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Abstract

We present approximation algorithms for the two- and three-dimensional bin packing problems
and the three-dimensional strip packing problem. We consider the special case of these problems in
which a parameter � (a positive integer) is given, indicating that each of the dimensions of the items
to be packed is at most �� of the corresponding dimension of the recipient. We analyze the asymptotic
performance of these algorithms and exhibit bounds that, to our knowledge, are the best known for this
special case.
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1 Introduction
We present fast asymptotic approximation algorithms for special packing problems, parameterized

by a positive integer � . This parameter indicates that the input list consists of items (rectangles, boxes)
whose each of its dimension is at most �	�
� of the respective dimension of the recipient. These problems
have many applications, specially in job scheduling.

We consider the following problems:

1. Two-dimensional Bin Packing ( ���� � ) problem: given a list � of rectangles, each rectangle with
dimensions at most ����� , and rectangles of unit dimensions �������	� , called bins, pack the rectangles
of � into a minimum number of bins.

2. Three-dimensional Strip Packing ( ����� � ) problem: given a list � of boxes, with bottom dimensions
at most �	�
� , and a box � � ����� ���"!#� , pack the boxes of � into � such that the height of the
packing is minimized.

3. Three-dimensional Bin Packing ( ����� � ) problem: given a list � of boxes with dimensions at most�	��� , � $%� , and boxes of dimensions �&�'����� ��� ��� , also called bins, pack the boxes of � into a
minimum number of bins.(
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We denote by ���+� � , respectively ���,� � , the One-dimensional Bin Packing and the Two-dimensional
Strip Packing problems, both parameterized by � and defined analogously to the above problems.

Given an algorithm - for one of the previous problems and a list of items � for the respective problem,
we denote by -.�/�0� the height or the number of recipients (depending on which problem is considered) of
the packing generated by the algorithm - applied to the list � . We denote by 12�435�6�7� the corresponding
value of an optimum packing. We say that an algorithm - has asymptotic performance bound 8 if there
exists a constant 9 such that for any instance � we have -.�6�7�;:<8=1>�43?�/�0�A@B9 . When 9C�ED , we say
that - has performance bound 8 .

Although it seems easier to deal with packing of small items (that is, the case � is large), Li and
Cheng [11] showed that: “for any �F$G� , there is no polynomial time algorithm for the ����� � problem
with performance bound 8IHJ� , unless P=NP”. This result shows that, unless we consider the asymptotic
case, performance bounds close to 1 are not achievable under the hypothesis that P K� NP. We show that, as
most of the parametric approximation algorithms for packing problems, the algorithms for the problems
we focus here have asymptotic performance bounds that tend to 1 as � increases.

Parametric packing problems have been investigated by many authors. For the ����� � problem, John-
son et al. [9] proved that the asymptotic performance bound of the First Fit (FF) algorithm is �L�<@B�	�M�
� ,�N$O� . Johnson [7, 8] also presented other algorithms with asymptotic performance bound �/�B@P���M�,�/�B@��� . Csirik [5] proved that the First Fit Decreasing (FFD) algorithm has asymptotic performance bound�/�Q@?���M�R�L�S@?���UT5�	�R�L�V�/�W@X�	���L�%@B���M� , when � is odd, and �L�%@=���M�,�/�E@Y���UT;���R�L�V�/�W@X�	���L�%@B���M� ,
when � is even, �N$OZ . For the ����� � problem, Coffman et al. [4] obtained an algorithm with asymptotic
performance bound �/�[@\���M�R�L�[@E�	� . For the ����� � problem, Frenk and Galambos [6] analyzed the
parametric behavior of the HNF (Hybrid Next Fit) algorithm (they did not give an explicit formula). For
this problem, we presented in [19] an on-line algorithm with asymptotic performance bound that can be
made as close to �/�B@.���M�
�Y@]�	�R�L�B@^�	��_ , as desired. For the ���,� � problem, Li and Cheng [10] designed
an algorithm with asymptotic performance bound �/�`@a�	�M�,�/�&Ta�	� , � $G� , and in [19], we presented
an on-line algorithm with asymptotic performance bound close to �/�<@b���c���<@J�	�R�L�d@J�	� _ . In the same
paper, we also presented an on-line algorithm for the ���� � problem with asymptotic performance bound
close to �/�E@B���c���%@B����� _ @X�	�R�L�%@X�	� _ .

In this paper, we present approximation algorithms for the ��+� � , ����� � and ����� � problems. The
algorithms we describe for the first two problems have asymptotic performance bound8 � : _ �Ae�fRgh�jikfRgh�lf _ fnm oh�Ap�fRqhrk� e f,r � � i f _ks �jf,r_ �utv�lf �6w i . For the ���+� � problem, we show an algorithm with asymp-

totic performance bound x � : _ � p fRyh�Ae�fRoh�jikfnz{�lf _ fnm � yh�l|�fnzhyh�l}�f � r � �lp�f � r _ � e fR~kgh� i f _ ~h�lf,r_ � i tv�lf �6w i . Both 8 � andx � are decreasing functions of � . These results improve the bound obtained by Li and Cheng [10] and
our previous results in [19].

The ideas presented in this paper are general in the sense that they can be extended to other problems
or dimensions. In fact, they can be applied to the ���+� � and ���,� � problems, but they do not lead to
bounds that are better than those given by the specific algorithms that have been designed for these two
problems.

For a survey on approximation algorithms for packing problems and some classic algorithms we men-
tion here, the reader is referred to Coffman, Garey and Johnson [2, 3]. Other recent surveys on two-
dimensional packing problems have been presented by Lodi, Martello and Monaci [12] and also Lodi,
Martello and Vigo [13]. Exact algorithms for the strip packing problem and the two-dimensional bin
packing problem have been proposed by Martello, Monaci and Vigo [14] and Martello and Vigo [16],
respectively. Martello, Pisinger and Vigo [15] also showed lower bounds for the three-dimensional bin
packing problem. For a recent improved typology of cutting and packing problems, the reader is referred
to Wäscher, Haußner and Schumann [21].
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An extended abstract mentioning the results of this paper has appeared in [20].

2 Notation
All packings considered here are orthogonal and oriented. This means that the items are packed in such a
way that the edges of the items are orthogonal or parallel to the edges of the recipient; furthermore, each
item is oriented with respect to the ��������� coordinates and the packing into the recipient agrees with this
orientation. We denote by �A�/�	� (respectively ���/�	� , �n�6�	� ) the length (respectively width, height) of the item� . Since the packings are orthogonal and oriented, we assume, without loss of generality, that the limited
dimensions of the recipients have value 1. For the ����� � problem, we assume that all items have height
not greater than a constant � .

If � is a list of items consisting of rectangles (respectively boxes), given as an input for one of the
problems, then we denote by ���6�7� the total area of the rectangles (respectively the total bottom area of
the boxes) in � .

If � is a packing, then we denote by �P����� the number of recipients used by � . Given two packings�5� and �5� � for the ���,� � problem, we denote by ���{���?� � the concatenation of the packings ��� and �5� � .
We denote by �^���n����� (respectively �����n����� and �P���n����� ) the set of items � with �SH��A�/�	�;:d� (respec-

tively ��HY���6�	�+:X� and � HJ�n�6�	��:X� ). We also use the following notation.¡ ��� � ��� �R¢ � � � ��� � � �£� �^��� � ��� � �¥¤P����� � � ��� � � �6�¡ ��� � ��� �,¢ � � � ��� � �n¢ � � � � ��� � � � �£� �^��� � ��� � �¥¤P����� � � ��� � � ��¤.�P��� � � � ��� � � � �6�¡¦�§ ¨ � �^��D,� �	�"©R�ª¤P����D,���	��«	�{�¡�¦ § ¨c§ ¬ � �^��D,� �	�"©R�ª¤P����D,���	��«	�ª¤S�P��D,� �	�

�6®
We use the symbol � to denote the set of rectangles ?�¯�L�����,� such that �±°B� , and the symbol � for

the set of rectangles >�%�������R� such that �S:#� .

3 Two-dimensional bin packing problem
In this section we describe an algorithm, which we call ²;�� � , for the two-dimensional bin packing
problem. Before that, we present three other algorithms used as subroutines: ³´�� � , µ·¶¹¸ and ²;�� ¦ § ¨ .

Let us consider first the algorithm ³´��� � (Combine items in a rectangle). This algorithm is called with
two parameters: a list �7º and a list �7» . The list �uº consists of rectangles in

¡C¼ ��lf � ��« � ¢ ��lf � ��« �4½ and�7» is a list that can be partitioned into two lists � � » and � � �» , defined as follows: � � » contains rectangles in¡ ¼ �qh� �{© � ¢ �qh� � �� ½ ¤]� , and � � �» contains rectangles in
¡ ¼ �qh� � �� ¢ �qh� �{© � ½ ¤V� , where « � , © � are such

that (i) ��lf � HJ« � H �� , (ii) © � �¯�´TI�¾« � . See Figure 1 (© and « correspond to © � and « � ).
The algorithm ³´�� � first generates a packing combining items of �0º and of �4�» . At each iteration,

the algorithm ³´��� � packs items into a new bin. The packing in each bin is obtained by dividing it
into two smaller bins, �;º and �;» , the first with dimensions �/�O« � � �	� and the second with dimensions���2TJ�O« � � �	� . The algorithm packs up to � _ items of �uº into the bin �·º . Then, it packs the items of�4�» in the bin ���» using the algorithm ¶·¸j¿;À (Next Fit Decreasing), that packs the items side by side in
the � -direction in decreasing order of width, until an item cannot be packed anymore. The packing of the
lists �uº and �j�» continues until all items of one of these lists are totally packed (see Figure 2).

When this happens, the algorithm ³´��� � starts packing the remaining items of �7º (if any) and the
items of �j� �» in an analogous way. In this case, a bin is partitioned into bins �>º and �5�» , the first with
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Figure 1: Sets �uº , �j�» and �4� �» .
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Figure 2: Combining items in �7º and �j�» .

dimensions �������O« � � and the second with dimensions �������¹Tb�b© � � . The items of �4� �» are packed in the
bin �5� �» by the algorithm ¶¹¸j¿·Ï (the items are packed side by side in the � -direction in decreasing order
of length). When all items of �7º or all items of �4�»¾Ð �j� �» have been totally packed, the algorithm ³´�� �
returns a pair �L�´ºR»4���4ºR»Ñ� , where �´ºR» is the packing produced and the list �7ºR» is the set of items packed
in �´º,» .

Before we present a result concerning the area occupied by the packing generated by the algorithm³´�� � , we mention a result that will be useful in what follows.

Lemma 3.1 Let � be a packing of a list � for the ��+� � problem, such that in each bin, except perhaps
in Ò bins, the rectangles have total area at least Ó . Then �P�L���´:O���/�0�c��Ó+@=Ò .

We call the value Ó , in the lemma above an area guarantee of the packing � . Using this lemma, it is easy
to prove the next result.

Lemma 3.2 If �´ºR» is a packing of �uºR»OÔÕ�4º Ð �u» generated by the algorithm ³´��� � , applied to the
sublists �4º and �7» , then �P�L�´ºR»Ñ�+:O���6�4º,»A�cÖ5×�× ��jf �UØ _ @ �q�tv�lf �6wMØ @=Ù .

Proof. We consider separately the area occupied by the items of �+º and the items of �7» , in each bin. In
the packing ��º,» , each of the bins that were used, contains at least � _ items of �4º , except perhaps the last
bin. Thus, we can guarantee an area occupation of at least × ��jf � Ø _ in these bins. Now consider the area
occupied by the items of �4�» in one bin of type ���» . Since the algorithm ¶¹¸j¿ À sorts by non-increasing
order of width, the items of width in × ��jf � � �� ½ are packed before the items with width in × D,� ��lf � ½ . The

packing of the items with width in × ��jf � � �� ½ occupies an area of at least � �qh� ��lf � � �qMtÚ�jf �6w in each bin

of type � �» (except perhaps one). The packing of the items with width in × D,� ��lf � ½ , occupies an area of

at least ×���T ��lf �UØ �qh� � �qMtÚ�jf �6w in each bin of type ���» (except possibly one). So, the area occupation in

each bin is at least × ��lf � Ø _ @ �qMtÚ�jf �6w , except perhaps in two bins. The analysis for bins with items of �+º
and items of � � �» is analogous. The proof follows from Lemma 3.1.

Another subroutine used by the algorithm ²;�� � is the algorithm µ¹¶·¸ (Hybrid Next Fit). Given an
input list � , the algorithm µ¹¶·¸ sorts the items in � in non-increasing order of width. Then, it applies
the algorithm ¶¹¸AÏ (Next Fit) for the � ��� � problem, to pack each item of � into bins of unit length,
considering only the length dimension. Each bin � generated by the algorithm ¶·¸ is considered as a
level of width ÛÕ�6���Ü�ÞÝ�ß
à�á	���6�	��â��Cã\��ä . Then, the algorithm µ·¶¹¸ uses the algorithm ¶¹¸j¿2À to
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pack the levels into bins of unit width, now considering only the width dimension. We denote by µ¹¶·¸7Ï
( µ·¶¹¸AÀ ) the µ·¶¹¸ algorithm which generates the application of the ¶·¸ algorithm in the length (width)
dimension and the application of the ¶¹¸j¿ algorithm in the width (length) dimension.

The following result holds for the algorithm µ¹¶·¸ .

Lemma 3.3 For any list of rectangles �YÔ ¡�¦ § ¨
, where ©å��«�$O� , we have

µ·¶¹¸´�6�7��: ©n«�æ©�T#�	�U�/«¹T#�	� ���6�7�å@B��®
Proof. Consider the algorithm µ¹¶·¸lÏ . The analysis for the algorithm µ·¶¹¸jÀ is analogous. Let � � � ®�® ®U���uç
be the levels generated by the application of the ¶·¸ Ï algorithm, where ÛÕ�6�4è/��$&ÛÕ�6�jè f � � . Since the
length of an item is at least �	�é© , each level has a length occupation of at least ��T=�	�é© , except perhaps the
last. Therefore, ���/�0�ê$ ���6� � �å@B�ë�/� _ �å@Oì�ì�ì�@B���6�4çUí � �$ ���´T#���é©��MÛÕ�/� _ �å@�����TJ���é©��MÛÕ�/� _ �å@Oì�ì�ì	@î����TJ�	�é©ï�MÛÕ�6�4ç��� ���´T#���é©��´ð çñ èóò � ÛÕ�6�jèL�lT=ÛÕ�6� � �kôS® (1)

The levels are packed into two-dimensional bins using the algorithm ¶·¸j¿?À . Since each level has width at
most �	��« , each bin (except perhaps the last) has a width occupation of at least ��TJ�	��« . Therefore,

����T#�	��«���/µ·¶¹¸ Ï �/�0�lT#���+: çñ èæò � ÛÕ�6�jè��é® (2)

From inequalities (1) and (2), we have

µ·¶¹¸AÏª�/�7�´: ©n«�ó©�T#�	���L«;TJ�	� �ë�/�7�å@ �«;T#� @O�®
In what follows, we present an algorithm which leads to packings with better area guarantee for the���� � problem. It uses list partition and the algorithm µ·¶·¸ .

ALGORITHM ²2��� ¦ § ¨
Input: List of items �YÔ ¡�¦ § ¨

.
Output: Packing of � into unit bins.

1. Partition the list � into sublists� �öõ �]¤ ¡V¼ �¦ f � � �¦ ¢ �¨ f � � �¨ ½ ¢ � _ õ �]¤ ¡V¼ D,� �¦ f � ¢ �¨ f � � �¨ ½ ¢� q õ �]¤ ¡ ¼ �¦ f � � �¦ ¢ D,� �¨ f � ½ ¢ � r õ �]¤ ¡ ¼ D,� �¦ f � ¢ D�� �¨ f � ½ ®
2. ��è õ µ¹¶·¸+�6�jè/� for ÷A�d����Ù .
3. � _ õ µ¹¶·¸AÏ¥�/� _ � ; � q õ µ·¶¹¸AÀ�6� q � ; � õ � � �l® ®�®���� r .
4. Return � .

We are now ready to describe the algorithm ²2�� � .
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ALGORITHM ²2��� �
Input: List of items �YÔ ¡ � § � .
Output: Packing � of � into unit bins.

1. ©ø�b©Ñ�/�.� õ m oh�lp�fRqhrk� e f,r � � i f _ks �lf,r í �ji í qh� í __ �utv� i fRqh�jf _ w ¢ «>�O«R�L�.� õ � í ¦� ¢
2. �uº õ �±¤ ¡ ¼ ��jf � ��« ¢ ��lf � ��« ½ ¢�7» õ �S¤J× ¡V¼ �qh� �{© ¢ �qh� � �� ½ Ð ¡V¼ �qh� � �� ¢ �qh� �{© ½ Ø ®
3. �L�´º,»j���4ºR»Ñ� õ ³´�� � �/�uºÑ���u»Ñ� ¢ � õ �]ù��uº,» ¢
4. If �4º]Ôî�4º,» then� � �O�]¤ ¡ ¼ ��lf � � �� ¢ ��lf � � �� ½ ¢ � �4õ µ¹¶·¸´�/� � � ¢� _ �O�]¤ ¡V¼ D�� ��jf � ¢ D,� �� ½ ¤.� ¢ � _ õ ²;�� �lf � § � �/� _ � ¢� q �O�]¤ ¡ ¼ D�� �� ¢ D,� ��lf � ½ ¤S� ¢ � q õ ²;�� � § �jf � �/� q � ¢�´ú ¦�û õ � � ���´ºR» ¢ �´ü�ý Ï õ � _ ��� q ¢
5. else � � �î�±¤ ¡ ¼ ��lf � � �� ¢ ��jf � � �� ½ ¢ � _ ���±¤ ¡ ¼ ©å� ��lf � ¢ ©å� ��jf � ½ ¢� q �î�±¤ ¡V¼ ©å� ��jf � ¢ ��lf � � �� ½ ¢ � r ���±¤ ¡V¼ ��jf � � �� ¢ ©�� ��jf � ½ ¢� g �î�±¤ ¡ ¼ D,� �qh� ¢ D�� �� ½ ¤Q� ¢ � y ���±¤ ¡ ¼ D,� �� ¢ D,� �qh� ½ ¤S� ¢��è õ µ¹¶·¸��/�jè/�é� ÷l�<��� ® ® ®é��Ù ¢ � g õ ²2�� qh� § � �6� g � ¢� y õ ²2��� � § qh� �6� y � ¢ ��ú ¦�û õ � � ���´º,» ¢ �´ü�ý Ï õ � _ �l®�® ®
��� y ®
6. � õ ��ú ¦�û ���´ü�ý Ï .
7. Return � .
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0
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Figure 3: List subdivision when �uº]ÔX�uº,» .
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Figure 4: List subdivision when �0»CÔX�uº,» .

Lemma 3.4 For any list of rectangles �YÔ ¡�¦ § ¨
, we have

²2��� ¦ § ¨ �/�0��: �ó©�@X�	���L«�@O���©n« ���6�7�å@BZ�®
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Proof. The proof follows easily from the fact that for each sublist �7è ( ÷��F��� ®�® ®���Ù ) we have an area
guarantee of at least ©n«�R�æ©�@X�	���L«�@O�	� .

The next result will be useful in this section and in the others (see [19]).

Lemma 3.5 Suppose �S���u�M����� are real numbers such that �±°#D and D�H��öH��WH�� . Then��@b�Ý�ß
à�á������d��@�� ��ä :\�0@ ��T	�� ®
The following result holds for the algorithm ²;�� � .

Theorem 3.6 For any list �YÔ ¡ � § � , we have²2��� � �6�7��:X8 � 12�43?�6�7��@O��
��
where 8 � �¯�{��� q @YZ
� _ @BZ��%@B��@ �  � r @=�Ù�� q @=ÙR��� _ @B�D�E@=Ù��c�R�{�
�V�/�W@X�	� _ � .
Proof. First, note that the packing � � ���´º,» is an asymptotic optimum packing for the list �7ú ¦�û âv��� � Ð �4ºR» .
It suffices to note that in all bins of � � ���´ºR» , except perhaps in � bins, there are at least �._ rectangles of�]¤ ¡V¼ ��lf � � �� ¢ ��jf � � �� ½ in each bin. Moreover, we cannot have more than � _ rectangles of this type in
each bin. That is,

�P�L��ú ¦�û �´:O12�435�6�7�å@Y�¥® (3)

From Lemma 3.2, we have that the following inequality holds.

�.���´ºR»Ñ�+:O���6�4º,»A�cÖ�� × ��%@X� Ø _ @ ��n�L�W@O����� @bÙR® (4)

Now we analyse two cases, according to steps 4 and 5 in the description of the algorithm.
Case 1: �4º]ÔO�uº,» (all rectangles of �uº have been packed in ��º,» ).

We analyze each of the packings � � �c� _ �M� q �c�´ú ¦�û and �´ü�ý Ï . The packing � � is generated by applying
the algorithm µ·¶¹¸ to the list � � . Since each bin of � � has � _ rectangles, except perhaps the last, and the
area of each rectangle is at least «�R�/�E@O�	� , the occupied area is at least � _ «��R�L�%@X�	� . Thus, by Lemma
3.1 we can conclude that �P�L� � �+: �E@O�� _ « ���6� � �å@X��® (5)

Since
�li ¨�lf � : × ��lf � Ø _ @ �qMtv�lf �6w , from (4) and (5) we have

�P�L�´ú ¦�û �+: �E@O�� _ « ���6�4ú ¦�û �å@BZ�® (6)

For the packings � _ and � q , the analysis is also based on the area guarantee obtained in each packing.
From Lemma 3.4, we have

�P�L��è���: �W@Y�� ���6�jè/�å@YZ¥� for ÷A�������,®
Therefore, �P�L��ü�ý Ï ��: �W@B�� ���6�4ü�ý Ï �å@O��D,® (7)
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Let � � and � _ be defined as � � âv�a�P�L��ú ¦�û �lT=Z and � _ âv���P�L�´ü�ý Ï �lT#��D .
Since 12�435�6�7��$O���6�7� , from (6), (7) and the definition of � � and � _ , we have12�u35�/�0�ê$ ���6�7�u�����6�4ú ¦�û �å@Y�ë�/�4ü�ý Ï �$ � _ «�E@O� � � @ ��W@B� � _ ® (8)

From (8) and using the definition of � � in (3) we obtain

12�435�6�7��$#Ý ß	à���� � � �¾_�«�%@X� � � @ ��%@B� � _�� ® (9)

As �P�L���0�î�.���´ú ¦�û �å@Y�P�L��ü�ý Ï �u�E��� � @�� _ �å@X�	Z , we have�.�����´:X8 �� 12�u35�/�0�å@X�	Z�� (10)

where 8Ñ�� �%��� � @�� _ �M�
Ý ß
à���� � � � i ¨�lf � � � @ ��lf _ � _�� .
Case 2: �u» ÔX�4ºR» (all rectangles of �7» have been packed in ��ºR» ).

In this case, the proof is analogous to the previous case. Thus we omit the details and simply mention
the inequalities that can be obtained.

�P�L� � �ê: � �%@X�� � _ ���/� � �å@X� ¢ (11)

�P�L�´ú ¦�û �ê: � �%@X�� � _ ���/�uú ¦"û �Ñ@BZ ¢ (12)

�.����è/�ê: �� ���6�jèL�å@X��� for ÷A�a�����,��Ù ¢ (13)

�.����è/�ê: �6��E@O�����/�E@O������ _ ���6�jèL�å@BZ ¢ for ÷A�îZ����,® (14)

(15)

Since ��©Q: qh� it qh�lf �6w tÚ�lf �6w , from (13) and (14) we obtain

�P�L��ü�ý Ï ��: ���© ���6�4ü�ý Ï �å@O���,® (16)

Defining � � and � _ as � � âv���P�L�´ú ¦"û ��TVZ and � _ âv�a�P�L��ü�ý Ï ��T ��� , and proceeding as in case 1, we
have  �����+:X8 � �� 12�43?�6�7��@O��
,� (17)

where 8Ñ� �� �%��� � @�� _ �M�
Ý ß
à"!#� � �ª× ��lf �UØ _ � � @b�$� _�% .

Now using Lemma 3.5 we can obtain bounds for 8 � and 8Ñ� �� , and conclude that both are at most 8 � .
This completes the proof of the theorem. We observe that the values of © and « were defined in such a
way that in both cases (1 and 2) we obtain the same asymptotic bound.
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4 Three-dimensional strip packing problem
In this section we use basically the same list subdivisions used in the algorithm ²2�� � to obtain an algo-
rithm for the ���,� � problem with the same asymptotic performance bound.

We first present the subroutines used by the main algorithm. One of the subroutines is the well-known
algorithm ¶¹¸j¿2µ (Next Fit Decreasing Height), described in [11]. We denote by ¶¹¸j¿2µ Ï the version of
the ¶¹¸j¿2µ that packs the boxes side by side in the � -direction, and by ¶¹¸j¿2µ·À the version that generates
strips in the � -direction.

Now, let us describe the subroutine to pack lists �OÔ ¡ª¦ § ¨
, which we call �'& ¦ § ¨ . This algorithm sorts

the list � in decreasing order of height and partition it into lists � � ��® ® ®����uç , such that �I��� � �A® ® ®	�é�4ç and�ë�/�jèL��:G× ¦ í �¦ Ø × ¨ í �¨ Ø , for ÷A�¯��� ®�® ®U��( and �ë�/�4èL�å@=���*),+.-0/U�6�jè f � �c�´°%× ¦ í �¦ Ø × ¨ í �¨ Ø , for ÷A�¯��� ®�® ®U��(�TY� .
Then it packs each list �4è into only one level, using the algorithm µ·¶·¸ . Finally, it returns a packing that
is the concatenation of all the levels that were generated.

In what follows we shall use the next result, that holds for level-oriented packings (see [17, 18]).

Lemma 4.1 Let � be an instance of ����� � and � be a packing of � consisting of levels 1 � � ®�® ®U�.1"2
such that Ý4365�á
�n�6�é��âl�.ã71?èhä^$`Ý�ß
à�á
�n�6�é� âA�Qã71?è f � ä , and ���81?è���$[Ó for a given constant Ó]°£D ,÷l�d��� ® ®�®��.95TJ� . Then

 �L���+:;:��6�7�M�Ó+@Y� .

The value Ó in the above lemma is called volume guarantee of the packing � . We are now interested in
the volume guarantee of the packing produced by the algorithm �<& ¦ § ¨

. To obtain this, we need the next
result, that is an extension of the result presented in [10]. We leave the proof to the reader.

Lemma 4.2 If �YÔ ¡�¦ § ¨
is a list with DÜH#���6�7��: × ¦ í �¦ Ø × ¨ í �¨ Ø , then µ·¶¹¸´�6�7�u�¯� .

Lemma 4.3 If �YÔ ¡�¦ § ¨
is an instance for the ���,� � problem, then

�<& ¦ § ¨ �6�7��: ©n«©n«;TQ©�TI« :ø�6�7�å@Y�ë®
Proof. Since the packing is level-oriented, each level with area occupation of at least × ¦ í �¦ Ø × ¨ í �¨ Ø T �¦é¨ ,
the result follows by applying Lemma 4.1.

We describe now an algorithm, called ³´1�= , that produces an asymptotic optimum packing for items in
a list �j� Ô ¡V¼ ��jf � � �� ¢ ��lf � � �� ½ . This algorithm generates a packing consisting of � _ columns. Initially,
all these columns are empty. The items are then considered in the order given by �+� and packed in a
column of smallest height. The following holds for this algorithm.

Lemma 4.4 If �YÔ ¡^¼ ��jf � � �� ¢ ��lf � � �� ½ then

³´1�=7�6�7��:>� �%@O�� � _ ���6�7�å@Y� and ³´1�=0�6�7��:O12�u3?�/�7�Ñ@B�¹®
We describe now the algorithm ²·��� ¦ § ¨ to pack lists �YÔ ¡�¦ § ¨

.
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ALGORITHM ²;��� ¦ § ¨
Input: List of items �YÔ ¡�¦ § ¨

.
Output: Packing � of � into a box with unit bottom.

1. Partition the list � into sublists (see Figure 5):� �4õ �S¤ ¡ ¼ �¦ f � � �¦ ¢ �¨ f � � �¨ ½ ¢ � _ õ �±¤ ¡ ¼ D�� �¦ f � ¢ �¨ f � � �¨ ½ ¢� q õ �S¤ ¡ ¼ �¦ f � � �¦ ¢ D�� �¨ f � ½ ¢ � r õ �±¤ ¡ ¼ D�� �¦ f � ¢ �¨ f _ � �¨ f � ½ ¤Q� ¢� g õ �S¤ ¡V¼ �¦ f _ � �¦ f � ¢ D�� �¨ f � ½ ¤Q� ¢ � y õ �±¤ ¡V¼ D�� �¦ f _ ¢ D,� �¨ f _ ½ ®
2. ��è õ ¶¹¸j¿2µ´Ï¥�6�jèL� for ÷A�¯���"���MÙ .
3. ��è õ ¶¹¸j¿2µ´À��/�jè/� for ÷A�î���"Z .
4. � y õ �<& ¦ f _ § ¨ f _ �6� y � .
5. � õ � � �A® ® ®
��� y .
6. Return � .

Å?/Í ÅÅ?/Í i
Å?

0

É ÅÉ pÉ
i

É | É } É e Å@Å@�Í i Å@kÍ Å
Figure 5: Partition of the input list performed by algorithm ²;��� ¦�§ ¨ .

Lemma 4.5 If �YÔ ¡�¦ § ¨
then ²·��� ¦ § ¨ �/�7�´: t ¦ f �6w t ¨ f �6w¦"¨ :ø�/�0�å@���� .

Proof. It suffices to note that the packing of each sublist has a volume guarantee of at least ©R«��R���æ©�@X�	���L«�@O�	�c� .
The additive term ��� comes from the additive terms of the inequalities obtained for the lists � � � ® ® ®U��� y .

The equivalent result for Lemma 3.2 can be obtained using a similar algorithm for ³´�� � , which we
denote by ³���� � . To generate a combined packing, the bin �%�W���� ���"!#� is divided into smaller bins. In
one case the bin � is divided into bins ���º and �5�» and in the other case, the bin is divided in bins ��� �º and� � �» . The dimensions of these bins are the following�5�º �%�L�¾«������"!#���a�?�» �E���ëTI�¾«¥� ����!#����5� �º �%�������¾«¥�"!#���a�?� �» �E����� ��T �¾«¥�"!#�é®
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The algorithm ³���� � receives as input two sublists: a list �7ºBA ¡V¼ ��lf � ��« ¢ ��lf � ��« ½ and a list �u»W�� � » �é� � �» , where � � » A ¡ ¼ �qh� �{© ¢ �qh� � �� ½ ¤B� and � � �» Ô ¡ ¼ �qh� � �� ¢ �qh� �6© ½ ¤J� . The algorithm first
generates a packing �5�º,» combining items of �uº and �j�» and then, a packing ��� �º,» combining remaining
items of �4º and items of �j� �» . The final packing is the concatenation of ���º,» and �5� �ºR» .

The packing �5�º,» is produced as follows: Start empty packings into boxes ���º and �5�» . Note that ���º
and �5�» are parts of the same bin � . The packing in the bin ���º is performed by the algorithm ³´1�= . To
generate the packing in the bin ���» , the list �j�» is first divided into two sublists �u�» � and �4�» _ . The list�4�» � contains the items with width in × ��jf � � �� ½ and the list �4�» _ contains the items with width in ×cD,� ��lf � ½ .
Both lists are sorted in decreasing order of height. The list � � » �£� �» � �é� � » _ is packed by the algorithm¶·¸ À , for the ����� � problem, considering only the width dimension. In this case, each bin leads to a level
of the packing in the bin � �» . At each iteration the algorithm choose the packing with smallest height. If
it is the packing in the box ���º , it packs the next box of �uº into the bin �5�º using the algorithm ³´1�= . If
the chosen packing is in the box ���» , the algorithm packs a new level of items in �7�» using the algorithm¶·¸AÀ . The algorithm stops when the list �7º or the list � � » is totally packed. Then, it continues to pack the
remaining items of �uº and the items in �4� �» in analogous way, in this case with bins ���À and �5� �À .

Lemma 4.6 Let ��º,» be a packing of �7º,»IÔ��4º Ð �u» generated by algorithm ³���� � applied to sublists�uº and �u» . Then �P�L�´º,»l�+: �� ÆÆnÍ Å � i f ÅeDC ÆnÍ ÅFE ���6�4ºR»���@=Ù�� .

We are now ready to describe the algorithm ²·��� � for the ���,� � problem. It uses the same list subdi-
vision performed by the algorithm ²;�� � , generates partial packings for each sublist, and produces a final
packing that is the concatenation of these partial packings.

ALGORITHM ²;��� � �6�7�
Input: List of boxes �YÔ ¡ � § � .
Output: Packing � of � into a bin �E�¯���������"!#� .

1. ©ø�b©Ñ�/�.� õ m oh�lp�fRqhrk� e f,r � � i f _ks �lf,r í � i í qh� í __ �utv� i fRqh�jf _ w ¢ «>�O«R�L�.� õ � í ¦� ¢
2. �uº õ �±¤ ¡V¼ ��jf � ��« ¢ ��lf � ��« ½ ¢�7» õ �S¤J× ¡V¼ �qh� �{© ¢ �qh� � �� ½ Ð ¡V¼ �qh� � �� ¢ �qh� �{© ½ Ø ®
3. �L�´º,»j���4ºR»Ñ� õ ³���� � �/�uºÑ���u»Ñ� ¢� õ �Sùë�4º,»u®
4. If �4º]Ôî�4º,» then (see the subdivision in Figure 3).� � �O�]¤ ¡ ¼ ��lf � � �� ¢ ��lf � � �� ½ � � �uõ ³´1�=+�/� � � ¢� _ �O�]¤ ¡V¼ D�� ��jf � ¢ D,� �� ½ ¤.�a� � _ õ ²·��� �lf � § � �/� _ � ¢� q �O�]¤ ¡ ¼ D�� �� ¢ D,� ��lf � ½ ¤S�`� � q õ ²·��� � § �jf � �/� q � ¢�´ú ¦�û õ � � ����ºR» ¢�´ü�ý Ï õ � _ ��� q ®
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5. else (see the subdivison in Figure 4)� � �î�±¤ ¡V¼ ��lf � � �� ¢ ��jf � � �� ½ ¢ � _ �î�]¤ ¡V¼ ©å� ��lf � ¢ ©å� ��jf � ½ ¢� q �î�±¤ ¡V¼ ©å� ��jf � ¢ ��lf � � �� ½ ¢ � r �î�]¤ ¡V¼ ��lf � � �� ¢ ©å� ��lf � ½ ¢� g �î�±¤ ¡V¼ D,� �qh� ¢ D�� �� ½ ¤Q� ¢ � y �î�]¤ ¡V¼ D,� �� ¢ D,� �qh� ½ ¤±� ¢� �7õ ³´1�=7�6� � � ¢ ��è õ ¶·¸l¿2µ�Ï¥�/�jèL�é� ÷l�î�����,�MÙ ¢� g õ ²;��� qh� § � �6� g � ¢ � y õ ²;��� � § qh� �6� y � ¢�´ú ¦�û õ � � ����ºR» ¢ �´ü�ý Ï õ � _ �l® ®�®���� y ¢
6. � õ ��ú ¦�û ���´ü�ý Ï ;
7. Return � .
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Figure 6: List subdivision when �uº]ÔX�uº,» .
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Figure 7: List subdivision when �0»CÔX�uº,» .

To prove the next result on the algorithm ²·��� � , we can use basically the inequalities presented in the
proof of Theorem 3.6 with the additive term multiplied by � . The only difference is for the two packings
obtained with the algorithm ²;��� ¦ § ¨ . In this case, the additive constant is ��� (see Lemma 4.5). The
corresponding additive constant for the algorithm ²2��� ¦ § ¨ is 5 (see Lemma 3.4). We leave to the reader
the proof of the next result.

Theorem 4.7 For any list � of boxes, ��A ¡ � § � we have²;��� � �6�7��:X8 � 12�43?�6�7��@Y�D7�¹�
where 8 � �£×���� q @YZ�� _ @YZ
�W@Y��@ �  � r @B��Ù�� q @bÙR� � _ @Y��D�%@bÙ Ø Ö?×����V�/�E@O�	� _ Ø .

5 Three-dimensional bin packing problem
We describe in this section the algorithm ²·��� � for the ����� � problem. This algorithm uses two other
algorithms as subroutines: µ·��� ¦ § ¨c§ ¬ and ³���� � .

The algorithm µ·��� ¦ § ¨c§ ¬ is basically the algorithm µ·��¿ (Hybrid 3D), described in [19], that uses the
same strategy used by the algorithm HFF (Hybrid First Fit) presented by Chung, Garey and Johnson [1].
The algorithm µ¹��¿ calls two other algorithms: - qON ¦ and - �QP ¦ . The algorithm - qON ¦ can be any level-
oriented algorithm for the ����� � problem and - �QP ¦ can be any algorithm for the ����� � problem. First, it
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generates a packing of � divided into levels using the algorithm - qON ¦ ; then it uses the algorithm - �QP ¦ to
pack into bins the levels that were generated. For each choice of the algorithms - qON ¦ and - �QP ¦ , we obtain a
different algorithm. The algorithm µ¹��� ¦ § ¨c§ ¬ corresponds to the algorithm µ·��¿ , where - qON ¦ �î²;��� ¦ § ¨ and- �QP ¦ ��¸l¸j¿ . The following result can be proved using arguments based on minimum area occupation in
each level guaranteed by the algorithm ¸j¸j¿ and volume guarantee of the algorithm ²·��� ¦�§ ¨ .
Lemma 5.1 If �YÔ ¡�¦ § ¨c§ ¬

then

µ¹��� ¦ § ¨c§ ¬ �6�7��: �æ©�@X�	���L«�@O�	�U�/�@O�	�©R«� : �/�7�Ñ@X� ÙR®
The algorithm ³���� � combines two lists, say �7º and �u» . The list �uº consists of items in the

set
¡V¼ ��jf � �M« ¢ ��jf � ��« ¢ ��lf � ��« ½ . The list �7»&� �j�» �é�4� �» �é�j� � �» contains boxes �Xã&� such that �qh� HÝR3F5�á��A�/�U�"�����6�é�é���R�6�é�"äî:'© � , where ��jf _ H&© � H �� . The list �4�» contains the boxes �bã �7» with�A�6�é�Q:Õ© � . The list � � �» contains the boxes �^ã¯�7»^ù�� �» with ���/�é�P:G© � , and the list � � � �» is the list�7»±ù �6�j� �»^Ð �j� � �» � . The algorithm ³���� � generates combined packings, each one with items of �0º and

items of one of the sublists of �7» .
To pack items of �uº and � � » , the algorithm subdivides each bin �[�&���� ��� �	� into two smaller bins:� �º � �L�î«¥� ��� ��� and � �» � ���>T#�î«¥� �����	� . At each iteration, it packs � q

boxes of �uº into a bin � �º
and uses the algorithm ²2�� � § � to pack items of � � » into a bin � �» . In this case, it considers each item of�4�» and the bin ���» as a two-dimensional item with � - and � -dimensions. This step is repeated until all
items of �uº or all items of �4�» are totally packed. The algorithm performs analogous steps to combine
the remaining items of �uº (if any) with items in � � �» and in � � � �» . The algorithm ³���� � halts when all items
of �4º or of �7» are packed. It returns a pair �L��ºR»4���4º,»�� , where �´ºR» is the packing produced and the list�uº,» is the set of items packed in ��ºR» . The following result holds for this algorithm.

Lemma 5.2 If ��º,» is a packing of �uº,»\Ô �4º Ð �u» generated by the algorithm ³���� � applied to the
sublists �4º and �7» , then �P�L�´ºR»Ñ�+:7: �/�4ºR»Ñ� Ö?×�× ��lf � Ø q @ �qMtv�lf �6w i Ø @=�S
 .
Proof. Consider the packing obtained by combining items of �+º and �4�» (into bins of type ���º and �5�» ).
From Lemma 3.4, each bin of type � �» has volume guarantee of at least × ��lf ��Ø _ (considering only the �
and � -dimension), except perhaps 5 of these bins. Thus, each bin of the combined packing (of �´º and �j�» )
has a volume guarantee of at least �qh� × ��lf � Ø _ � �qMtÚ�lf �6w i , except perhaps 6 of them. The same analysis
holds for the packing that combines items of �7º with items in � � �» and in � � � �» , and this gives us the desired
inequality.

ALGORITHM ²;�� �
Input: List of boxes ��A ¡ � § � § �
Output: Packing � of � into bins �¯�E����� �� �	� .

1. Let ©ø�=©Ñ�L�.� õ m � yh�A|�fnzhyh�j}kf � r � �Ap�f � r _ � e fR~kgh� i f _ ~h�jf,r í _ � e í z{� i í z{� í __ � i t _ f,� i fRqh� w ¢«?�X«R�L�.� õ � í ¦� ®
2. �4º õ �±¤±�^� ��lf � ��«	�¥¤.��� ��jf � ��«	�ª¤Q�P� ��lf � ��«
� .
3. �u» õ á
�·ã]�Yâ �qh� HJÝ4365ïá��A�6�é�"�����/�é�é���n�/�é�"ä�:I©�ä .
4. �L��ºR»4���4ºR»�� õ ³���� � �6�4ºl���u»�� .
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5. � õ �]ù��uº,» .
6. If �4º]Ôî�4º,» then� � ���S¤ ¡V¼ ��lf � � �� ¢ ��jf � � �� ¢ ��lf � � �� ½ ¢ � _ ���S¤ ¡ �jf � § � § � ¢� q ���S¤ ¡ � § �lf � § � ù�� � ¢ � r ���S¤ ¡ � § � § �jf � ù?�6� � Ð � _ � ¢� �4õ µ¹¶·¸´�/� � � ¢ � _ õ µ·�� �lf � § � § � �6� _ � ¢� q õ µ¹��� � § �jf � § � �6� q � ¢ � r õ µ·�� � § � § �lf � �6� r �7��´ú ¦�û õ � � ����ºR» ¢ �´ü�ý Ï õ � _ �l®�® ®���� r ®
7. else � � ���]¤ ¡ ¼ ��lf � � �� ¢ ��jf � � �� ¢ ��lf � � �� ½ �� _ ���]¤Q�^� ©å� ��jf � �¥¤.��� ��lf � � �� �¥¤S�P� ��jf � � �� � ¢� q ���]¤Q�^� ��lf � � �� ��¤.��� ©å� ��lf � �¥¤S�P� ��jf � � �� � ¢� r ���]¤Q�^� ��lf � � �� ��¤.��� ��jf � � �� �¥¤Q�P� ©å� ��lf � � ¢� g ���]¤Q�^� ��lf � � �� ��¤.��� ©å� ��lf � �¥¤S�P� ©å� ��lf � � ¢� y ���]¤Q�^� ©å� ��jf � �¥¤.��� ��lf � � �� �¥¤S�P� ©å� ��lf � � ¢� z ���]¤Q�^� ©å� ��jf � �¥¤.��� ©å� ��jf � �¥¤Q�P� ��lf � � �� � ¢� ~ ���]¤Q�^� ©å� ��jf � �¥¤.��� ©å� ��jf � �¥¤Q�P� ©å� ��jf � � ¢� o ���]¤ ¡ qh� § � § � ¢ � � s ���±¤ ¡ � § qh� § � ùë� o ¢� �k� �î�]¤ ¡ � § � § qh� ù5�/� o Ð � � s � ¢ ��è õ µ·¶¹¸´�6�jè��é� ÷A�¯�� ® ® ®U��
 ¢� o õ µ·��� qh� § � § � �/� o � ¢ � � s õ µ·��� � § qh� § � �/� � s � ¢� �k�7õ µ·��� � § � § qh� �/� �k� � ¢ �´ú ¦�û õ � � ���´º,» ¢�´ü�ý Ï õ � _ �l® ®�®���� �k� ¢
8. Let � õ �´ú ¦�û ���´ü�ý Ï .
9. Return � .

The proof of the next result is analogous to the proof for the algorithm ²2�� � . Therefore, we omit
the details and present the inequalities with which we can prove the desired result. We note that ��lf _ H©Ñ�/�.��H ��lf � and that the values of ©��/�.� and «R�L�.� in step 1 are chosen so as to obtain the same asymptotic
performance bound for both the cases 1 and 2 analysed in the proof (corresponding to steps 6 and 7 of the
algorithm).

Theorem 5.3 For any list � of boxes, where �TA ¡ � § � § � , we have²·��� � �6�7��:#x � 12�43��/�7�å@�UD,�
where x � � _ � p fRyh�le�fRoh�likfnz{�jf _ f m � yh�A|�fnzhyh�l}�f � r � �Ap�f � r _ � e fR~kgh� i f _ ~h�jf,r_ � i tÚ�jf �6w i .

Proof. Let us consider the two possibilities corresponding to steps 6 and 7 of the algorithm.
Case 1: �4º]ÔO�uº,»

In this case, the packings � � and �´º,» have volume guarantee of at least
� etÚ�jf �6w i « . Note that � � has � q

boxes in each bin (each box with a volume of at least « ��jf � ��lf � , except perhaps the last). From Lemma 5.2

we can conclude that the packing �ëºR» has a volume guarantee of � Ö�×�× ��lf � Ø q @ �qMtÚ�jf �6w i Ø . Thus,�P�L�´ú ¦"û �+:O12�435�6�4ú ¦�û �å@Y�ë�
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and �P�L�´ú ¦"û �+: �L�%@X�	� _� q « : �/�4ú ¦�û �å@O�  �ë®
The other packings ( � _ , � q and � r ) have volume guarantee of at least

�jictÚ�jf �6wtÚ�jf �6w i tv�lf _ w . Hence, the following
inequality can be proved for the packing �¹ü�ý Ï :

�P�L�´ü�ý Ï ��: �/�E@O�	� _ �/�%@Y���� _ �L�%@X�	� :ø�6�4ü�ý Ï �å@=Ùª���ë®
Proceeding as in the proof of Theorem 3.6, we can show that�.������:#x �� 12�435�6�7�å@T���	�¹� (18)

where xå�� � ×V� � @�� _ Ø Ö4Ý ß
à"!#� � �7× �Aetv�lf �6w i « Ø _ � � @ � i tÚ�lf �6wtÚ�jf �6w i tv�lf _ w � _�% .

Case 2: �u» ÔX�4ºR» .
In this case, we have a volume guarantee of at least

� etv�lf �6w e for the packing � � ���´ºR» . That is,�P�L�´ú ¦"û �+:O12�435�6�4ú ¦�û �å@Y�ë�
and �P�L�´ú ¦"û �+: �L�%@X�	� q� q : �6�4ú ¦�û �å@O�  �ë®
For the remaining packings, we obtain a volume guarantee of

�lictv�lf �6w ¦tÚ�lf �6w i . Therefore,

�P���´ü�ý Ï ��: �/�E@O�	��_� _ �L�W@O���L© :��6�4ü�ý Ï �å@bÙ  �¹®
Analogously to the previous case, we can prove that�P�����´:#x � �� 12�43��/�7�å@T�,�A�¹� (19)

where xå� �� � × � � @�� _ Ø Ö Ý ß
à ! � � � × � etÚ�jf �6w e Ø _ � � @ � i tÚ�jf �6w ¦tv�lf �6w i � _ % .

Using Lemma 3.5, we can obtain bounds for xA�� and xå� �� and conclude that both are at most x � . Using
this, the result follows from the inequalities (18) and (19).

6 Final Remarks
Table 1 shows the asymptotic performance bounds (correspondly 8 � or x � ) of each algorithm, for � ���� ® ® ®é�  . The algorithms presented in this paper are marked with a W . As a final remark we observe that all
ideas applied for the problems presented here can be extended for packing problems of higher dimensions.
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