and P�� as follows�

P� � fb � L � x�b� � �
�
� y�b� � �

�
g� P� � fb � L � x�b� � �

�
� y�b� � �

�
g�

P� � fb � L � x�b� � �
�
� y�b� � �

�
g� P� � fb � L � x�b� � �

�
� y�b� � �

�
g�

Suppose for each of these parts we generate packings consisting of levels� Li and Cheng

�� have shown that one can get a packing of part P� with area guarantee �

�
� and the same

for P� and P�� Note that for part P� the best one can guarantee is �
�
� They proved the

statements for P�� P� and P� by considering the subdivision indicated in �gure ��

As we shall see later� considering another subdivision of P�� one can have a packing
of P� with area guarantee �



� Thus� with respect to area guarantee� we can classify the

packings of part P� as being good � P� and P� as regular and P� as bad � We call a packing
of a sublist as being good if it has an area guarantee close to that of part P�� The idea of
our algorithm is to re�ne the subdivision of these parts in such a way that the obtained
sublists allow a better combined area or a better area guarantee� For that� we have to
detect the boxes that do not yield packings with good area guarantee� These boxes will
be called critical�

�
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Figure �� Subdivision of P�� P� and P��

The Algorithm Ak uses the Algorithm COLUMN to combine the critical boxes in P�

and P� �these are the boxes in the sets LA � �A��� � ��Ak���� and LB � �B��� � ��Bk�����
illustrated in �gure �� in such a manner that the resulting partial packing is a good one
and the critical boxes of P� and P� that could not be packed remain in only one of these
parts� Furthermore� the other part �now without the critical boxes� allows a good
packing�

Suppose that the critical boxes in P� �boxes in the set LB� could all be packed �see
�gure ��� The way the set LB is de�ned guarantees that the remaining part of P� �sublists
L� to L��� see �gure �� has a good area guarantee� Now we apply the same process for
parts P��P� and P�� That is� we combine critical boxes of P� �P� with the critical boxes
of P� �these are the boxes in L�D � L��D and LC � see �gure ��� Note that the choices of the
sublists to be combined have to be carefully done so that they allow good combinations�
and once one of the sublists is packed the remaining boxes in the corresponding part also
allow a good packing�

Suppose LC is totally packed �see �gure ��� Now we de�ne new critical boxes in P�

and P� �these are the boxes in L�F � L��F and LE� see �gure �� and apply the algorithm
COLUMN to the corresponding sublists� The resulting packing PEF has an area guarantee
better than that when only boxes of P� are considered�

In both cases� considering the boxes not packed yet we can obtain packings which can
be compared with an optimum packing of the corresponding sublist� The details of this
process will be clear in the description of the Algorithm Ak�

�



The sublists Ai and Bi we have mentioned above are constructed using values ri and
si� i � �� � � � � k � ��� de�ned in the sequel� These sublists are illustrated in �gure �� and
are formally de�ned in step � of the algorithm�

De
nition ��� Let r
�k�
� � r

�k�
� � � � � � r

�k�
k��� and s

�k�
� � s

�k�
� � � � � � s

�k�
k��� be real numbers de�ned as

follows�

 r
�k�
� � r

�k�
� � � � � � r

�k�
k are such that

r
�k�
�

�
�
� r

�k�
� ���r

�k�
� � � r

�k�
� ���r

�k�
� � � � � � � r

�k�
k ���r

�k�
k��� �

�
�
���r

�k�
k � and r

�k�
� � �



�

 r
�k�
k�� �

�
�
� r

�k�
k�� �

�
�
� � � � � r

�k�
k��� �

�
��
�

 s
�k�
i � ��� r

�k�
i � for i � �� � � � � k�

 s
�k�
k�i � ��

�
�i���b i��

�
c

�i���

�
for i � �� � � � � ���

The existence of the numbers r�k�� � r�k�� � � � � � r�k�k can be shown using a continuity ar	

gument� Furthermore� one can show that r
�k�
� � r

�k�
� � � � � � r

�k�
k � �

�
and r

�k�
� � �



as

k ��� For simplicity we shall omit the superscripts �k� of the notation r
�k�
i � s

�k�
i when k

is clear from the context�

As we are going to apply Algorithm COLUMN combining sublists Ai and Bj� we have
to specify the coordinates where the columns of Ai and Bj are to be built� To this end
we de�ne lists of positions� pi�j� qi�j� p

�
j� q

�
j� p

��
j and q��j �

REMARK� The positions pi�j� qi�j� p
�
j� q

�
j� p

��
j and q��j are de�ned in such a manner that the

combined area of the packings generated by the Algorithm COLUMN �in step � of the
Algorithm Ak� is at least

��
�
�

Positions to combine sublists Ai and Bj�

We de�ne these positions only for i � j� The case in which i � j is symmetric �see
�gure � to visualize these positions��

�



 To combine the lists Ai� � � i � k� and Bj� i � j � k� take

pi�j �
h
��� ���

�
�
�
� �
�i

and qi�j � 
��� si�� �

Note that in this case we have an area guarantee of at least �
�
�

 To combine the list A���k� � �A�� � � ��Ak� with Bj� k�� � j � k���� we consider
two phases� We divide A���k� into A� and A�� taking A� � fb � A���k� � x�b� � ��sjg
and A�� � A���k� n A��

� To combine A� with Bj take

p�j � 
�sj� ��� and

q�j �
h
��� �� �

�
�� �

j�k��

�
�
�
�� �

j�k��

�
� � � � �

�
�� j�k��

j�k��

�i
�

In this case we have an area guarantee of at least ��
��
� This minimum is attained

when j � k � ��

� To combine A�� with Bj take

p��j �
h
��� ��� ��

�
� ��
i

and

q��j �
h�
�� �

�

�
�
�
�� �

�
� �

j�k��

�
�
�
�� �

�
� �

j�k��

�
� � � � �

�
�� �

�
�
�
b j�k��

�
c � �

�
�

j�k��

�i
�

Here we obtain an area guarantee of at least ��
�
� In fact� the values of sj �which

determine A� and A���� k � � � j � k � ��� were chosen in such a way that for
the boxes in P� not in LB we also have a good area guarantee� The value ��

�

is attained when j � k � � �one box from Bk�� with bottom area �
	
and two

boxes from A��� each with bottom area �
�	
��

 To combine the lists Ai� k � � � i � k � ��� and Bj� i � j � k � ��� take

pi�j �
h
�sj� �� �

�
sj �

�
i�k��

� �
�
�
�
sj �

�
i�k��

� �
�
� � � � ��

sj � �b��� sj� � �i� k � ��c � �� �
i�k��

� �
�i

and

qi�j �
h
��� �� �

�
�� �

j�k��

�
�
�
�� �

j�k��

�
� � � � �

�
�� j�k��

j�k��

�i
�

In this case we also obtain an area guarantee of at least ��
�
�

We are now ready to describe the Algorithm Ak�

��



Algorithm Ak

Input� List of boxes L�
Output� Packing P of L into B � ��� �����

� Let P� � fb � L � x�b� � �
�
� y�b� � �

�
g� P� � fb � L � x�b� � �

�
� y�b� � �

�
g�

P� � fb � L � x�b� � �
�
� y�b� � �

�
g� P� � fb � L � x�b� � �

�
� y�b� � �

�
g�

� Let r�� r�� � � � � rk�� and s�� s�� � � � � sk��� be given as in De�nition ���� De�ne the sets
Ai and Bi� for i � �� � � � � k � ��� in the following way �see �gure ���

Ai �
n
b � L � x�b� � �ri��� ri� � y�b� �

�
�
�
� si
io

�

Bi �
n
b � L � x�b� �

�
�
�
� si
i
� y�b� � �ri��� ri�

o
�

LA � A� � � � � � Ak���� LB � B� � � � � �Bk����

� i� � j � � PAB � �
� Let pi�j� qi�j� � � i� j � k � ��� and p�j� p

��
j � q

�
j� q

��
j � k � � � j � k � ��� be as de�ned

previously�

� Combine sets LA and LB as follows�

��� While �i � k and j � k� do

�Pi�j� Li�j�� COLUMN�Ai� pi�j� Bj� qi�j� 

Ai � Ai n Li�j Bi � Bi n Li�j PAB � PABkPi�j 

If Ai � � then i� i � � else j � j � �

��� If j�k��

then
����� �� all boxes B�� � � � � Bk have been packed ��
A���k� � A� � � � � � Ak
While �j � k � �� and A���k� 
� �� do

t� �� sk�j
A� � fb � A���k� � x�b� � tg A�� � A���k� n A�
� �P �

j�
�L�j�� COLUMN�A�� p�j� Bj� q

�
j�

� �P ��
j �

�L��j �� COLUMN�A��� p��j � Bj n �L�j� q
��
j �

PAB � PABk �P �
jk �P ��

j 

Bj � Bj n �L�j � �L��j  A���k� � A���k� n �L�j � �L��j 
if Bj � � then j � j � �

i� k � �

else
����� �� All boxes A�� � � � � Ak have been packed ��

Perform steps symmetric to the ones given in the case �����

��



��� While �i � k � �� and j � k � ��� do

�Pi�j� Li�j�� COLUMN�Ai� pi�j� Bj� qi�j� 

Ai � Ai n Li�j Bi � Bi n Li�j PAB � PABkPi�j 

If Ai � � then i� i � � else j � j � �

� If j � k � �� then �� all boxes in LB have been packed ��

��� Let LAB be the set of boxes packed in PAB L� L n LAB

��� Subdivide the list L in L�� � � � � L�� as follows �see �gure ���

Li � L
T C h �

�
� �  �

i��
� �
i��

i
� for i � �� � � � � �� L�� � L

T C h�
�
� �  �� �

�	

i
�

L�	 � L
T C h�

�
� �
�
 �

�
� �
�

i
� L�
 � L

T C h�
�
� �
�
 �

�
� �
�

i
�

L�� � L
T C h�

�
� �
�
 �� �

�

i
� L�� � L

T C h�
�
� �
�
 �

�
� �
�

i
�

L�� � L
T C h�

�
� �
�
 �� �

�

i
� L�� � L

T C h�� �
�
 �

�
� �
�

i
�

L�� � L
T C h�� �

�
 �

�
� �
�

i
� L�� � L

T C��
LC � L

T C h�
�
� �  �

�
� �

�

i
L�D �

n
b � L� � y�b� � ��

�

o
�

L��D �
n
b � L�	 � y�b� � ��

�

o
� LD � L�D

S
L��D�

��� Generate packings P�� � � � �P�� as follows�

�PCD� � LCD��� COLUMN�LC � 
��� ���� L
�
D� 
���

�

�
���

�PCD�� � LCD���� COLUMN�LC n LCD� � 
��� ���� L��D� 
���
�

�
�� ��

�
� �

�
���

PCD � PCD�kPCD�� 

LCD � LCD�

S
LCD�� 

L� � L� n LCD

L�	 � L�	 n LCD

��� Pi � NFDHy�Li� for i � �� � � � � ��

Pi � NFDHx�Li� for i � ��� ��

P�� � LL�L��� ��

��� P �
� � P� n LCD

P �
� � P� n LAB

P �
� � P� n �LAB � LCD�

P �
� � P� n LCD

��� If LC � LCD

then �Case �� p�
p
�

�����
�

���
� ����� � � � ��LC is packed � � �see �gure ��

else �Case �� p�
p
��������
�	�

� ����� � � �  ��LD is packed � � �see �gure ��

��



��� LE � fb � P �
� � x�b� � �� pg  L�F �

n
b � P �

� �
�


� x�b� � p

o


L��F �
n
b � P �

� �
�
�	
� x�b� � �




o
 LF � L�F � L��F 

��	 �PEF �� LEF ��� COLUMN�LE� 
��� ���� L
�
F � 
��� p� ����

�PEF ��� LEF ���� COLUMN�LE n LEF �� 
��� ���� L��F � 
��� p� ��� ��� p� �


� ���

� � � � ��� p� �b�pc � ���


� ����

PEF � PEF �kPEF ��

LEF � LEF � � LEF ��

P ��
� � P �

� n LEF 

P ��
� � P �

� n LEF 

��� �Subcase �� If LE � LEF then �� LE is totally packed ��

PUD � UDx�P �
� � P �

��

POC � OC�P ��
� �

P ��
�e �

n
b � P ��

� � x�b� � �
�

o


P ��
�d �

n
b � P ��

� � x�b� � �
�

o


P�e � NFDHx�P ��
�e�

P�d � NFDHx�P ��
�d�

P � � POCkP�ekP�dkPEF 

P �� � fP � fPUD�P �g � H�P� is minimum g
Paux � PABkPCDkP�k � � � kP��

P � PauxkP ��

��� �Subcase �� If LF � LEF then �� LF is totally packed ��

POC � OC�P ��
� �

P ��
�e �

n
b � P ��

� � x�b� � �
�	

o


P ��
�d � fb � P ��

� � x�b� � pg
P�e � NFDHx�P ��

�e�

P�d � NFDHx�P ��
�d�

P � � POCkPEF 

Paux � PABkPCDkP�ekP�dkP�k � � � kP��

P � PauxkP �

��� Return P
� If i � k � �� then generate a packing P of L as in step � �in a symmetric way�

	 Return P
end algorithm�

��
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The next theorem gives an asymptotic performance bound of the Algorithm Ak when
k ��� After the proof of this result we show that for relatively small value of k �k � ���
the Algorithm Ak has already an asymptotic performance bound that is very close to the
value shown for k ��� This conclusion will follow from the proof of the next theorem�

Theorem ��� For any instance L of TPP we have

Ak�L� � �k �OPT�L� �
�
�k �

���

�

�
Z �

where �k � ��
�
p
�

���

�	�
� ����� � � � as k ���

Proof� Let us recall that when k � � the value of r
�k�
� tends to �



� r� � r

�k�
� � �



�see

De�nition ����� Each of the packings Pi� i � f�� � � � � ��g n f�� ��g� has an area guarantee
that is at least ��

�
� this minimum being attained when i � f��� ��g� Thus applying Lemma

��� and Lemma ��� we can conclude that

H�Pi� � ��

��
V �Li� � Z� for i � f�� � � � � ��g n f�� ��g � ���

Now� for each of the packingsQ �
n
Pi�j� �P �

i�j�
�P ��
i�j

o
that are used to generate the packing

PAB at the end of step �� H�Q� � �
��
V �Q��Z� To see this� apply Lemma ��� together with

the fact that for each packing Q that combines sets of LA and LB� the combined area is at
least ��

�
� As there is a maximum of ��k��������� � �k��� packings generated from

combinations of sets in LA and LB� we can see that H�PAB� � �
��
V �LAB� � ��k � ���Z�

Thus the following inequality holds�

H�PAB� � ��

��
V �LAB� � ��k � ���Z � ���

For the packings PCD� and PCD�� �in step ����� since the combined area is at least
��
�
� r�

�
�� it follows by Lemma ��� that

H�PCD� � ��
�
�
� r�

�

�V �LCD� � �Z � ���

Let us now analyse the two possible cases �cf� step �����

Case �� LC � LCD and p �
p
�

�����
�

���
� ����� � � ��

For the packings P� and P�	 the following inequalities hold�

H�P�� � �

r�
V �L�� � Z � ���

H�P�	� � �
�



V �L�	� � Z � ���

��



Since each of the packings PEF � and PEF �� has an area guarantee that is at least �
��
�

we can conclude that

H�PEF � � ��

�
V �LEF � � �Z � ���

Subcase ���� LE � LEF

By Lemma ����

H�PUD� � �

�
OPT�P �

� � P �
�� �

��

�
Z � ���

Applying Lemma ���� since S�b� � ��� p��

�

for b � P ��
� � it follows that

H�POC� � �

��� p��

�

V �P ��
� � � ���

For the packings P�e and P�d� using Lemma ���� we can conclude that

H�P�ekP�d� � �
�
�

V �P ��
�e � P ��

�d� � �Z � ���

From ���� ���� ��� and the fact that ��� p��

�

� minf �
��
� ��� p��


�
� �
�
g it follows that

H�P �� � H�POCkP�ekP�dkPEF �

� �

��� p��

�

V �P ��
� � P ��

�e � P ��
�d � LEF � � �Z

�
�

��� p��

�

V �P �
� � P �

�� � �Z � ����

Since P �� � fP � fPUD�P �g � H�P� is minimumg� we have
H�P ��� � minfH�PUD�� H�P ��g � ����

Now for the packing Paux � PABkPCDkP�k � � � kP��� using the inequalities �����������

and the fact that r� � min
n
��
�
� r��

�
�
� r�

�
� �



o
� we obtain

H�Paux� � �

r�
V �Laux� � ��k � ���Z � ����

where Laux denotes the set of boxes in the packing Paux�

Let

H� �� H�P ���� ��

�
Z � ����

H� �� H�Paux�� ��k � ���Z � ����

��



From ��� and ����� in particular we have

H� � �

�
OPT�P �

� � P �
�� �

and therefore�

OPT�P �
� � P �

�� �
�

�
H� �

Thus�

OPT�L� � OPT�P �
� � P �

�� �
�

�
H� � ����

Note that from ���� and ���� we can conclude that

V �Laux� � r�H� � ����

On the other hand� from ���� and ���� we have

H�P ��� � H�P ��

� �

��� p��

�

V �P �
� � P �

�� � �Z

� �

��� p��

�

V �P �
� � P �

�� �
��

�
Z �

and thus�

H� � H�P ���� ��

�
Z � �

��� p��

�

V �P �
� � P �

�� �

i�e��

V �P �
� � P �

�� � ��� p�
��

��
H� � ����

Since V �L� � V �Laux� � V �P �
� � P �

��� using ���� and ���� we get

V �L� � r�H� � ��� p�
��

��
H� �

Thus�

OPT�L� � V �L� � r�H� � ��� p�
��

��
H� �

Combining ���� and the inequality above� it follows that

OPT�L� � max
�
�

�
H�� ��� p�

��

��
H� � r�H�

�
�

��



Since H�P� � H�Paux� �H�P ��� using ���� and ����� we have

H�P� �
�
H� � ��k � ���Z �H� �

��

�
Z
�

� H� �H� �
�
�k �

���

�

�
Z �

Thus� Ak�L� � ��k�r�� � OPT�L� �
�
�k � �
�

	

�
Z� where ��k�r�� �

�
�
�p��	�r�
���r�

� To prove

this� we show that H��H�

maxf �
�
H�����p� ����H��r�H�g � ��k�r��� by analysing two cases�

Case �a�� max
n
�
�
H�� ��� p� �


�
H� � r�H�

o
� �

�
H��

In this case� H� � �	�r�
�
�
�p

H�� and thus

H� �H�

max
n
�
�
H�� ��� p� �


�
H� � r�H�

o �
H� �H�

�
�
H�

�
�

�
�

�

�

H�

H�

� �� � ��p� ���r�
���r�

�

Case �b�� max
n
�
�
H�� ��� p� �


�
H� � r�H�

o
� ��� p� �


�
H� � r�H��

Then H� � �	�r�
�
�
�p

H��

In this case� note that H��H�

���p� ��
��
H��r�H�

is a strictly increasing function of H�� and

hence when H� �
�	�r�
�
�
�p

H� it attains its maximum value� Thus�

H� �H�

max
n
�
�
H�� ��� p� �


�
H� � r�H�

o �
H� �H�

��� p� �

�
H� � r�H�

� �� � ��p� ���r�
���r�

�

Subcase ���� LF � LEF

In this case�

H�POC� � �
�

��

V �P ��
� � � ����

Since P � � POCkPEF �kPEF �� and all these packings combine boxes in P �
�� it follows that

OPT�L� � OPT�P ��
� � LEF � � H�POC� �H�PEF �� �Z � H�P ��� �Z � ����

��



Recalling that P � � POCkPEF � and using ��� and ���� we have

H�P �� � �
�

��

V �LEF � P ��
� � � �Z � ����

Now using Lemma ��� for the packings P�e and P�d we can conclude that

H�P�ekP�d� � �

p
V �P ��

�e � P ��
�d� � �Z � ����

From �������� ��� and ���� and the fact that p � minf��
�
� �
�
� r�

�
� r��

�


� pg we have

H�Paux� � �

p
V �Laux� � ��k � ���Z � ����

Let

H� �� H�P ��� �Z � ����

H� �� H�Paux�� ��k � ���Z � ����

From ���� and ����� it follows that

OPT�L� � H� � ����

Using ���� and ����� resp� ���� and ����� we have

V �LEF � P ��
� � � ��

��
H� �

V �Laux� � pH� �

Since V �L� � V �LEF � P ��
� � Laux�� adding up the above inequalities� we get

V �L� � ��

��
H� � pH� �

and thus

OPT�L� � ��

��
H� � pH� �

Combining the inequality above with ���� we can prove that

Ak�L� � ���k �OPT�L� � ��k � ���Z �

where ���k �
�����p
��p

� This can be shown by proving that H��H�

maxfH��
��
��
H��pH�g � ���k� The proof

can be done analogously to the previous case� and therefore will be omitted�

��



The value of p �p �
p
�

�����
�

���
� that we considered in the algorithm was in fact

obtained by setting ��k�
�


� � ���k� We leave to the reader the veri�cation of this fact�

Thus� from the analysis of both subcases we can conclude that

Ak�L� � �k �OPT�L� �
�
�k �

���

�

�
Z �

where �k � ��k�
�


� � ���k �

p
�

������


�	�
� ����� � � � as k ���

Case �� LD � LCD and p �
p
��������
�	�

� ����� � � �

In this case the proof is similar to the one presented in Case �� therefore we omit the
details and simply mention the inequalities that can be obtained�

H�Pi� � ��

��
V �Li� � Z for i � f�� ��g �

H�PEF � � ��

��
V �LEF � � �Z �

Subcase ���� LE � LEF

H�PUD� � �

�
OPT�P �

� � P �
�� �

��

�
Z �

H�POC� � �

��� p��
�

V �P ��
� � �

H�P�ekP�d� � �
�
�

V �P ��
�e � P ��

�d� � �Z �

H�P �� � H�POCkP�ekP�dkPEF �

� �

��� p��
�

V �P �
� � P �

�� � �Z �

Since �
�
� r�

�
� min

n
��
�
� �
�
� r�

�

o
� we have

H�Paux� � �
�
�
� r�

�

V �Laux� � ��k � ���Z �

Let

H� �� H�P ���� ��

�
Z �

H� �� H�Paux�� ��k � ���Z �

��



Then

OPT�L� � �

�
H� �

On the other hand�

V �Laux� �
�
�

�
�
r�
�

�
H� and

V �P �
� � P �

�� � ��� p�
�

�
H� �

and therefore

OPT�L� � V �L� �
�
�

�
�
r�
�

�
H� � ��� p�

�

�
H� �

Thus�

OPT�L� � max
�
�

�
H�� ��� p�

�

�
H� �

�
�

�
�
r�
�

�
H�

�
�

Therefore� Ak�L� � � �k�r�� �OPT�L� �
�
�k � �
�

	

�
Z� where � �k�r�� �

�����p���r�
��	r�

� The last

inequality follows by showing that H��H�

maxf �
�
H�����p� ��H��� ���

r�
� �H�g � � �k�r���

Subcase ���� LF � LEF

H�POC� � �
�
�

V �P ��
� � �

OPT�L� � H�P ��� �Z �

H�P �� � �
�
�

V �LEF � P ��
� � � �Z �

H�P�ekP�d� � �

p
V �P ��

�e � P ��
�d� � �Z �

Since p � min
n
�
�
� r�

�
� ��
�
� p
o
we have

H�Paux� � �

p
V �Laux� � ��k � ���Z �

Let

H� �� H�P ��� �Z �

H� �� H�Paux�� ��k � ���Z �

Then

OPT�L� � H� �

V �LEF � P ��
� � � �

�
H� �

V �Laux� � pH� �

��



Thus

OPT�L� � V �L� � �

�
H� � pH� �

Therefore�

Ak�L� � � ��k �OPT�L� � ��k � ���Z �

where � ��k �
���p
�p

� The last inequality is proved by showing that H��H�

maxfH��
�
�
H��pH�g �

���p
�p

�

Here again� the value of p �p �
p
��������
�	�

� that we considered in the algorithm was
obtained by setting � �k�

�


� � � ��k � Thus� for the given value of p� as in the previous case we

can conclude that

Ak�L� � �k �OPT�L� �
�
�k �

���

�

�
Z �

where �k � � �k�
�


� � � ��k �

p
���������

��
� ���� � � � as k ���

The theorem follows from the conclusions obtained in the cases � and ��
�

Corollary ��� For any instance L of TPP and k � �� we have

Ak�L� � 	k �OPT�L� �
�
�k �

���

�

�
Z �

where 	k �


���	�r

	k

� �

p
�

���

	�r
	k

�

� ���� �

Proof� The result follows from the proof of the previous theorem� It is su�cient to
observe that for k � �� we have r

�k�
� � ������������ and therefore all arguments used in

the proof remain valid� Note that the statement of the corollary holds taking

	k � max

��
��� � ��p� � ���r

�k�
�

���r
�k�
�

�
�� � ��p�

��p�
�
�� � ��p� � ��r

�k�
�

� � �r
�k�
�

�
� � �p�
�p�

	

�

�
�� � ��p� � ���r

�k�
�

���r
�k�
�

�
�� � ����r

�k�
� �

p
������

���r
�k�
�

�

where pi corresponds to the value of p in the Case i� i � �� �� That is� p� �
p
�

�����
�

���

and p� �
p
��������
�	�

�
�

��



Proposition ��� The asymptotic performance bound of the Algorithm Ak� k � ��� is
between ��� and �����

Proof� By the Theorem ��� it is su�cient to prove that ��� is a lower bound for the
asymptotic performance bound of the Algorithm Ak�

Let L be an instance for TPP� L � L� � L��� where L� � �b��� b
�
�� � � � � b

�
�N� and L�� �

�b���� b
��
�� � � � � b

��
��N �� and N is a large positive integer�

Each box b�i in L�� i � �� � � � � �N � is de�ned as

b�i �
�
�

�
� ��

�

�
� �� �

�
�

Each box b��i in L��� i � �� � � � � ��N � is de�ned as

b��i �

�
�
� 
� �� �i� ���N� if i mod � � ��
�
�
� �� �

�
� �� �� �i� ���N

�
otherwise �

The values for �� �N and 
 must be positive and very small� and furthermore the following

must hold� �
�
�
�
� �

��
�
� � �

�
�
�
�
�

��
and �

�
�
�
� �

��
�
� � �

�
�
�
�
�

��
� This can be achieved

by �xing a small 
 and taking � � ��

	
�

The Algorithm Ak applied to the list L generates a packing P � P �kP �� where P �

�resp� P ��� is the packing generated by the Algorithm OC �resp� LL�L��� ��� applied to the
list L� �resp� L����

It is clear that H�P �� � �N � As for the packing P ��� it is generated as follows � P ��

consists of �N levels� each consisting of � boxes of type
�
�
�
� �� �

�
� �� �� �i� ���N

�
and

one box of type �
� 
� �� �i� ���N�� Therefore� H�P ��� � �N � h��N�� where h��N� �

��N
�

N���N

�

�
 and thus

H�P� � �N � �N � h��N� � �N � h��N� �

A better packing P� of the list L can be obtained by generating�

 �N levels� each consisting of one box of type
�
�
�
� �� �

�
� �� �

�
and �� boxes of type�

�
�
� �� �

�
� �� �� �i� ���N

�


 one level consisting of all boxes of the form �
� 
� �� �i� ���N�� We note that this
is possible by choosing 
 conveniently�

Thus H�P�� � �N � ��

��



Therefore� by choosing �N such that h��N� tends to � when N ��� we have

lim
N��

H�P�
OPT�L�

� lim
N��

�N � h��N�

�N � �
�

�

�
�

�

� Concluding remarks

It is easy to see that all algorithms we have used in the Algorithm Ak �except for the
Algorithm UD and LL� have time complexity O�m logm�� where m is the number of
boxes in the input list� It can be seen that the Algorithm LL also has the same complexity

��� As for the Algorithm UD� the authors claim �cf� 
��� that it can be implemented to
run in time O�m logm�� Thus� the Algorithm Ak has time complexity O�n logn�� where
n is the number of boxes in the input list�

In the special case of TPP in which the input list consists of boxes with square bottom
we have developed an algorithm with an asymptotic performance bound close to �����
This result appears in a forthcoming paper where another variant of TPP is discussed 
���
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